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In this paper we present some algorithms for edge― coloring

SiElple graphs.Three algorithms for edge― coloring a general graph

b y  d + 1  ( o r  d ) C 0 1 0 r S  h a v e  c o m p l e x i t i e s  o f  θ ( |ど| l 1 / 1 ) ,
θ( |ど| . d。2 o。l  y l ) a n d  θ( |どI V口 W巧 可可

‐
) r e s p e c t i v e l y ( a 1 l  o f  t h e m

uSe θ (|ど |)Space).The rlrst algorithm can also fhd d― coloring for

the following farnilies of graphsi(1) all the planar graphs with

d≧ 8i(2)all the sories― parallcl graphs with d≧ 4i and(3)alrrloS t

all random graphs,We also show that every series― parallei graph
except odd cycles has arl edge― coloring with tt colors and prcsent

some NP― completeness rcsults related to the edge― coloring prob―

l e m .
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1.Introducucn

The edge― coloring problerl is simply statedi Color the edges or a given sirn‐

ple graph C using as few colors as possible, so that no two adjacent edges

receive the same color.The problem arises in many applications.including per―

・mutatiOn networks[LPV]・ preemptive scheduling of an open shop[Go]・ [GS]・

preemptive scheduling of unrelated parallel processors [LL〕 and the class―

teacher timetable probicm[Gt],In View of the potential applications,it would

be useful to have an erlicient algorithm capable of coloring any graph C with this

minimum number of c010rs(called the_。 れTO砕 巴どtC t免ばg″ Of C and denoted by

gや(C)).Unfortunately no such erricient algorithm is currently known for the

general case,MOreOver,recent work has shown that the edge― coloring problem

belongs to the class of"NP― complete"problems[H]・ therefore it seems ulllikely

that any such polynomial―time algorithm exists〔AHU],[GJ]・

1,Computer Science Dept`・ University Of COloradO,BOuldere Colorado 80300,U,S,At
2,Department or Electrical Corrllnunications・TohOku University,Sendai 980,」 apan・
3.Partially arFiliatcd with the Computer Scicnce Dept,Tel―Aviv University.Isracl.(part Of this
work was dOne while dfriliated with the ComP,Sci.DcPt.of the Technion,Haifa,Israc】

)・
4i Computer Sciencc Dept,,SchOOl of Math.Sciences・ Tel―Aviv University,TelttAvivl lsrael.
5.SappOro Power Ofice,The Hottkaido Electric POwer Co.hc, Sapporo・ Hokkttdo 065.」 ap an.
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Vizing proved that in siIIlple graphs,either g中 (c)=d org中 (c)=d+l Where

d  i s  t h e  m a x i m Lとm  v e r t e x  d e g r e e  o f  C ( [「W ] , [ V 6 4 ] ) . S p e c i a l  c a s e s  w h i c h  c a n  b e

colored with d c01ors are bipartite graphs(for WhiCh eflicient algorithms existi

[GKl],[GK2]・ [CH])・ cubiC bridgeless planar graphs(whOse edge― coloring irl

しhree colors is equivalent to the four color probleHl)and planar graphs with

ば≧ 8[FW],For the case of planar graphs or degree d=8 or9` the algorithm

presented in this paper is the arst to be published,

Extension of the edge― coloring problem

multigraphs.Vizingts Theorem[V65a]・ [FW]

number of colors which are required for that

present in[GS],[GK2]and in tNS],Another

edge―coloring problerlis presented in tHK].

is tlhe problem of edge― colorin嘔

gives bounds on the nlinimum

case and eぼ icient algorithms are

direction of generalization of the

in this paper we present several algorithms for edge― coloring sirnple

graphs ln Section 2 we introduce some of the terHlinology and dennitions used

throughout the paper,A basic algorithm, COLOR, whch is not new, but is an

irnplementation of the standard proof of Vizing's Theorem・  is introduced in Sec…

tion 3. This algorithm colors the edges of an uncolored sirnple graph with d+1

( o r  d ) c o l o r s  a n d  r e q u i r e s  θ ( |ゴ||ン|) t i m e  a n d  θ ( |ガ|) S p a c e , A l t h o u g h  t h s

algorithHl is fairly well known3 it iS forHlulated and included in this paper

because it serves as a subprocedure and is used to denne some basic data struc―

tures used by all the(neW)algOrithms that we introduce in this paper.A new and

erlicient algorithrn PARAL,LEL― COLOR that colors the edges oF a siHlple graph with

d+1(or d)c01ors in θ (|『 |,dとoo 1 71)time and θ (|ど |)space is described ill

Section 4, and another new and edicient algorithHl that does the same job in

θ( |ど| だヽT可イ「瓦東万可¬フT ) t i m e  a n d  θ( |ど| ) S p a C e  i s  d e s c r i b e d  i n  S e c t i o n  5 . I n  S e c t i o n s

6 and?we deal with special FaElilies of graphs for which d― coloring exists First・

an algorithrrL ALCOLOR that edge― co10rs an arbitrary graph C with d Ⅲ l(Or d)
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c o l o r s  i n  θ( |ゴ|l  y l ) t i r r l e  a n d  θ( |『|) S p a C e  i s  i n t r o d u c e d , A l t h o u g h  i n  g e n e r a l

this algoritlttn has worse complexity than the previous algorithms,yet it Consti―

Lutes a signincant contribution to the neldi ln section 7, it is shoWn that

ALCOLOR edge― colors t7ith d― C01ors a large class of graphs. includinこ :(1)all

planar graphs With d≧ 81(2)all serie s―parallel graphs with芝 ≧ 41 and(3)almoSt

all random graphs.(note that on planar graphs the complexity of that algorithm

is θ(l y12)),It iS also ShoWn that every series‐ parallel graph・ except odd cycles・

can be edge― colored with d C01ors(a generalization of FloriEli's resuit on outer―

planar graphs[F]),Although for some of thoSe classes of graphs(e,g・ planar

graphs of degree 8 or 9)it Was Already known for some time that they are edge―

colorable by d colors,to the best of our knowledge no formal algorithコ n for that

purpose was ever published.We cOnclude by presentil■ g in Section 8 some NP‐

completeness results Concerning edge― coloring of regular graphs and  res―

tricted edge‐ coloring problems, Some oF the results presented in ti由 s paper

were previousiy Flentioned in[GK3],

We reFer the reader tO a coEllnent appearing at the end of the paper

which a comperison Of this paper with a similar paper by E.Arjomandi[A〕

glven.

2. Termin。 1。gy and Deaコ 正tions

ln this section we introduce somゃ or the terHlinology and denmtions that we

use throuthout this paper.

Throughout the paper C= C(y,ど )denOtes a given t鋭 れPこg gTttPとWith Vertex

set y and edge setど ・having no mdtiple or self‐ 10op edges We denote by d(υ )

the degree of Vertex υ  C y.The maximum degree of C is denoted by d(C)。
r sim―

ply d.A vertex adjacentやvith vertex υ is called a 7Lβ町
れboT ofり,An edge 30inir唱

vertices “  and υ  iS denoted by “ υ, The graph obtained fronュ  σ
 by deleting

( r e S p . a d d i n唱) e d g e“ υ i s  d e n o t e d  b y  C一
宅υ ( r e s p . 6 +也 υ) , F o r  S C y ,  C一 S

・ｍ
　
　
・述
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denotes the graph Obtained frorn θ  by deleting all the vertices in S and the

edges adjacent to them.An edge―colorirtt Of C with at mOstた colors is called a

たoc o[空ャw OF Ct SuppOse that the edges of C are colored with a given set of

colors.If color α in the set is not used fOr any of the edges incident with vertex

υ.then we say that α  is砲 億strLg at υ o We denote by〃 (υ)the Set of all the

colors missing at υ (later we shall denne a spOCinc data structure to implement

翔r(υ)).Denote by C[α ,β]the Subgraph of C induced by the edges colored with

colors a and βo Clearly each component Or C[α・β]iS a path or cycle,in which

edges are colored alternately with α and β・We call such a path(resp.CyCle)an

αβ「path (resp.αβ―Cycle ).A vertex υ is an end―point Of such an aβ―path if and

only if either ac〃(υ)or βC〃(υ).Interchanging colors a and β in a cOmponent

F'of G[α・β]yields another coloring of C with the same set of colors and is called

aメ在 Of P.

Suppose that all the edges of C except υ tt have been colored with a set of

d+l colors.Clearly both υ  and lw have at least two Hlissing colors,and each of

the other vertices have at ieast one.We assOciate with cach vertex υ  o7L2 0f the

m i s s i n g  c o l o r s  o f  υ, d e n o t e d  b y 碗( υ) a n d  c a l l e d _ む九q  m i s s i n g  c o l o r  o f  υ( a C t u a l l y ,

秘(υ)Will be the nrst c。lor in the list which implements拘〈υ)).A/αtt s2q“gng?

メ
'at々
り starting with々 wυ is a sequencc of distinct edges lり υ =切 2。,1"21・ .. .・1り■s

s u c h  t h a t  f o r  e a c h  l = t  t t  s 切″t  i s  c o l o r e d  w i t h れ( 2 t _ 1 ) . W e  s a y  t h a t  t t  i s  t h e

C 2 材l f  O f  t h e  F a n  a n d  t h a t  t h e ″t ' s  a r e  i t s  l e a v e s , I 『F  i s  a  m a x i m a l f a n  s e q u e n c e

at uサ・then one of the following m(lst occtirl

C a S e ( 1 ) i  t h e  m i s s i n g  c o l o r  o f  z g  i S  a l s o  m i s s i n g  a t 切l  t h a ti S '秘 (・3) C〃 (切)i  O r

m(打 s)(thusCaSe(2)t an Odge切 ″
ブⅢl(0電 ブ <S-1)Of F iS C01ored with

恥 (2ブ)=純 (・s)).

Note that F consists of a single uncolored edge- lF 挽 ( P ) C〃 (切) .
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As町 けOf a fan F from zt means to ctrcularly shift tho colors of the edges

切 2 0 9切 ″ lⅢ……Ⅲ切 ″t . T h a t  i s , f o r  O≦ ブ く t切 をデ g e t s  c o l o r碗 (″す) a n d切
= t  b e c o m e s

uncolored,This gives another k― coloring of θ ,

3.AlgorithEI COLOR

On the basis of a constructive proof of Vizing・ s theorem([BO]・ [FW〕)it iS

rather easy to givo a polynomial― time(say・ θ(|『 12))algOrithm for coloring a

graph with d or d+l colors. However it is less trivial to give l■ ore etticient algo‐

rithms.In this section we present an algoritl■ n COLOR whose tiEle complexity is

θ(|ど |1/1)and WhOse rnain signiflcance is in the fact that it serves as a basic

subprocedure in ali the algorithms presented in this paper and it is used to

deane some basic data structures that are applied by all the(new)algOrithEIS

which are introduced in this work=

メ'oced“ Te COLOR(C):

tC iS a graph of maximum degree di The edges of C may all be uncolored

or some of thenl may be colored,The algorithm completes the coloring

of the edges of C in d Ⅲ l colorsl

b2gれ

切れ榎g there exists an uncolored edge υ tt in C旦

RECOLOR(υ ω )

2■d COLORi

The procedure REC01JOR(υ 切 )c010rs an uncolored edge of C in one of the

dヰ l colors.

舟 ooedttT2 RECOLOR(υ 也,)

b2gt免

1 . l c t  F = [ 切υ = 切露。・り 1 , Ⅲ… , 切″8 ] b e  a  m a x i m a l f a n  s e q u e n c e  F  a t 切

starting with the【incolored edge ttυi Let a=れ (切)and βこれ(23)'

中峠現ミ▼W督 甲慨四営"              ド Siヤド十`■卜li,〔ギエ,｀`■|せⅢ
・
:いい ●苫車ⅢドⅢⅢエ ザ` あ

い.予掛 n3おT｀ヤ“ヽⅢX辛 Pヽず 4■HttHA｀ い iiキit'ir お`` 中将瑚 'や｀ヽ 出`中いどや:ギず'1
=ヽ '`やヽ口'す■‐
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2・工β∈〃(切)

どれ2■Oggtn tCasc(1)|

8,shiftダ from″ gi inoW ttg is uncoloredl

4,color切″s by βl

2■ d

2低2b2gl児 iCaSe(2):β″〃(切)!

5.let P be the aβ―path that starts at zsi tノmay be empty!

6,二 P doeS not reach(and thus terminate at)切

けれga b9gれ

7。shiftダfrom rsi tnOW ttzs is uncolored!

8 , a i p  P i t n o w 砲( ″g ) = α!

9,color l"″s by αi

27Ld

_ ? [ S 2 b 2 0 抗

10,let″ : .0≦ を く s-l be the vertex for which

碗(″̀)=β=碗 (″s)i tnamely.切z`十1 haS Color β

and itis the last edge oF P!

11.letノ'be the aβ―path that starts at r`i

12,shiFt F from″`i tnOW ttzr iS unC010redi

1 3 ・n i p ノ
' i i n O W 確

( Z r ) = α!

14.color lりz` by αi

gTLd

2■d

e7Ld RECOLOR.

We have the fol10wing theoreHl on COLOR.

Thecrem 3.l Algorithm COLOR edge― colors an arbitrary uncolored graph

C = ( 1 / ,ど) W i t h  d  O r  d + l  c O l o r s  i n  O ( |ど| 1 7 1 ) t i m e , u s i n g  O ( |ど| ) s p a c e .
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(a)Correctness3 0mitted since it ro11。 ws the proof of Vizing's theorem([BO]・

[FW]),

(b)SPace:we use the fo1lowing main data structures,

(1)AttacenCy Listsi C is represented by adiaCency listsi each contaittng the

edges incident with a certain vertex υ ,These use θ (|『 |)SpaCe.

(2) An Arr呼 oF MiSSing ColoFS:The runctiOn,.(・ )is represented by an array

l'!1'″il,[.]Or length l yト

(3) Color IAstsi Each list is a doubly― lhked list and contains the edges colored

with the same C010ri lt is conveniettt also to keep one mOre liSt Of the

uncolored edges,Thus these d+2 1ists use in total θ (|ど |)SpaCe,

(4)An Array or Pointers:This is an array oF Iビl entries.each of them cOnsists

of 3 pointers:The entry which cOrresponds to the edge 2 =“ υ O:C Contains

2 Pointers to the entries in the adjacency lists or“ and υ where edge 2

resides・and a third pointer to the appropriate entry in the c010r lists,

An edge ttυ  C010red wth α  appears in the adjacency listS for tt and υ
 and

also in the cO10r list for α ,TheSe three elements are lttked to each other by the

uυ―th entry in the array of pointers so that each can be directly accessed from

another.Clearly these devices use θ (|ど |)Space in tOtal・

(C)Timei clearly one can initialize the color lists and the array m[.]For a given

graph(includirlg an unc olored otte)in θ (|ビ |)tirrle,Thus,it suFiCes to Show that

one execution of RECOLOR can be done in O(171)time, Sinc e(for an initially

uncolored graph)COLOR repeats RECOLOR I返 「l tiHles.

we nrst shOw that the fan sequence F at lD can be fourld and shifted in

O(d(切 ))time as fo110下 Si BeFore entering RECOLOR(υ
切)COnstruct an array〃 of

length d Ⅲ l SuCh that fOr each color 7 LnCident at切 , 〃[γ]COntains the edge
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incident at tt and has color γi and if γcれr(弘,)then〃 [γ〕is undeaned(+)・Explor―

ing the adjacency list of切・もne can construct〃 in O(d(イw))ti me.Then one can

decide in O(1)し ime whother a given color 7 iS missing at切 ,and also nnd the

edge co10red with 7 if夕 だ〃(切).Using arraysれ [.]and″ [,],One Can easily and

F and alsO shift it in O(d(切 ))time,Note,that Arjomandi[A]uses fOr this pur―

pose a vertex,color incidence matrix which results in an θ (1/ld)term both in

the time complexity of the algorithm and in the space it needs(see COmment at

t h e  e n d  o f  t h e  p a p e r ) .

Using the color lists, one can easily constructs the αβ―subgraph C[α・β]in

O(l γl)time,since it contains at most l/1 edges,Furthermore,one can also

c o n s t r u c t  i n  O ( 1 / 1 ) t i m e  a n  αβ―p a t h  P  a n d  n i p  i t ,

Thus we have shown that one

time, and the whote procedlュ re

θ( |ど| l  y l ) t i m e .

Q . E . D .

execution of RECOLOR can be done in O(1/1)

COLOR (on an unc。 lored graph)requires

Since RECOLOR is a basic procedure that serves as a subprocedure in all the

algorithms presented in this paper,we emphasize the following Fact,

Corollary 3.1: RECOLOR← 封w)c010rs an edge υ tt in θ (l yl)tirrle・ using θ (|ど |)

s p a c e ( p r o v i d e d  t h e  c o l o r  l i s t s  a n d  m [ . l  a r e  i n i t i a l i z e d ) .

4. 地 orithm PARA― .モOLOR

in this section we present the nrst of the two new etticient algorithms which

color the edges or a(general)graph by d+l colorst This algorithm・  PARALLEL‐

縛;柵l就t縄掛i落輯3縄ず艦鑑描軽協番組軽
undenned and thus one r■ore check is necessary to撤d whether color γ is rniSSing at tりor
not.
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COLOR(which is an extension of COLOR).colors edges in"parallel"and has cOm―

plexity of θ (|ど 卜d.こOg l yl).The secOnd algorithHI EULER― COLOR is presented in

the next section,

We start by deaning a new type of fan sequencer an・ tuncolored fan''(or・ ・
u―

fan").In order to distinguish a utfan frorn the fan which was denned and used in

the previous sections,we shall rerer in this section to the latter as・ 『
colored fan・

・

(Or"C‐ fan").For convenience we restate here the dennition of a c― fani

( a ) A t t  α β
L C ‐
/ α “ i S  a  s e q u e n c e  o r  e d g e s 切 , O B 切 を

1 , . . . , 切
″
s , S u c h  t h a t 切 ″

。 i s

uncolored and each切 名 (fOr l≦ t≦ s)haS C010r切 ■(″t_1).We also assume

that m,(切)=α  While for each″t(0≦ t≦ S)α ″〃(・t).Also・れ(zs)=β and

either β⊂〃←り)(that is,case(1)in RECOLOR)or for some r(0≦ をくs-1)

βC拘「(打:)(that is・case(2)itt RECOLOR).We reFer to u,as the_c2■を2にof the

fan and to the=t's as the fan's[2αυ2s,Asれ ザ,of a c―fan from=t means that

every edge切 ″す(for l≦ゴくt)getS C010r確 (″デ)While切 ″t itself becomes

uncolored.

(b)An aβ 宅―ra■ cOnsists of a central

(leaVes)=1・ =2,……打s, Where s≧ 2・

uncolored and for each″ i(1≦ t

edge colored α is incident to lw),β

vertex(root)切 and peripheral vertices

such that all edges切 ″t(1≦ t≦ S)are

≦ S)aC〃 (″t)but α だ〃 (切)(that is,an

is an arbitrary color of the(at least)s+1

c o l o r s  m i s s i n g  a t 切: βc t 7 1 ・γ2 ・・…・γs ↓1 1 ⊆〃( 切) .

The idea behind the dennition of the aβ―u―fan is to use RECOLOR in order to

augment a large number oF aβ ‐c―fans"in parallel".Namely,to compute a large

number of aβ‐C‐Fans and then to augment a1l of them.For this to work・the Fans

must be vertex dis,oint,fOr Otherwise the augHlenting of one Fan can destroy(an

arbitrary number of)other fans,fOrcing fans to be recomputed and thus losing

the advantage of parallelism(see in ths context the comment at the end of the

paper regarding Arjomandi・ s paper tAl).So We need a mechanism to a1low the
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creatiOn of a large number of vertex disjoint c― Fansi This is the u"fan・We see

be10w(procedure MAKE― S)that when c― Fans intersect・ they can be convcrted

into a u―fan that aliows the unc010red edges to be augmented as followsi

Proc edttTマ U―AUGMENT(U,α β)

ty iS an aβ
―u―fan切 ,1・切 ″2,……・切 =s Where β  is SOme color missing at切 !.

2gt免

1.let P be the αβ―path that starts at切̀lP starts with an edge of color al,

2 . a i p  P i

3.ザ P dOeS nOt end at■ 1

4.け れ27L Co10rゃ dgeじ 五l with α

5,2低 e color edge切 ″2 With a.

2■直 U―AUGMENT十

We now ollttine the algorithm which consists of sをag2モ each of which is

characterized by a certain color a, Each stage is further divided into αβ―

sヒbsをqg2ド・ One substage fOr each pair or c。1。rs aβ,In an aβ―Substage the algo‐

rithn■sttnultaneously augments as lnany αβ―fans(c―fans and u―fans)as pOssible.

The algorithHl executes a stage for each color and then repeats itself until all

edges are colored.

炉'ocg芝也T2PARALLEL― COLOR

tthiS algorithm flnds a(dⅢl)―C01oring on a graph!.

02gを7L

l. 切れこと2 there are uncolored edges"芝 o

2.メoT eaCh COlor a do

begtt ilineS 3-6 below are a's stagel

3,color by a a maxirnai number oF edges missirtt α  at bOth

endsi

4 .〃 九Kこ 一SitM A K E― S c o n s t r u c t s  a  c o l l e●tio n  S  o f  v e r t e x―
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disjoint c―fans and u口fans of type αβ(where β ranges

over ali colors β≠a),S COntains an uncolored edge

incident to cach vertex in C that Elisses α  and is on an

uncolored edget Notice that the coloring may change

while constructing Sト

5,_/oT each color β(β≠α).芝0

1line 6 below is aβ
・S Substage!.

6.augment as many aβ ‐rans of s as possiblei

g 7 b d

27Ld PARALLEL― COLORI

We  show  that  PARALLEL― COLOR  can  be  irnplemented  in  tiEle

θ(|ど|.d,ιO。171),For this,we implement a"set“ of stagos(lines 2‐6)to co10r

≧
吉
O f  t h e  r e m a i n i n g  u n c o l o r e d  e d g e s , w i t h  o n e  s t a g e ( h n e s  3 - 6 ) t a k i n g  θ( | 『| )

t i m e . T h i s  i m p l i e s  t h a t  t h e r e  a r e  θ(ιOo  lど|) " S e t S ' ' O f  s t a g e s  a n d  s i n c e  e a c h  s u c h

set contains d Ⅲ  l stages(one stage per color)the tOtal tiEle is θ (|ど |.d.こOg l yl).

The basic data― structures that we use For PARALLEl"― COLOR are the same as

t h o s e  u s e d  i n  C O L O R・ n a m e l y , c o l o r  l i s t s  a n d  a n  a r r a y純 [ .〕O f  m i S S i n g  c o l o r s

such that for each υ  c/,れ (υ)is One Of the colors lrlissing at υ ,As mentioned we

alSO□Laintain a list of ali the uncolored edges(thiS list may be regarded as one

of the color lists except that its size is θ (|ど |)rather than θ (1/1)).MOre data―

structures will be described iater.

Using the list of edges colored by α ,we can and in θ (l1/1)tinle all the verと

tices missing that color.Thus,step 3 in PARALLEL― COLOR can be done in θ (|ど |)

tirrle(including the updati【lg or the data structures).

The crucial steps are,oF course・ lines 4 and 6 which we now discussi Step 4

is a procedure MA畑―S that constructs the set S of vertex―disjoint fans,It forms

c,fans One by one. converting intersecting c,fans into u― fans, so that Fans stay
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vertex―disjoint(see cOHlrnent at the end of the paper regarding the algorithm in

tA]),

ProcedttTg MAKE― S

b g g "

4 . l S ←O i

4.2ェor each vertex切・such thattt does not belong to any fan in S,

切 misses a and tt is incident to an uncolored edge 2ュ

b 2 g 仇_

4.31et F be an aβ―C―fan with切″0=2(Where β  iS any Color that

comes up during the construction of the fan)i

4.4ニェno leaf of F is in a fan of S

4,5なれ2■S← St,lFJ十

e[se b2gあ

4.6 1et″t be the Frstleaf of F which belongs to

another fan F'in S whose center is仙 り
':

4.7地生ダ
'iS an α
7~C~fan

4,8む九θtt b2gtt iby the derlnition of an α γ
―c‐fan lt

must be a leaf of r'!

4,9 shift F from zti

4,10 shftダ
'from rti

4.11let r be a new u― fan with center

rt and leaves lw and lり
'i

tαぞ〃(・t)・a⊆〃(切),ac〃 (切
・
),i

4.12S← S∪ tT'-1ダ|…1ダ
・
!i

2れd

4.132こs9b2gtれ 17口
'iS an α

γ
―u―fan and by its deflnition

, t  m u s t  b e  i t s  c e n t e r i .
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4,14 shift」r from″ ti

4 , 1 5 S←S―tF ! ;

4,16 enlarge」 F'by including″ tlw

(With tt as a leaF)

in it

2■ d

g7Ld

97Ld

gれd MAKE― Si

We now prove that MAKE― S fulfllis the specincatiOns of line 4 of PARALLELロ

COLOR:

LeIIIma 4_1:After the loop of line 4.2 is executed for l回  =似 地 , 1=t≦ た for some

た・ S is a collection of vertex―disjoint αβ―fans(for β ranging over colors other

than a),containlng an uncolored edge incidentし o each切 t.

ProRor:

By induction(note that because of line

sible intersections between F and another

lines 4.8 and 4.13 of MAKE‐S).

3 of PARALLEL― COLOR,the only pos―

Fanダ
' of S are those described in

Q . E , D ,

Before we proceed to prove that MAKE‐ S has tiEle COmplexity θ(|ど|),We

describe more data― structures needed to implement MAXI卜 S, Each fan in S can

be rlaintained as an ordered list ofits edges plus its center and its type(c― or u…

fan).The Ordered list is implemonted as a doubly linked list so that it can be

traversed forward and backwards and so that insertions and deletions fron■ it

take θ(1)tirn e,since the fans are vertex― disjoint it is conVenient to maintain a

vector of length l yl,SuCh that its υ ‐th entryt which corresponds to a vertex υ ,

indicates the followingi(a)Whether the vertex belongs to a fan in S or not.(b)lf

the vertex belongs to a fan in S then whether it is a center or a leaf・ (c)lf it iS a
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leaf then which vertex is tlle center of the fan,and(d)If it is a center of the fan

then it points tO the ordered list in which the fan is Elaintained.Finally,S itself

is rrlaintained as a doubly linked list of the centers or its fans, such that inser―

tions and deletiOns can be done in θ (1)tirne,

Iだm m a 4 . 2 : M A予 ∝―S h a s  t i m e  c o m p l e x i t y  θ( lβl) a n d  r e q u i r e s  θ( |ど|) s p a c e .

Pr。。r:

Step 4,1(the initialization of the data structure)requires θ (171)time,we

already saw that Step 4.2 can be done in θ (|『 |)tiHle(Sec implementation of

line 3 of PARALLEL― COLOR),Step 4,3 can be implemented in θ (dttW))time For

each vertex lw(see the implementation of RECOLOR),and thus the total tilne of

Step 4.8in MAKE― Sis θ (1垣:|).Tho constructioll of a c―fan in Step 4.3 need not be

completed but can be stopped the arst tirrle we reach a leaf lt which belongs to

another fan F' in S,Thus, Steps 4,4・  4,5 and 4,6 take θ (1)tirne per ran or

θ(l yl)time in tOtal,The shifts of Steps 4,9,4.10 and 4.14 take θ (d(切 ))time per

ran whose center is qw,Since such a shift can be done around a certain vertex lり

only once(fOr after the shift tt becomes a leaf of a u― fan)the tOtal time for

those shifts during the whole execution oF MAKE― S is θ(|ど |),Steps 4.12 and

4,15 may also requtre θ (d(切 ))time per fan,that is a total of θ (|ど |)time,The

other steps of MAlぐ E‐S(lines 4,7.4,8,4,11,4.13 and 4.16)require θ (1)time per

fan or θ(l yl)time in total.

The space bound follows from the discusslon of the data‐ structures above.

Q . E . D .

We now turn to lines 5-6 of PARALLEL―COLOR:In line 6(which We call"a suL―

stag e"for αβ)we want to augrlent・
Pin parallel''as many α

β―fans as possible,

However・in order to reach the desired complexity for PARALLEIJ―COLOR lines 5-6

must be done in θ (|ど|)tillle・Unfortunately,we have not found a way to aug―

間Lent in line 5 all αβ―fans''in paralle19'.The problem is that when we augment an
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aβrfan F,we usually nip the colors of somLe aβ―path Which starts at F.However,

″           the other end‐ point of this Path Hlight belong to another fanメ
ロ
・and thus when

we later augmentメ 沖・we shall traverse that same path again,thus violating our

tiEle COnstraints.Moreover, the nip of the αβ―path and the coloring of an

uncolored edge・ can cause 3 αβ―pathS tO be concatenated into one αβ―path

which thus may be traversed many times(if the process of concatenation or that

path would repeat itself).So We must give up the augElentation of_an aβ
―fanS,

and we settle instead for a nxed fraction(吉う。The approach is to repeatedly aug―

ment a fan F and remove fron■  S all other fans that are invalidated by the

change in coloring and the nip Of an aβ―path that starts at F.

Now,berore we describe the implementation of an aβ ―subStage(hne 6),we

have to prepare some data structllres to enable an eぼ icient implementation.

What we need are d lists,such that for eachさolor β(β≠α)We shall have a list

which contains all aβ―fans in S,There is no probleHl to build such lists for all

aβ―C―fans in S,However,since each u―fan「lay belong Lo lnore than one such list9

more careful treatment is required in order not to violate the θ (|ど |)COmplex―

ity.

舟 oc2duT2 PRE― SUBSTAGE

b θ。あ

1             5,l rOT each vertex υ  C r do

5.2 1et ALPHA(υ )be the edge of color a incident at υ if such an

edge existsi

5 , 3  A r r a n g e  a l i  c o l o r s  β s u c h  t h a t  βt tα i n  s o r l l e  a r b i t r a r y  o r d e r ;βェ・β2 ' ' '…βど,

5,4笠 each Vertex切 ・which is the center of soFle urfan in也

Open an empty list CLR(切 )i tCLR(切 )will COntain ali colors≠ α

incident attp arranged according to the order oF step 5,3!

5.5_′oT t=lSを 2p l“ 7Lを】 dユ
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_ O g o あ

5,止ゝ T eaCh edge(と,υ)of color βt d0

5,7_りP“[resp.υ〕is the central vertex of a u―fan in S

5,8む れ2TL add β t at the end of CLR(宅 )[resp.CLR(υ )];

2■】

5,9/θT each vertex切・which is the center of some u―fanin S do

_ b マg 仇

5,10 1etば
'(切
)be the number of uncolored edges incident at切 .

5.11 0pen an empty list MISS(切 )i tMISS(切 )will c ontain the arst

d.(切 )CO10rs EliSSing at切 !

5,12空 t=1_ギ r?Pl化 冠 】 芝_切九榎2 MIsS(切 )has iess than

d'(切 )C01ors do

め2gt化

5.13:萱βt iS the arst c。lor in CLR(切)

5.14古れ2■CLR←り)←CLR←w)-lβこ!

5,152な
ュ MISS(切 )← MISS(切 )∪ tβt!

tr,こis inserted at the end of MISS(切 )!

?れd

grbd

5,16立2T t=l SttP l“■湖 d tt open an empty list SaFti

tSaFt Wili contain the αβt‐fans OF SI

5 , 1 7 控T  e a c h f a n  F  i n  S  d o

b g 。抗

5.18ザF is an αβ―C―fan

5119をれgtt Saβ←Saβ∪tダ|

2を三g bggt7L

5,20 1et tt be the ceELter Of Fi
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5,21 1et β be the nrst color of MISS(切)i

5,22 SaF← SaF∪ tF!|

5,23 MISS(切)← MISS(切)‐lβ!;

gttd

27Ld

βttd PRE― SUBSTAGEi

LeElma 4.3: PRE― SUBSTAGE requires θ (|ゴ 1)Space and has tirrle complexity

θ( | ど| ) .

Proof:

For each vertex tt such that uメ  is a

lて比P(切 )|+|〃 rss(切 )|=d(切 ),and thus

and〃 rss(.)require is θ (lβ l)・ The total

θ(l γl).The VectOrれ ガr/A[,]alSO needs

requires a total of θ(|ど|)spaCe.

central vertex of some u‐ fan in S,

tho total space that all lists Cと好(,)

space that the lists Saβ  require is

θ(l yl)Space.Thus, PRE‐ SUBSTAGE

Steps 5,l and 5,2 can be accomplished in θ (1/1)tilne using the list of edges

colored a,Step 5.3 requires θ (d)tiEle and Step 5,4 requires θ (1/1)tilne,The

l o o P  o f  S t e p s  5 . 5 - 5 . 8  c a n  b e  d o n e  i n  θ( |ど|) t i n l e ( u s i n g  t h e  c o l o r  l i s t s  m e n―

tioned in the previous section),For each lw the execution of the loop in Steps

5.10-5,15 roquires θ (d(切 ))time・ and thus the whole execution of Steps 5.9‐

5.15 requires θ (|『 |)tirrle,Step 5,16 takes θ (d)time and anally the loop of

Steps 5,17-5.23 requires θ (l yl)tiEle.Thus,the total tirrle complexity of PRE―

SUBSTAGE is θ (|ど |)

Q.E.D.

In view of PRE―SUBSTAGE we now reforl■ ulate PARALLEL― COLOR as followsi

浄 002duT2 PARALLEL― COLORI

tthiS algOrithm an〔ts a(dⅢl)―C010ring on a graph!.
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b 2 g 仇

1.`1!″【″ナ朋 9

2,

there are

ユ eaCh

b2g仇

3,

uncolored edges旦

color α  d0

1lines 3-6 below are α
's staLge!

color by a a maximai number of edges rnisSing α  at bOth

endsi

4,MAKE― S;

5,a PRE―SUBSTAGEi

5,btt t=l SrgP l也 乳raiュd

6,SUBSTAGE(α βi)|

tSUBSTAGE(aβ t)augments as Elany aβ t Fans oF

S as posSible and updates the necessary data

s t r u c t l l r e s ! '

2■d

end PARALLEL― COLORi

Before we give a detalled description of SUBSTAGE we deane(for each giVen

pair of C010rS a,β t)the f0110Wing subgraphst Lct FrF be the subgraph which con‐

sists of all edges and vertiCes Of Fans in Sa,t,Let」
官aFi be the subgraph l肝 hich

consists Of all edges(and thCir endpoints)that lie on aβt―paths whiCh start at

v e r t i c e s  o rガ F ( h o W e v e r i  W e  e x c l u d e  f r o m〃 a F i  t h°S e  e d g c s  W h i C h  b e l o n g  t o  r f F

itselF),メ 才apt iS in fact a unlon OF disjoint aβ t～paths,We Can further partitlonガ
aF`

into tWO Subgraphst Let〃 a be the set Of all aβ t―patils in〃 aFt hat Consists Of One

s i n g l e  e d g e  o F  c o 1 0 r  a , a n d  l e t 〃βt = 〃a βt 一
「a ( 1 . e , , 〃F t  i S  t h e  s e t  o f  a l l  αβt ―

paths in raFt that cOntain at least one edge of C010r β
i)・

see.only the subgraph of C Which COnsiStS Of/7F・
ガ a andガ ,t iS

executiOn of SUBSTAGE.HoWeVer there is n6 need tO expttcitly

的
一

As We shall

needed ror the



‐1 9 -

construct all those three subgraphs but onty the exp!iCit Construction of Frβ
t is

required,

Proo2dttTP SUBSTAGE(α βt)

b 2 。あ

0・O construct the subgraph rrFti

6.1メOT each fan FcSaβ`どo

b g g 抗

6 . 2  S a F t← S a F t ~ダ ;

6.3句 F FttiS a u―fan and has rnore than 2 edges

どれ27L bggtれ

6.4 1et lり be the center of Fi

6.5 1et FJ・be the nrst color of MISS(切)|

6.6 MISS← り)← MISS← W)― tβす!i

6,7 SaFJ←Saβ
ブ∪tダ!

2免ます

6 .旺 F  i s  a  C―f a n

6.91ん 9免 RECOLOR(F)itALPHA[υ ]rnuSt be updated!

6.102な 竺 U―AUGMENT(F)i tA1lPHA[υ ]muSt be updated!

6,1l let e =(切 ,″)be the edge ofダ that was colored by RECOLOR

(after the shift was done)or by U― AUGMENTi texCept For

CaSe(1)Of RECOLOR・ 2 has now color al

6.12 1et Pi and P2 be the aβt―paths that start at弘,and″

(Where if one of those paths ends at a leaf of an aβtSuL

fan then denote that path byダ 1),

6,13 REMOVE(Pl,ダ,αβt)|

6.14 REMOVE(夕 2,F,αβt)i
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lREMOVE(P,ダ ,αβt)remOves or amends the fan that lies

on the Other end orthe αβt―path P!

gttd

27Ld SUBSTAGE十

REMOVE(P・ F,αβt)iS the fo1lowing procedure,

Proc2dttT2 REMOVE(P・ ダ,αβt)

b2g抗

R.1げ bOth end―points of P belong toダ

R.2を れ27L return,

_ 然2 b 2 g 仇

R,3 1et υ be the end― point of′ which dOes not belong toダ 十

R,4工υ dOeS not bebng to any fanin Saら(for SOmeた)

tた≧t,Since Saβすforゴくt are already emptyl

R.5す れ9■ return

2 な2  b g β仇

R . 6  1 e t炉
" b e  t h e  f a n  i n  S a F t  t°

W h i c h  υ b e l o n g s i

R.7屯デF'iS a u―Fan having exactly two edges or

F'is a c― fan

R , 8むれ?先 `『a Fた← S aβた
一
t F ' !  t S e e  C O m m e n t  b e l o w !

R.9_7ιs2 begを先

tダ
ris a u‐fan which has Hlore than 2 edges!

R 1 0 t′υ iS a  l e a f  o f  F '

R . 1 1 _ む九碗 r e m o v e  f r o m  F ・t h e  e d g e  t t υ

t W h e r e  t t  i s  t h e  c e n t e r  o f  F ` !

R,12?ι se beg抗

tυ iS the center ofダ
'and in this

c a s e た‐ t !
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R , 1 3  S αr ` ←S a F t ~ 1 ダ
! ! t

R,14 1et βJ be the arst co10r of

M I S S (υ) i

R , 1 5  M I S S ( ? ) ←M I S S ( υ) 。l βJ ! ;

R.16 SaFJ← Saβ
J∪tF'すt

R.17 1et Fフ・be the aβt,path that

starts at the arst leaf″l of F':

iby the notation of 6,12 υ

i t s e l f  i s  n o t  o n メル
!

R.19二the edge of P Which is

incident at υ has color βt

R,19む れ2れ color υ″iby a and

update ALPHA[.〕

2なβ b2g抗

R,20 nip Fメand

update ALPHA[.];

R.21 color υ=l by βt

27L直

R,22 REMOVE(P'・ F',αβt)

27Lど

27Ld

27Ld

9■d

2■ばREMOVEI

iCOMMENT:Actually in line R.8 of REMOヽ 電(P,ダ,αβt)it is not always necessary to

remove F' From SaF持 ・ In fact3 if F'is a c― fan it is only necessary to remove F・

frOEI SarL in the following two casesi(1)When υ  iS the center of F'and either the
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last edge of P has color a orた =ti(li)When υ  is a leaf of F',t=た  and either

the last edge of P has color βt or υ iS 14 0r″8'Also,when P''is a u―fan and w is

the center of」 Ff it is possible to apply Steps R,12-R.22 of REMOVE rather than

execute R,8ト

LeElma 4.4: The total time

stag e(that iS. the execution of

space required is also θ (|ゴ |),

ProOri

In order to analyze

between operations done

on aβt―paths,

SUBSTAGE requires for the executibn of one

lines 3‐6 of PARALLEL― COIJOR)is θ (1近「|),The

tilne corrlplexity of SUBSTAGE(αβt)We distinguish

edges of the fans(edges ofダF)and Operations done

The only additional data― structllre which is reqLlired for the execution of

SUBSTAGE(and REMOⅦ )is the data―structure which is needed for the construc―

t i o n  o f ガβt , C l e  a r l y , t h i s  d a t a ‐
s t r u c t u r e  r e q t t r e s  a t  m o s t  θ( | ど| ) S p a c e ,

ｔｈｅ
　

　

ｏｎ

Consider・ nrst,the operations done on the edges of fans(edges Of HF)and

on the fans therrlselvesi First we note that whenever an aβ t―c―fan is referred to

in the procedLLreS SUBSTAGE and REMOVTtit is inlmediately removed frorn SaFt

(lines 6.2 and R,8).ThuS,the operation oF shifting a c― fan(WhiCh may be done in

line 6,9)is eXecuted at FLOSt Once on each edge,The other operations on edges

o f  c―f a n s ( f O r  e x a m p l e , c o l o r i n g  a n  t L n C 0 1 0 r e d  e d g e ) a r e  a l s o  d o n e  a t  m o s t  o n c e

per edge and thus the total complexity of these operations during one stage of

PARALLEL‐ COLOR is θ (|ど |),

U,fans may be reFerred to more than once durirlg the execution of

SUBSTAGE(α βt)in One stage of PARALLEL― COLOR(line R,11),MOreOver, au― fan

which is removed from SaFt may be inserted into Sa,ゴ (lines 617 and R,16).How―

ever, each tirne a u―fan is approached in SUBSTAGE and in REMOVE it ioses at
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least one of its tlncolored edges(lines 6.10,R,8, R,11,R.19,R.21).Thus,during

one stage of PARALLEIJ‐ COLOR, the total tir■ e oF operations done on u― rans

(eXcept for Operations done on αβttpaths)is θ(|ゴ|).

ln order to cOmpute the tirne required for operations on αβt‐paths we nrst

observe that any aβt―path that Hlay be used in line 6.9(exeCution of RECOLOR)

or in line 6.10(eXecution of U― AUGMENT)is iater computed explicitly in line

6,12,Thus,at mosttwo aβ t―pathS are constructed durlng SUBSTAGE for each fan

°f SaFt and another aβt―pathメメInay also be constructed in line R。17(but we

attribute the construction of P'to fan√ ・・
rather than to F),It f01lows from the

discussion in the prevlous paragraphs that during the whole exocution of one

stage of PARALLEL― COLOR at most θ (1抵‖)α βt―paths are computed.

Now・ each of those α βt―pathS Should be constructed(lines 6.9, 6.109 6,12,

Rl1 7), should be traversed(lines 6,9, 6.10,lR.1, R,3・  R.18)and may bc nippod

(lines 6,98 6.10・ R,20),Once」 宵Ft is constructed, and with the help of the vector

ALPHA[.]・  eaCh of those operations requircs tilne proporし ional to the length of

the path.An aβ t―patll l■ay also cause a call tO REMOVE・  where(except fOr

traversing the path in steps R,1, R.3 and R,18)only nxed ntlmber of additional

operations are done(recali that lines R・ 17 and R.20 are attributed to P'rather

than to P).Thus the total ntLmber of operations done on the αβt―pathS iS propor―

tional to their total length,

To proceed we shali now distinguish between aβt―paths that belong toガa

and those that belong to r‐FFti The aβt―pathS that belong to」″a aro of iength l

and since there aro at r■ ost θ (1垣十1)Of them・  their total length8 and therefore

the total complexity of operations done on them during one stage of PARALLEL―

C O L O R  i s  θ( lβl) ,

To compute the tiHle required for operations on αβt―pathS that belong to

月「βt,let us denote by c,t the number of edges having color βt When MAKE―S endst
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Clearly, this number does not change until the beginning of SUBSTAGE(aβ t)

(although the edges thettLSelVes IIlay be changed whenever a shift of a c― fan is

done),Now,using the list of edges oF color β t,and the vector ALPHA[・ ],the sub―

graph」 ″β̀can be constructed in stop 6.Oin θ (c Ft)tilne and it does not change

during the whole execution of SUBSTAGE(α βt),MOreover・  once a path of」 宵Ft iS

traversed,the fan at its arst end―point is removed(in line O.2 forダl and P2 0f

line 6.12,and in line R.13 for P'of line R,17)while if there exists a fan on its

other end― point it is either removed(in line 6,2 for the case oF line R,1,in line

R.8 for the case ofline R.7,and in line R.13 for the case ofline R.12)or the edge

at its other end― poirlt which belongs to the fan is removed from the fan(in line

R.1l for the case of line R,10),Therefore, no path of rrβ t(Or any part of it)is

processed more than once dl】
rirtt SUBSTAGE(α βt), and the totai nurnber of

operations done on αβt―paths of」呼βt is proportional to the total length of rrβt,

n a m e l y  θ ( c  F t )・

Sumlning up over all ( 1 ≦t ≦ d ) W e  O b t a i n

= θ( Σ C F 4 ) = θ( | 『| )
t ‐1

which concludes the proof oflemma 4.4

Q , E c D・

Theorem  4,1:  PARALLEL― COLOR  colors

θ( 1ど | . d .こO g  l  y l ) t i m e  a n d  θ( |『| ) S p a C e ,

Proof:

the edges of C(7,ど ) ln

T h e  s p a c e  b o u n d  f o l l o W S  i H l r l l e d i a t e l y  f r o E I  L c H I I n a s  4 . 2 3 4 . 3  a n d  4 , 4・

T h e  e x e c u t i o n  o f  P A R A L L E L , C O L O R ( l i n e S  3 - 6 ) t a k e S  θ( |ど| ) t i m e ( L e m m a s

4.2・ 4,3, 4.4).If We COuld C010r in one stage d all uncolored edges that are

incident at Vertices which miss color a(these are exactly ali the uncolored

ｎ

　

　

ｔ
＞

‐ｏｒｓ

　

　

晦

Ｃ。
　
　
ｄ甲
白
Ｈ

all
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edges that belong to those fans wl■ ich are constructed by MAKE― S)then we would

color all edges of C(7,ど )during One execution of lines 2‐ 6 of PARALLEL‐ COLOR,

that is in time θ (|ど |.d),HOWever,■ ot all the uncolored edges of the rans in s

are colored in steps 2-6.In fact,each tirrle a fanダ is treated in SUBSTAGE(aβ t)

(in hne 6,l or R,12),one uncolored edge is colored(in lines 6,9,6,10・ and in lines

R.19,or R,21)but up to 5 1lncO10red edges may be removed From the fans of S

without getting coloredi O恥e edge inlino 6 2 in the case when F is a u―fan having

only two edges, and two edges for each of the aβt―paths Pl and P2 in line R,8

Whenイコ iS a u―Fan of exactly two edges. Thus・ in the worst case only t声Of the

uncolored edges of fans in S are colored in one ex● cution of lines 2-6 of

PARALLEL― COLOR,and we must repeat the loop 2o。 |ゴ | =こOg l yl ti「le S,

To this we must add two remarksi First,if an aβ fu―Fan has more than two

edges then when it is removed from Sa,4 it iS inserted into some Saβ J(lines 6,7・

R.16)・ and itS uncolored edges still belong to the fans oF S.Second,a shift of the

edges or a c― ran does not cause any uncolored edge to be removed frorl the fans

of Si Let zt be a leaf of a c‐ fan and assme that there areた  llncolored edges

incident to zャ  If 7o=砲  (″t)then there are otherた  colors γ l,72. ・・・・γた HliSSing

at iⅢ When the c‐ fan to which″ i belongs is shifted・ oldy 77払(″t)Changes but not

γl・……,7ゎ・Thus, the た  uncolored ё dges of zt will get colors in the stages that

correspond to γ l,…・7た and the possibility that color 7o WOuld be changed to

some other color γ O beFore the 7o~Stage is executed but arter the 7o'Stagc has

already been executed is thereFore irrelevant to the uncolored edges incident at

,t because they would be treated at the γ ゴ
ーstages(1≦ ブ≦た),

Thus. lines 2‐6 oI PARALLEL‐ COLOR are repeated・ at most logⅣ l ti「les and

the total cornplexity of PARALLEL‐COLOR is θ(|ど|・d,こOg l yl).

Q . E . D .
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5,劇 叱o減こhrn rulttRモ OLOR

In this section we present another etticient algorithn■ for coloriI■g general

graphs with d Ⅲ l oolors,This algorithm uses a divide― and―conquer method that

combines  COLOR  and  PARALLEL口 COLOR  and  has  tirrle  complexity  of

θ( |どIV l  y 1 2 0 g  1  7 1 ) ( a  s i m i l a r  a l g o r i t h m  i s  p r e s e n t e d  i n [ A ] ; s e e  C O m m e n t  a t  t h e

end of the paper).

In[GKl]the f0110wing algorithm for edge co10rirtt by d colors a bipartite

graph whose maxirrLuEl degree is d was presentedi

を OQ2dttT2 EULER― COLOR(C)i

b 2 g 抗

1,let d be the maxirrlum degree in Ci

2 . 生d = 1

3,ど ん27L C010r all edges of C with a new color

? ιs 2  b e g 仇_

4.use EULER―PARTIT10N to di宙de C into two edge―disjoint

subgraphs Cl and C2 With maxirnuEl degrees dl and d2

such that L熱≦直1,d2≦「争;

5.EULER― COLOR(Cl)i

6.EULER― COLOR(θ 2)i

7 . _負生C i S ( d  Ⅲl)―C0 1 0 r e d

をれ2空0口gt免

8,let 7 be the color with fewest edges in C and

let」『7 be the set oF all edges colored by 7i

tF料三撃 |

臥ェdとV群祈
10.を れ27L=OT eaCh edge c C『 7d° AUGMENT(2)
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11.?,Stt TYPED―RECOLOR(C,ど 7)

2■d

2■d

e7Ld EULER― COLOR;

Wherei

(1) EUIJER,PARTIT10N is a procedure that partitions the edges of α ■y graph

(bipartite or not)into(pOSSibly nontsimple)Open and closed paths such

that:(i)no C10Sed Path intersects another(c10Sed Or open)path.(11)a Ver―

tex of odd(reSp. even)degree in C is the endtpoint of exactly one(resp.

ZerO)Open path.EULER,PARTIT10N runs in θ (|ど |)ttt■e and it can be used

to divide C into two subgraphs Cl alld 62 Wlth maxirrlum degrees dl and d2

where dl=世主増|」"and for bipartite graphs d2=甲While for other graphs

α2==「室t;二十This is done by placing alternate edges of each path in alternate

s u b g r a p h s ・a l w a y s  s t a r t i n g 宙t h  C 2 ( S e e [ B ] , [ G ] ) .

(2)AUGMENT(2)iS a prOcedure that colors an uncolored edge 2 in one of the

possible d colors in θ(l γl)time.

(3) TYPED― RECOLOR(C,ど 7)iS a prOCedure that colors a setガ 7° f edges in d

colors・ where」 『γ constitutes a matching of σ
.

EULER‐ COLOR(C)is based on the fact that for a bipartite graph C,in step 5

(resp. 6)・ the(bipartite)subgraphS Cl(reSp, C2)iS reCursively colored by ど 1

(reSp.d2)C010rS,and thus at the end oF Step 6t the whole graph C is colored by

di tt d2 C010rs・ namely,by d or d+l c010rs.In the latter case・ the color γ  with

t h e  f e w e s t  e d g e s  i n  C  i s  u n c o l o r e d ・a n d  w e  o b t a i n  a  s e t ( m a t c h i n g ) ど7 °f  a t  m o s t

撃
m C O 1 0 r t t  e d g e t  t n  a  r  t t  d e n o t e  d O = V i 課

手
m m  b r  t t  r e c u 対 確

calls such that d≧ dO,AUGMENT is repeatedly usett to color the edges of『 7 and

略 ,々け住粛ぼ鴨窓μ城呼いい申j費ギ“下… 碑臨弾Ⅲ怖球収pい 聡 ″ヽ!ヤEWI岬 粒下 r,やゃi料収 riド】十て
■ 十'停求ド年■|!ムⅢ

t■耳 1`■・tiさせ fi!■TI子‐され14
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此 お shown h[GXl]that the totd time AUGMENT requresお 0(叫 =

0(|ど 1杓句可可石死戸口戸「).FOr all recursive calis such that dく dO TYPED‐ RECOLOR is

u s e d  t o  c o l o r  t h e  e d g e s  o fど7  a n d  t h e  t o t a l  t i m e  i t  c o n s u m e s  i s  O ( |『卜
dO。こ00  1  y l )

=0(|『 IVl yl[Og l yl)(See TheOrm l in[GKll),ThusB the time EULER― COLOR

needs is O(|ど IVI/lιOg l yl),

When we turn to the non― bipartite case we can clearly replace AUGMENT by

RECOLOR (both CO10r an edge in tilne θ (l yl))and we can replace TYPED‐

RECOLOR by PARALLEL― COLOR (for bOth COlor the edges of ど 7 in time

O(|ど |.d.20g l yl),The only problem is that when C is not a bipartite graph,the

recllrsive call for Gl(resp.C2)returns dlⅢ  l(reSp.d2+1)CO10ri理 ,and thus at

the end of Step 6 the whole graph C Elight be colored by(diキ 1)+(芝 2+1)≦ d+3

colors,ThcreforeD in Steps 8-1l edges ofを 也,o colors(rathOr than one)ShOuld be

recolored.This however constitutes no problem,since the totai number of those

edges is:= 里上誓Ltti thatis of the same order of mag由tude as in the bipartite case.

Also, PARALLEL― COLOR Yould color those edges in the same time( that is・

駅 |ど|だ■O g  l  γl》, a n d  hね C L  W h e n  d≦ V群
祈
n O  r e c u附 持e  c t t s  a沌

required at ali but PARALLEL― COLOR can be used directly to color Cl(resp.C2)

ini d l+1(resp,芝 2+1)C010rs.

Thus,EULER― COLOR for the non― bipartite case is as follows:

Procedと T2EULER― COLOR(C)i

tthiS prOcedure colors by d+l colors the edges of a(general)graph C Whose

maxlrntlm degree is d!

09gあ

1.let d be the maximurn degree of Ci

歓ェd≦V群祈
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3, どれ9■ PARALLEL― COLOR(C)

塾 史 g g 仇

4.use EULER― PARTIT10N to divide C into two edge― disjoint

subgraphs Cl oF degree dl=室  Lギ写卜1主 and 6)2 0f degree

d 2 = 「
申 ,

5,EULER― COLOR(Cl)i

6,EULER― COLOR(C2)i

7,切
P C haS mOre than d+l colors

むれ9■ b町 抗

8.let 71 be the color With fewest edges in C and

let β7 be the set of all edges colored by 71.

9 ,二 C  h a s  m o r e  t h a n  d + 2  c o l o r s

1 0 .なん?免o2 g tれlC  h a S  d + 3  c o l o r s !

11・let 72 be the cO10r Wlth fewest

edges in C一 ど7 and let ど 72 be

the set of all edges co10red by

721

1 2 , ど7 ← 『7 ∪ゴ7 口'

θれd

13.=oT eaCh edge g c返 干7d° RECOLOR(2)

9■d

end

2nd EULER― COLORi

heOrEL 5,1:EULER‐ COLOR(C)co10rs the edges of a general graph C by d+1

colors in O(|ど IVlレ 12og l yl)timO and useS O(lβ l十 l yl′)Space.

Proof:
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The detailed proof that EULER― COLOR(G)runs in o(|ど lw″l yl,Og lン|)tilne

ro11。ws the proofin[GKl].

6, AlgorithEI ALCOLOR

In this section we give algorithHI ALCOLOR which edge― colors with d colors a

large class of graphs(and With d芋 l colors a1l other graphs),

畑JCOLOR is based on the proof of Vizing's"Adjacency Lemma"([「W],[・V65a]・

[V65b])and On the following deanitiOni Denote by d中 (切)the number of vertices

adiaCent with lw and having degree d.Then an edge υ tt is deaned to be、 2ι花『■―

仇aをab,c iftt has at most d一 d(υ)adjaCent vertices of degree d other than υ :

ice,edge υtt is eliHlinatable when

d (υ) + d中←り)≦d ( i f芝(υ) < d )
d中←口) = 1     ( i f  d (υ) = d )

(nOtiCe that thc dcfmition is not syHlmetric with υ  and■ 妙)

In other wordst the edges that are not perHlitted in a"critical“ graph by the

adjacency lemma are eliElinatable,

ALCOIJOR is outiined as follows. It repeatedly deletes eliHlinatable edges

from C untilthey all disappear or the maxirnum degree of C docreases,An edge

that was not elirrlinatable in the original graph C may become elinlinatable when

some edges are deleted. On the other hand・  once an edge beconles eliHlinat―

ablee it remains so thereafter. Let Cr be the resulting graph. There are two

casest d(C')=d(C)… 1, Or d(Cr)=d(C). In the lucky case, namely when

d(Gり =d(C)-1,We nrst c。 1。rc'with d(=d(Gf)+1)co10rs by algorithHI COLOR.

We then update the d― coloriェ雄!or C・ tO a d― coloring of C'plus the last deleted

edge・ using a procedure called ALRECOLOR and we repeat this procedure for

each of the deleted edges in T2υ grs2 order to their deletion until a d― coloring of

C is obtained.In the second case,when d(C')=d(C),We SiI■ ply color C'itself

wtth d+l colors by COLOR,
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坐 空塾堅埜塑望 ALCOLOR(G)!

tALCOLOR nnds a d,Or dⅢ l―coloring based on elinlinatable edges!

b2g抗

1,d← d(C):

2.C・ ← Ci

3,切 航施 CP has an eliminatable edge υ tt αれdd(C')=d旦

b 2 g あ

4.C'← G'一 υ留ィ ldelete υ tt from C!

5,push υ tt on the top of a stack Si

2れd

6,ことど(C')=芝
-1

rれθtt b2gt・lthe luCky Casel

7.COLOR(θ
')i iC'iS nOW COlored with d colors!

8,翌 れ】2 stack S is not empty do

b 2 g 抗

91 pop up an edge,say υ 切 ,from Si

10,ALRECOLOR(C'・ υ也′);

taugments the d―coloring of C'to C'キυ切!

1 1 . C ' ←C P t t  υ切

27Lど

9■d

12.oこse tunlucky case:C'has no eliElinatable edges and d(Ct)=d!

COLOR(C)

gnd ALCOLORI

We now exPlain procedure ALRECOLOR, Suppose that edge υ uジ is elinlinat‐

able in C and that C― υtt is colored with a set of a colors,Each vertex伍 (≠υ,切)

has at least one missing color m(也 )if d(也 )<d and has no missing color if
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d(“ )=d.In the d― colorittg of θ
一留切,vertex υ  has d― d(υ )+1(≧ 1)miSSing colorsi

F o r  e a c h  c o l o r  7  0 f  t h e  d―d(υ)Ⅲl m i S S i n g  c o l o r s  o f  υ・the r e  e x i s t s  a  m a x i m a l

F a n  s e q u e n c e  F 三[ 切
υ = 切 ・

。, 切
″
1 , 中

● 1 切″ ど ] a t  t t  i n  w h i c h  e d g e りl  i s  c o l o r e d

with γ if sと 1,One of the following must occurt

(a)碗 (″s)C`|||'!||「(切 )十

(b)an edge of F is colored with切 宅(Z3);

(C)d(″ 3)=d (and hence 28 haS nO IILiSSing color),

S i n c e― is e l i m i n a t a b l e , u J  h a s  a t  m o s t  d一d(り)adj a c e n t  v e r t i c e s  o f  d e g r e e  d

other than υ .Therefore one of the following lnust occuri

CaSe(1)i there exists a maximal fan sequence F=[々 ヤた。,切″1,・… ,u,Is]suCh

t h a t碗 (露s) C〃 (ω);

Case(2): there exists a maximal fan sequence F=[切 ″。,切″1,,中 ,切Is]Such

that an edge of F is colored with秘 (zg)i

Case (3)!  there  exist  tWO  Fan sequencesa  not  necessarily  maxilnal,

Fl=[也 圧0・切露I口。…切's]and F2主 [也70,切υl,,中 1切y`]WhiCh meet exactly at

U(=″ 0=7。)and at tts(=y`),(If neither of the d一 d(υ)+l fanS that start at ttυ

belong to cases(1)Or(2)・ then at ieast tWo of the fans must coincide from cer‐

tain edgeじ 岳g =也 7. Oni we may assuIIle withOut loss of generality that sと
をand

thus sと 2),

We are now ready to present ALRECOLOR.

Proo2dttT2 ALRECOLOR(G',υ 切 )i

tALRECOLOR augments the d coloring oF O'to C・
+υ 也,!

b2g仇 1。W iS eliminatable in Crttυ 切 |

1,工CaSe(1)Or case(2)occurS

2, をれ27L CXtend a d―colOring ofてr into a d"c。loring of C・+υtt in a sirrlilar

way to Case(1)Or(2)。 f RECOLOR

| ・
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3,空 b2β“ tCase(3)occurS,

4 , l e t  α= れ←D ) a n d  β= 碗( 2 3 - 1 ) これ( v ` _ 1 ) ,

5.let F be an aβ path WhiCh starts at uジi

6,1/P dOes nOt end at=る_l

t れ碗 b 2 ョ抗

7,shift F l from tts_litnOW切″3-I iS uncoloredl

8.nip Pitnow βC陀(切)!

9,color urg_l wlth β:

27Ld

_2ιs2 b2gttt t P doeS nOt end al y,=1!

10,shift F2 from挽_litnOW ttqy`_l is uncolored,

11,aip PitnOW βCm(切 )!

12.color砲叫yt_l with βi

27Ld

2先d ALRECOLOR;

We have the following ierlma on ALRECOLOR:

Lcmma 6,l Suppose that ali the edges of tt Cfヰ υ位, except―  are colored with

d colors and that υ tt is eliminatable in C.Then ALRECOLOR edge― colors C in

O ( 1 / 1 ) t i m e , u s i n g  O ( |ど | ) S p a C e .

Proof:

One can casily establish the correctness of ALRECOLOR in a silnilar way to the

proof of Vizing's adjacency lemma[「W・pp.72‐74].The Claims on time and space

are also easily verifled.

Now we have the following theorem.

Theorem 6.1: Algorithm ALCOLOR edge― colors an arbitrary graph C with tt or

d+l colors in O(1垣判1/1)time,using O(|ど|)Space.

2nd
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Proof:

Since one can easily prove the correctness of ALCOLOR,we shall establish

the clailns on tirne and space. As for the spacet in addition to the data used by

COLOR,ALCOLOR needs a stack S tO Store the deleted edges,which clearly uses

O(|『 |)Space and two arrays d[,]and d中 [,]t eaCh Of length lソ 1・ representi理

d仲 比)。 r d中 中比)fOr ucy.We also need an θ (1ゴ |)SpaCe For a(tempOrary)liSt Of

eliElinatable edges whch Were found but not yet deleted.Thus ALCOLOR uses

O ( 1『| ) s p a c e・

By leHIIna 6,l one cxecution of ALRECOLOR can be done in O(1レ 1)tilne・ and

i      since ALRECOLOR is cxeCuted at I■ ost l垣引 こIEleS the total cost of ALRECOLOR is

O(|ど |l yl)time,since one can delete an edge in θ (1)tiHle using our data

structure,the deletion of edges costS O(lβ l)time.Thus・ what remains to be

proved is that the tOtal cost Of anding eliminatable edges is O(1ゴ
|1/1)time.

S i n c e  o n e  c a n  c O E L p u t e  d ← 比) a n d  d 中 中比) f O r  a l l  u C y  i n  O ( | ど | ) t i r r l e . o n e  c a n  f h d

all the edges eliminatable in the original graph C in O(1ど |)tilne.Hence, it

suぼ ices to shOW that the newly eliElinatable edges can be found in O(lβ llyl)

tirne in total,

、     Suppose that edge=y is deleted in graph C'8 then We rlust update both d[.]

and d・ [コ].We update d[・ ]by deCreasing both d[″ ]and d[7]by One.some oFthe

edges incident with″  Or Ψ  may beCOme eliElinatable. Therefore, We check for

each of the edges incident with″  Or y Whether it beCOmes elinlinatable, WhiCh

clearly can be done in O(1/1)tilne, Since ALCOLOR deletes at rnost lど l edgeS・

this checking can be done in O(卜 『|l yl)tiHle in total.

HoweVer, the procedure abOVe does not and all the edges that become

newly eliHlinatable・  Suppose that 直 (″)=d Or d(υ )=d, Say d(2)=d,Then

d・(Z)decreases for each neighbOr z Or=,and so an edge incident with Z may

also become elilninatable. Thereforee We must Check for every edge incident

… 母申円引研 H諏 田所 M博 碑 H開 い申嘔璃開崎N騨 賦的卒
内い球｀再付 拶 学ヽや碑単☆的 鱒湖呼朝陣博 Wt t W t t Hぶ 1射いや

〔ギ iイ的 子`1 1村 げ` r ' 十`や々 k t t rゃ"お キi 耕`汗 'い( |や呼 iヽ t■'
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with z whether it becomes eliElinatable・   This check can be done in

O ( d ( = ) +Σd ( 2 ) ) = 0 ( |ど | ) t i r n e , w h e r e  z  r u n s  i n  t h e  s u m m a t i o n  o v e r  a l l  t h e  n e i g h‐

bors of I,Of course,the arrays d[,]and d中 [,]can be updated in this tilne,The

case in which an end of a deleted edge has degree d(the rrlaximurn degree of

t h e  g r a p h ) o C C u r s  a t  m o s t  l  y l  t i m e s 3  b e C a u s e  t h e  d e l e t i o n  o f  e d g e s  e n d s  a s  s o o n

as the maxirrlurl degree decreases,Hence the checking above can be done in

O(|『 |1/1)time in total,This completes the proof shOwing that the newly elim―

inatable edges can be found in O(1ど|l yl)tttle in total.

Q , E . D .

7, Spocial Graphs whiCh nre d… Colorable

7,1.Plnnnr GraPhs

Vizing[V65b]has proved that q中 (c)=d if C iS a planar graph wtth d≧
8

There exists a planar graph C wlth q中 (c)=dⅢ l fOr each d,3≦ d≦ 5,It iS con―

jectured that q中(c)=d fOr a planar graph C With d=6 or 7[FW].

We shall show that ALCOLOR colors a planar graph of degree d≧
8 by d

colors,A direct implementat10n of Vizing's proofs yields algorithms for the case

dE≧ 10. But for the Cases d=8 or 9 ALCOLOR is the F■
rst algorithm to be pub―

lished,

we nrst have a leIIIma,

Lcmma 7.1:Any planar graph whose

able edge.

PrOcri

maxirnum degree is d≧ 8 has an eliHlinat―

Vizing showed that fOr d=8 and for d≧ 10 thiS Condition is required by the

planarity of the graph(SCe[FW, pp.106-108]or[Y, p 295])`We ShOW in the

Appendix that the condition Hlust h01d Whenever d≧
8.

-4tl熱 "四 印 Nや い 沖 軸 調 田 斑 狩 ば い
PI申t■ :ギ中 ヽ I二i‐平 i'イⅢⅢ'1輝

・イ・′将 ド `押 け W中 曽 ''!イP可 1`'‐ 神`
A「■rtⅢ・t4子ギト

γわ` 4ギⅢ,とく:Sやf↓卜
'‐t“甘 卜`

・`
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The following is an iHlmediate consequence:

Theorem 7,1:AlgorithEI ALCOLOR edge‐ colors a planar graph C with d colors if

d ≧ 8 ,

7.2, Serics― Paranel Graphs

As竹 4Pιg graph C is said to be selだ 2s・p●Taι2gι if C contains no」 【4 aS a Sub―

contraction,that is,ス 「4 CannOt be obtained from C by repeating the deletion or

contraction oF edges(see[D]or[TNS]for COnstructive deanitiOns of a series‐

parallel graph),The class oF series― parallel graphs is a subclass of planar graphs,

but large enough to include the class of outerplanar graphs, We have the follow―

ing lernlna.                                       ギ

Lcmma 7,2:Any series― parallel graph C whose maxilnum degree d≧ 4 has an

eliHlinatable edge・

Procf:

Since C is series― parallel,C has a vertex of degree at most two[0].Let S

be the set oF such vertices,Clearly C'=θ 一 S is also series― parallel.Therefore

C' has a vertex tt of degree at most two, Since the degree of qり  was at least

t h r e e  i n  C , a  v e r t e x  υ c S  w a s  a d j a c e n t  w i t h  l D  i n  C . B u t i n  C  d 中 ( 留り) 三 2 ・ S o

d(υ)ャ d中(切)≦ 4.Hence edge υ tt is eliminatable.

Q・E,D.

The Following is an immediate consequence:

Theorem 7.2: Algorithm ALCOLOR edge‐ colors a series―parallel graph C with d

colors iF d≧ 4,

A series―parallel graph C does not always conし ain an eliElinatable edge ir

d=3,TherefOre the direct application of ALCOLOR does not always produce a

g中(c),c010ring for the case d=3,However we have the following lemma:
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Lβmma 7.3: If a series― parallel graph C with d =3 has no elirrlinatable edge,

then C has a triangle ttυ l,such that d(υ )=2 and d(“ )〓d(切 )=3,

Pr。。r:

C may not have a vertex oF degree one(fOr the edge adjacent to such a ver―

tex is eliminatable),Thus by[0]Cl■ ust have a vertex of degree two.Let υ  be

any vertex of degree two,and lettt and々 w be the neighbors of υ , Since none of

the edges υ 也・υ切 ,uυ・ and 也 ″ is eliminatable, we have d(υ )やd中(竹)と 4,

直(υ)+d・ (1ガ)と 4,  or  d中 (“)と 2,d中 (1り)と 2. Hence  d(“ )=d(1り )=3  and

d中(也)=d中 (也')=2,We shall show that伍 ・υ and u,constitute a trianglet that is,也

is adjacent with qD・ SuppOseB contrary to the clallnt thatし is not adjacent with

u,for every vertex υ of degree two.Then contraせt One Of the two edgeS incident

with tJ for every vertex υ of degree two. The resulting graph Ct has neither lnul―

tiple edges nor vertices,of degree two, so is a Simple graph With maxilnum

degree three, Since C is series,parallel, Cr is also series― parallel and hence C'

must contain a vertex oF degree at rnost two・ a contradiction,

Q , E . D .

Let C'be the graph obtained from C by contracting the triangle specined

by Lerrlrna 7,2 irlto a single vertex,C'is also series― parallel and has two vertices

rewer than c, Clearly any 3-coloring of 6汗 can be extended into a 3‐ coloring of

C,Thus we have shown that q中 (c)=3 for any series― parallel graph C Rttith芝
=3.

Obviously q中 (c)=d if d≦ 2 and C is not an odd cycle.These facts together with

Theorerr1 7,2 imply the following theoren■ :

Iheorem 7.3: If a series,parallel graph C is not a sirnple odd cyclet then

g中(c)=d.

Using Lenllna 7,3,one can easily Hlodify algorithm ALCOLOR so that it would

color any series,parallel graph C with q中 (c)c。 10rs.Theore H1 7,3 is a generaliza‐

tion of Florini's result that every outerplanar graph except odd cycles has an
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ette‐coloring with d 001ors[F]!

7.3.Random GraPhs

Start with l yl diStinguished(labeled)vertices,and choose every edge With

a rlxed prObability P, 0くPく1, independもntly of the choices of the other ettgeSt

The reSulting graph is called a=巴 ■dO開し graph.Almost every randoEl graph has

exactly onさ vertex tt Of maximum degree(see[B。 ,Theorom 9,pp.135-136])._

Let u be any neighbor of切 ・then d(υ )やd中←り)≦ d,Thus υ tt is eliminatable,

and moreover C切 切 haS maximurn degree one less than d,Hence,algorithm

AL6oLOR colors allnost every random graph C with d colors,
●

8 , S o m e  N P C o m p l e t e n e s s  R e s u l i s ( o n  H a t C t t n g  a l l d  R e g d a r  C r a p h s )

As stated in the introduction, the problem of flnding a Elinimum edge―

coloring in a general graph iS NP‐ colmplete[H].MOreOver・ cven the problem of

anding a minimum edge‐ coloring in a general(regular)graph Or degreeた is NP,

complete for any givenた [LG],We cOnclude this paper by indicating two(addi‐

tional)SetS Of NP,completeness results Which are implied by the NP,complete

nature or the general Edge― Coloring problem No detailed proofs are given but

o劇 y their outlines are sketchedt

(1)rrhe frst set OF resuits deals with regular graphsi

cinirn 8,上 The general edge‐ coloring problem(on a nOn‐ regular graph)reduCes

to the edge co10ring problem on a regular graph of the same degI e`e

Cutlines or pr。。f:

Given a graph C oflnaximum degree d・ For each vertex υ  in C add to C a

subgraph l名 ′=ス 竹,ど-11 Denote the d verticOs oF degree d-lin Cv by υ l・υ2ド…,υど,

then add the f0110wing edgesi For each edge υ u in the original grapll C, add an

edge whiCh Connects some vertex υ t(WhiCh still has degree d-1)tO SOme vertex

竹, of 島
,Let d(υ )be the degree of υ =Then connect each of the d一

d(υ)
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vertices of q″which still have degree d-l to the vertex υ itself,

The resulting graph is a regular graph that has a d― coloring of its edges if

and only if the original graph C has such a coloring,

Corolla=y 8.1: The general edge― coloring problem reduces to the problem of

anding Whether a regular graph C of degree d with even nuElber Of vertices and

no cuい vertex has a芝 ―coloring of its edges(fol10WS from [FW,Corollary 6.3 and

Exeroise 6b])・

Corollary 8.2:The probleE1 0f anding Whether a general graph C hasた  disjoint

perFect matchings for some integerた is NP― complete(fol10WS from Claim 8.1

when C is regular andた =d).

COElment:The problem or Corollary 8.2 reduces to the case where C has ElaX‐

imum degreeた Ⅲ2(Forた =l the result was arst observed by Adi Shamir:Each

vertex υ  in the original graph is replaced by a path of length 2(d(υ )-1)and the

edges incident to υ  are made incident to alterrLate vertices of that path),

(2)The seCOnd set of results deals with anding a restricted edge― coloring on a

(bipartite)graph・

heorem 8.上 The following problem is NPocompletet Given a(bipartite)graph C

Hth an even number of vertices and an integer s,and whether there exist in C

t w o  d i s j o i n t  m a t c h i n g s〃。wh i c h  i s  p e r f e c t ( |〃0 1 =培 う an d〃 1  0 f  c  a r d i n a l i t y

S.

Comlttenti The Theorem remains correct even when the degree of C is 3,

Outlines or pr00r:

In tEIS]the f01lowing problem,denoted by RTT(Restricted Tixne― Table)w as ハ

PrOVed tO be NP― completei Given a bipartite graph C with vertex sets r andび ・

where the rnaxilrluHl degree of the graph is 3 and each vertex tt C r has degree 3

or 2・ and where in the latter case t has a・
'forbidden―

color''t・  1=室 t≦ 3,Find
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whether there exists an edge― coloring of C with colors t,1≦ tこ 3 such that t

EliSSes every vertex with a・
'forbidden‐

color''t・

Let RRTT(Regl■lar Restricted TiHle"Table)be the problenl R□『where each

color t is forbidden the same nutIIlber of tirnes and each vertex c C C has degree

3,RTT reduces to RRTT as follows:Let C be an instance of RRT,Make 3 copies of

C,Cyclically permute the''forbidden‐ colors''on each copy,so that each co10r is

rorbidden the same number of tilnes,For a vertex c Cσ  with degree 2 add a new

v e r t e x  j o i n e d  t o  a l 1  3  c o p i e s  o F  c ` A l s o , i d e n t i f y  a 1 1  3  c o p i e s  o f  a  v e r t e x  c  C  C  w i t h

degree l,

Now RRTT reduces to the probleIIl of Theorerr1 8,l as followsi Let t c r have

''ど
orbidden― color'・t.If t=2 add two edges rcl and clを 2'If t=3 add an edge rc3

(where cl・ を2,CS are new vertices).Finally・ take s=lrl.

The new graph is bipartite and both vertex sets have the same number of

vertices, A perfect matching 〃 。includes all edges rc8 and clを 2 and SO can be

used for color no.3.Sirnilarly・拘ri can be used for color no.2.

Corollary B.3:The Follotting problem is NPttcompletei Given a(bipartite)graph C,

価 d  t w o  d i s j O i n t  m a t c h n g s 〃 O  a n d 〃 l  S u c h  t h a t  t h e  p a i r ( 1 / y r O  I ・ | 〃 1 1 ) i S  l e X i C O ―

graphically maximum(thiS iS the Lexicographical Matching Problem).

Corollary 8.4:The following problem is NP― completei Given a(bipartite)graph C

and integers ct,t = 1.2・  ,,・ ・d.Is there a dLcoloring of the edges oF C tttth

e x a c t l y  c t  e d & e s  c o l o r e d  t ? ( T h e o r e m  8 . l  w i t h  C  o f  d e g r e e  3  i s  a  s p e c i a l  c a s e  o f

t h e  p r o b l e m  o f  C o r o l l a r y  8、4 ) ,
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Commentt Comparlson宙th the paper ol ttjomandi[AIⅢ

Beforё  subHlitting the revised version of our paper for publication,we have

learned about the paper of Eshrat Arjomandi which was independently pubhshed

in INFORMAT10N[A],Comparison of the two papers shows that they are very

much in similarity,In facta the algorithrrl EULER― COLOR presented in[A]is as

much the same as the algorithm EULER― COLOR presented in Section 5 of this

article(both algorithms are based on the procedure EULER― COLOR which was

presented in[GKll)i alSO algorithm RECOLOR-ONE of Arjomandi is in fact the

same as algorithIII COLOR which appears in Sectlon 3 of our paper C both algo―

rithms consist of running over the uncolored edges procedures which are direct

impleHlentations of Vizing's proof[V64], that iS, PAINT and AUGMENT of

Arjomandi and RECOLOR(caseS i and 2 respectively)in Our work,

Moreover, both EULER― COLOR of Arjomandi and Our EULER,COLOR contain

as subprocedure an algorithm which colors in parallel as many edges as possi‐

ble,using α β
,pathS;These are RECOLOR‐ TWO in[A]and PARALLEL― COLOR in Sec‐

tion 4 of this work.However,at this point the silnilarity breaks Our PARALLEL―

COLOR algorithHl employs a special routirle,MAKE― S,which takes care that the

basic elements of Vizing's proof(1,et the colored'9ilans'P)On WhiCh our procedure

SUBSTAGE works will be vertex― disjoint・and for that purpose special data struc―

ture(the 位 …fans of Section 4)are deaned.contrary to this, the procedure

RECOLOR― TWO of Ar,omandilacks a similar mechanism and thus the fans created

b y  P A I N T ( e ) i n  S t e p  5 1 2  m a y  s h a r e  c o m m o n  l e a v e s , I n  p a r t i c  u l a r , i t  m a y  h a p p e n

that the colors of the last fan created by PAINT are shifted (if that fan has

paratteterを
三 0)and thus destroy ali fans that share with it a common lear.It

seems to us that such a case would prevent COLOR‐ALL(the ana10g in[A]of our

SUBSTAGE)frorn COmpreting its job in the expected time,or that it would force

the loop of Step 3 or RECOLOR― TWO to be executed more than θ (2o。 l yl)timeS,
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Another(HlinOr)difFerence between the papersつ f Arjomandi and Ours is

that in[A]a vertex― color incidence IIlatrix is lnaintained, resulting in an addi―

はonal term of θ (l yld)bOth in the time complexity of the algorithm and in the

SPaCe it needs,whereas in our algorithrn we use instead an array W(see SeCtiOn

3)and thus avoid that term.

れ kncvledgement.

We thmk Nobtti Saito and Norishige Chiba for their stimulating suggestions,



-43-

Rererences

[A]  E.Arjomandi,"An Edicient Algorithm for Coloring the Edges or a Graph

with d Ⅲ l Colors9'91NFORMAT10N.20,2(1982)・ pp.82‐ 101‐

[AHU]A.V.Aho,J.E,HopcroFt・ and J,D,Ullman,"The Design and Analysis or COm―

puter Algorithms"・ Addison― Wesiey,Reading・ Mass.・ 1974.

[B]   C.Berge,"Craphs and Hypergraphs",North― Holland,Amsterdam,1973,

[BO]  B. B01lobtts, ''Graph Theory'・ ・ An lntroductory Course, Springer― Verlag,

Berlin3 1979.

[CH] R.Cole and J.Hopcroft・  "0,Edge Coloring Bipartite Graphs"・  SIAM」 .on

Comp,,11(Aug.1982),pp.540-546.

[D]   R.J,Duぼ in・ "Topology of Series― Parallel Networks", J.Math.Applic.・  10

(1965)・ pp.303-318,

[ElS〕  S.Even,A.itai,and A,Shamir・
"On the Complexity of Timetable and Mul‐

ticomodity Flow"・ Siam J,on Computing・ 5(Dec,1976),pp,691-703,

[F]  S,Fiorini・
"On the Chromatic lndex of Outerplanar Graphs"・ J・Combina―

torial Theory(Ser・ B).18(1975),pp.35-38,

.  [FW]  S,Fiorint and R,Jt Wilson, ・
・
Edge―Coloring of Graphs"・  Pitrrlanl London,

1977.

[G]   H,Gabow, 'PUsing Euler Partitions to Edge―
Color Bipartite Multigraphs"・

Internl.J.of Computer and lnformation Sciences9 5(Dec.1976),pp,345‐

3551

[GJ]  M,R.Garey and D.S,Johnson・  "Computers and lntractability: A Gttde to

the Theory of NP― completeness'・ ・ W,H,Freeman and Co., San― Francisco,

Calif・・1978.

[GKl]H,CabOW and O.Karivl 付 Algorithrrls fOr Edge―Coloring Bipartite Graphs・
・
・

Proc.10th Annual ACM Symp.On Theory of Computation(STOC)・  San…



‐44‐

Diego・ Calif,,1978,pp, 184-192,

[GK2〕 H.Gabow and O,Kariv,"AlgorithEIs For Edge― Coloring Bipartite Craphs and

Multigraphs'9,SIAM J,on Comp,,11(Feb.1982)・ pp.117-129.

[GK3]H,Gabow and O,Kariv・  "On the Edge‐ Coloring Problem for Goneral

Graphs'9・ Unpublished Extended Abstract,1978.

[Go]  T.Gonzalez, "A Note on Open Shop Preemptive Schedules'9, IEEE Trans.

Comp.,C-28(1979),pp,782-786.

[GS]  T,Gonzalez and S,Sahni・
・'Open Shop Scheduling to Minよ ■ize Finish TiEle"・

J.ACM,23(Oct,1976),pp,665。 679.

[Gti   C.C,Gotlieb, ''The C9nStruction of Class‐ Teacher TiHletable", Proc・  IFIP

Congress 621 Munich,North― Holland,Amsterdam,1963.pp,73-77.

[H]  1,J,H01yer,"The NP― Completeness of Coloring",SIAM J.on Computing,10

(1981),pp.718-720・

[HK] S.L.Hakimi and Oゥ Kariv,"On a Generalization of Edge― Coloring in Graphs・
・
・

Technical Report,EECS Dept.】 Northwestern Uttv・ ・11198 Sept, 1983,to be

published in the J,of Graph Theory.

[LG]  D,Leven and Z,Cali11"NP Completeness of Finding the chromatic lndex of

Regular Graphs''・ J.of Algorithms.4(1983),pp,35-44.

[LL]  E,L.Lawler and J・ Lebetoulle・  "On PreemptiVe Scheduling of Unrelated

Parallel Processors by Linear ProgramHling・
・
・J,ACM,25(1978),pp,612-

619.

[LVP] G.Lev, N,Pippenger and G.Valiant・  ''A Fast AlgorithH■  For Routing in Per―

mutation NetworksⅢ llEEE Trans.Comput,,C-30(1981)・ pp,93-110,

[NS] T,Nishizeki and M.Sato・
"An Approximation Algorithm for Edge‐ Coloring

Multigraphs99・Technical Roport TRECIS-83003,Tohoku University・Japan,

July 1983.

↓ : 中 N淳 ド々'コぬFttM田ド苫巾は'い世頭域諄憩科ヽ N中田明暉聯隣憩Hヌ輝甲出&語田料対,ド 把=ぶ
いざ tヽ母) iヽ掛ヤ'ギふ`■,本t有手市



‐45-

[01   0.Ore, 9'Theory Of Graphs'',Amer,Math・ Soc,・ Co1loq.Publ.・  88, Provi‐

dence,R,I・ ・1962.

[TNS]K.Takamizawa,T,Nishizeki・ N,Saito,"Linear‐ Time Computability oF Comロ

binatorial ProbleELS On Series― Parallel Graphs・ ・,J.ACM,29,3(July 1982),

pp.623-641`

[V64] V,G,Vizing,'90n an Estimate of the Chromatic Ciass of a p… Graph"(in Rus―

Sian)8 Diskret,Analiz.=3(1964),pp.23-30.

[V65al V,G.Vizing,"The Chrolmatic Class of a Multigraph・
・
・Cybernetics,3(1965).

pp.32-41[Kiberne,lka l(196o)pp。 29-39].

[V65b〕 V,G,Vizing,・
'Critical Graphs with a Given ChroElatiC Class・ ・

(in Russian)・

Diskret,Analiz,,5(1965)・ pp.9-17,

[Y]  H,P,Yap,"On Graphs Critical with Respect to Edge― Coloringst',Discrete

Math.,37(1981),pp.289-296.



4ヽ8-

AppenatY' Pr00f or LcHIIna 7,1

Lemma 7.1:Any planar graph whose maxilnunl degree is dと 8 has an elirrlinat―

able edge,

Pr00r:

Suppose that a planar graph C with d≧ 8 has no eliElinatable edges. Let

■ be the nuHlber of vertices of degree t in C, Clearlyれ ェ=0,Since C is planar・

we have froEI Euler's equation,

12+7L?Ⅲ 2■8Ⅲ  …
'や
(d-6)れ ば≦ 47L2+3■ 3Ⅲ 2■4や 7L。,      (1)

Let■ 爪を2,t3,中 ●lt7)be the number of vertices of degree d which have t2

neighbors of degree 2,ts neighbors of degree 3,...,t?Of degree 7. Since each

edge tt Of G is not eliHlinatable・

α( υ) Ⅲ d 中( ω) ≧ d + l  i F  d ( υ) < d ;

d ' ( 切) ≧ 2      i f  d ( υ ) = d ・

Thus,d中(也,)と2 for every tp c y.Letブbe 2≦ブこ7三 d-1,Counting the number

of edges wlth one end oF degreeブand the Other end of degree d・we have

2 午す≦ Σ t t  n d ( t 2 . を3 ・, … ・t 7 ) ・

where the suHlmation is over all possible t2.tS,,.,,を ?.

( 2 )

Equation(2)can be further reaned ifゴ  =3 or 4 in particular,First let υ  be

any vertex oF degree 3, and considert in detall, the degrees of neighbors of υ ,

For any neighbor tt of υ ,we have d中 (切)と 芝
…2 and hence d(切 )=d ord-1,

since d中 (υ)と 2,the foliowing nlust occur:

(a) One Of the neighbors Of υ  has degree d-l and the other two have

degree di or

(b)The three neighbors have degree d.

Let r be the number of vertices of degree 3 satisfying(a),Then equation(2)is



Next let υ  be any vertex of degree 41 lJet 仏 ,1.切2・切st and'切 4 be the neigh"

bors of υ ,Since υ tt is not eliFlinatable,d● (切t)と d-3 and hence d(1,こ )≧ d-2

for t=1,2,3,4.If d←pt)=d-2 fOr some t, then d中(υ)≧3,and hence d←りす)=d

for all ブ≠t, Therefore, the fo1lowing must occur(note that in any case

d中(υ)と 2) :

(a) One Of the neighbors of υ  has degree d-2,and the other three have degree

di

.(b)Onc has degree d-l and the other threc have degreo di

(C)TWO have degree d… l and the other two have degree tti or

(d)畑 ithe four have degrec芝 ,

Let s・を,and u be the numbers of vertices of degree 4 satisfying(a),(b)and(C),

respectively.Then Equation(2)is renned forブ=4 as fo1lows:
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reaned forブ=3 as folloWsi

2T+3(■ s― γ)≦ Σを3先d(t2,tS・中 ●lt?)●

3s+3を キ 2化 +4(7L4~S~を 一也)≦ Σ t4■ど(t2,t3,… ・,t7),

Thus,from (2),(3)and(4)we haVe

2免 2+12T+3(7L3-T)!/2+13s+3を  +2位 +4(7L4~S~士
一材 )1/3

7

だ2ち/け
…1)〔エ

(3)

( 4 )

(6)

+27L5/4+27LO/5+2■ 7/6

三
デ理2Σ竹
砲ど(t2,tS,・…・t,)/(ブー1)

=Σ・d律4tぃ。_tうJ理2ち
/竹~1)・     (ω

We next show thatif免 ど(t2.t3・・… Ⅲ t7)≠ O then
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Let lりbe any vertex of degree d whiCh has t2 neighbOrs of degree 2・
ts neighbors

Or degree 3・ .,9,t711eighbors of degree 7, Let ′ be the Elinilnum degree of the

n e i g h b O r s  o f 切・t h e n ち≠O  i m p l i e S ′≦ゴ. L e t  υ b e  a  n e i g h b o r  o f t t  W i t h  d ( υ) = ′,

then d・(切)とd■Ⅲl Since edgeザw iS BOtseliminatable,Therefore,we have

↓

≦ ′- 1 ,

which implies(6)。

By the deanitiOn we have

・竹

？
や
０
軍

 ヽ               7Ld工 Σ nd(を2・tS,

Combining(5),(6)and(7),we haVe

, t , ) , ( 7 )

( 8 )

( 1 0 )

7Ldと 2■2キ 12T+3(■ 9-T)!/2+13s+3を
+2也 +4(■ 4~S「 を

一“)!/3

Ⅲ27L5/4Ⅲ 27L O/5+2■ 7/6.

which immediately yields the f0110Wing.

(直
-7)れ
ど_l Ⅲ 27Lどと 4■2ヤ 3■8+27L4ヰ

■5

+2(■ 4~S`~r)/3+(7La-1~T~“ )

ヰ12 7 1 7 / 3 + ( d - 8 )れど「1-也/ 3 , .

The dennition oF s andと  泣nplies that

■4 ~ S ~ す≧ 0 ,

lr a vertex qW Of degree d-l iS adjacent With a↓
ertex υ of degree 3,

neighbOrs of tt exCept υ  have degree d.Therefore, among 御
レd_1

d e g r e e  d - 1 ' a t  m o s t  n d _ l 一γ a r e  a d i a c e n t  w i t h  a  v e r t e x  o f  d e g r e e

ermore each of these vertiCes iS adjacent with at most tWO VertiCes

TherefOre・ we have r+芝 也 =2(7Ld_l~T)'WhiCh impliesl

れど_ 1 ~ T ~ u と 0 .

( 9 )

then a1l the

vertices of

4・ and furth―

oF degre,e4.
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We now shOw that

2角7/3+(芝
-8)7Ld_ェ ー竹/3≧ 0, (11)

Suppose nrst that d=8.Then・ noting that■ ?=名ど_l and using(10),One can easily

verify (11). Suppose next that d≧ 9, Then from (10), We Caslly obtain

(d-8)れ ど_1-化 /3と 0,implying(11).

T h u s , f r o m ( 8 )― (1 1 ) W e  h a V e

(d-7)れ ど_1+(d-6)れ ど≧ 4■2Ⅲ 3■3+27L4ヰ 7L5,

which contradicts(1)・

Q . E . D              ・
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''PEREBOR'8: Brute FOrce Search

Covering Multigraphs By simple circuits

T h e  S e m a n t i c s  o f  L O c a l  S t o r a g e ,  o r

w h a t  M a k e s  T h e  F r e e  L i S t  ―  F r e e  ?

From Denotatonal To operational And

AXttOmatic semantics FOr Alg01_ L tt ke

Languages: An Overvlew

optimal Parallel Cenerattton of

A Computation Tree FOrm

Finding Euler Touls ln Parallel

s e m a n t i c s  o f  u n l v e r s a l  L a n g u a g e s

a n d  l n f o r m a t i o n  s t r u c t u r e s  l n  D a t a

B a s e s

NOnlinearity of Davenport― schinzel

sequences And Of Ceneralized Path

compressュ on schemes

An Effic■ ent Parallel Biconnectiv■ ty
AlgOrithm

Optimal Parallel Pattern Matching ln  ｀

Strings

An Efficient And simple Motion Planning

A190rithm FOr A LaddeI Moving ln Two―

Dimensional space Amidst Polygonal Barriers

11/84 S .  H a r t

M .  s h a r l I

R . E .  T a r 3 a n
U. Vishkin

u .  v i s h k i n

D. Leven

M. sharir

1 2 / 8 4

1 3 / 8 4

1 4 / 8 4
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15/84       」. cal―Ezer       convergence Acceleration As A COmputational
`       G .  Z w a s            A s s i g n m e n t

16/84       M. Jeger

1 7 / 8 4

1 8 / 8 4

0. Kar■ v

E. Cabber

A. Yehudai

D. LeVin

K. Kedem

M. Shar■ r

A 1 9 0 r i t h m s  F O r  F i n d t t n g  P― c e n t e r s  o n  A  W e± 9 h t e d
T r e e

Deducttng Type lnformation From context ln Ada
BaSed PDLS (see report number 35/85)

M u l t i d i m e n s i o n a l  R e c o n s t r u c t i o n  B y  s e t― v a l u e d

A p p r o x l m a t i o n s

19/84       D. Cott lieb       Recovering Pointwise values of DiScontinuous
E .  T a d m o r          D a t a  W i t h i n  s p e c t r a l  A C C u r a c y

20/84       u. vishkin        An Optimal Parallel A190rithm FOr Selection

21/84       Y. Maon           on The Equivalence Problem of composition of
・
                                M o r p h i s m s  A n d  l n v e r s e  M o r p h i s m s  o n  c o n t e x t一 f r e e

L a n g u a g e s

°
  22/ 8 4        Y .  M a o n            o n  T h e  E q u t t V a l e n c e  o f  s o m e  T r a n s d u c t i o n s

l n v o l v i n g  L e t t e r  T o  L e t t e r  M o r p h i s m s  o n

R e g u l a r  L a n g u a g e s

23/85       s. Abarbanel      lnforlnation content ln spectral calculations
D .  C o t t  l i e b

24/85 A n  E f f i c i e n t  A l g O r t t t h m  F O r  P l a n n t t n g  c o l l i s i o n―

f r e e  r r r a n s l a t t t o n a l  M o t i o n  o f  a  c o n v e x  P o l y 9 o n a l

o b j e c t  i n  2 - d i m e n s i o n a l  s p a c e  A m i d s t  P o l y g o n a l

O b s t a c l e s

25/85      A. Tamir           on The sOlution value of The continuous p―cent er
Location Problem on A Craph

26/85      H. Tal― Ezer        spectral Methods ln Time FOr parabolic Problems

Ⅲ  27/85      1。 M. Longman       The Summation of Power series And Fourier series

28/85      D. Leven           on vOronoュ  Dttagrams for a Set of Discs
M. sharir

29/85      M. shariI          Almost Linear upper Bounds on The Length of
C e n e r a l  D a v e n p o r t― s c h i n z e l  s e q u e n c e s



-3-
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Balance of Many一 valued Transductions and

Equivalence Problems

Effttclent string Matching with k Mismatches

Decision Problems concerning EquiValence of

Transductions on Languages

The computational Potential of Rational

Approximatttons

Planning A purely Translational Motion
For A COnvex object ln Two―Dimensional
Space using Generalized voronoi Diagrams

Deducing Type lnformatiOn frOm context

ln Ada Based PDLs― A Revlsed vers10n

Effttclent strlng Matching with k Differences

An Efficient string Matching AlgOrttthm

With k Differences for nucleotide and

Amュ no Acld Sequences

The lmplementation of The AlgOrithm for

DeduCttng Type lnformation From context

ln Ada Based PDLs

き8とを:818:anning ln The Presence of Moving
A New Efficient Motion― planning algorithm
FOr A ROd ln Tow_dimensttonal Polygonal

Space

A19orithms for Edge― Coloring GIaphs

3 0 / 8 5

3 1 / 8 5

3 2 / 8 5

3 3 / 8 5

34/85

Y. Maon

A. Yehudai

C.M. Landau

u. vishkin

Y. MaOn

」. Cal― Ezer

C. Zwas

D. Leven

M. Sharir

E. Gabber

A. Yehudai

C.M. Landau

U. vishkin

C.M. Landau

u. vishkin

R. NuSs■ nov

E. Cabber

J .  R e i f

M. Sharェ r

S. sifrony

M. sharir

H.N. Cabow

T. Nishizeki

O. Kariv

D. Leven

O. Terada

3 5 / 8 5

3 6 / 8 5

3 7 / 8 5

38/85
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