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Algorithms for Drawing Plane Graphs

Takao NISHIZEKI†, Member, Kazuyuki MIURA†, and Md. Saidur RAHMAN†, Nonmembers

SUMMARY Graph drawing addresses the problem of constructing ge-
ometric representation of information and finds applications in almost ev-
ery branch of science and technology. Efficient algorithms are essential for
automatic drawings of graphs, and hence a lot of research has been carried
out in the last decade by many researchers over the world to develop ef-
ficient algorithms for drawing graphs. In this paper we survey the recent
algorithmic results on various drawings of plane graphs: straight line draw-
ing, convex drawing, orthogonal drawing, rectangular drawing and box-
rectangular drawing.
key words: straight line drawing, convex drawing, grid drawing, rectangu-
lar drawing, box-rectangular drawing, orthogonal drawing, plane graph

1. Introduction

Recently automatic aesthetic drawing of graphs has created
intense interest due to their broad applications, and as a con-
sequence, a number of drawing methods have come out [3]–
[11], [14], [16], [29], [33]. The most typical method is the
straight line drawing in which all edges of a graph are drawn
as straight line segments without any edge-intersection, as
illustrated in Figs. 1 and 2 (d). Every plane graph has a
straight line drawing [10], [31], [34]. However, not every
straight line drawing is an aesthetic drawing. Another typ-
ical method which often produces an aesthetic drawing is
a convex drawing in which every face boundary is drawn
as a convex polygon. Not every plane graph has a convex
drawing, but every 3-connected plane graph has a convex
drawing.

In the last few years a substantial research on graph
drawing has been devoted to “orthogonal drawings” for their
numerous applications in circuit schematics, entity relation-
ship diagrams, data flow diagrams etc. [9]. An orthogonal
drawing of a plane graph G is a drawing of G with the given
embedding in which each vertex is mapped to a point, each
edge is drawn as a sequence of alternate horizontal and ver-
tical line segments, and any two edges do not cross except
at their common end, as illustrated in Fig. 9 (b). An orthog-
onal drawing is called a rectangular drawing if it has no
bend and each face is drawn as a rectangle, as illustrated in
Fig. 5 (b). A rectangular drawing has practical applications
in VLSI floorplanning [18], [19], [25], [28] and architectural
floorplanning [20]. A generalization of a rectangular draw-
ing called a box-rectangular drawing has been emerged to
meet some floorplanning requirements, where each vertex is
drawn as a rectangular box [27]. (See Fig. 8 (e).)
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In this paper we survey the recent results on the straight
line drawings, convex drawings, rectangular drawings, box-
rectangular drawings and orthogonal drawings of plane
graphs.

2. Straight Line Grid Drawing

A straight line drawing of a plane graph G is called a grid
drawing of G if the vertices of G are put on grid points of
integer coordinates. Of course, the distance between any
two vertices in the drawing is at least 1. The integer grid
of size W × H consists of W + 1 vertical segments and H +
1 horizontal segments, and has a rectangular contour. W
and H are called the width and height of the integer grid,
respectively. It is known that every plane graph of n ≥ 3
vertices has a grid drawing on an (n − 2) × (n − 2) grid,
and that such a grid drawing can be found in linear time [5],
[7], [11], [29]. It is also shown that, for each n ≥ 3, there
exists a plane graph which needs a grid of size at least �2(n−
1)/3� × �2(n − 1)/3� for any grid drawing [6], [11]. It has
been conjectured that every plane graph has a grid drawing
on a �2n/3� × �2n/3� grid, but it is still an open problem.
On the other hand, a restricted class of graphs has a more
compact grid drawing. For example, if G is a 4-connected
plane graph and has at least four vertices on its outer face,
then G has a grid drawing on a W×H grid such that W+H ≤
n, W ≤ (n+ 3)/2 and H ≤ 2(n− 1)/3, and one can find such
a grid drawing in linear time [14]. However, the algorithm
by X. He [14] is rather complicated.

Miura et al. [21] recently give a very simple algorithm
which finds a grid drawing of any given 4-connected plane
graph G on a W × H grid such that W = �n/2� − 1 and
H = �n/2� in linear time if G has four or more vertices on
the outer face. Since W = �n/2�−1 and H = �n/2�, W+H ≤
n. Thus their bounds on W and H are better than X. He’s
bounds [14]. Their bounds are indeed best possible, because
there exist an infinite number of 4-connected plane graphs,
for example the nested quadrangles depicted in Fig. 1, which
need grids of size at least W = �n/2� − 1 and H = �n/2� for
any grid drawing. An aspect ratio of a drawing obtained by
the algorithm in [14] may be 1 : 4/3, while the ratio obtained
by the algorithm in [21] is always 1 : 1.

The outline of the algorithm of Miura et al. [21] is as
follows. One can assume without loss of generality that
a given graph G is internally triangulated as illustrated in
Fig. 2 (a). First, the algorithm finds a “4-canonical order-
ing” of G [17]. Using the ordering, the algorithm then di-
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Fig. 1 Nested quadrangles attaining the bounds.

Fig. 2 Drawing process of algorithm.

vides G into two graphs G
′

and G
′′
, each of which has about

n/2 vertices as illustrated in Fig. 2 (b) where G
′

and G
′′

are
shaded. Next, the algorithm draws the plane subgraph G

′

in an isosceles right-angled triangle whose base has length
W
′
= n/2 − 1 and whose height is H

′
= W

′
/2, as illustrated

in Fig. 2 (c). Similarly, the algorithm draws G
′′

in the same
triangle with its upside down. In Fig. 2 (c) the two triangles
are drawn by thick dotted lines. The algorithm places the
two triangles so that their vertices opposite to their bases
are separated by distance 1. Finally, the algorithm com-
bines the drawings of G

′
and G

′′
to obtain a grid drawing

of G, as illustrated in Fig. 2 (d). The drawing of G has sizes
W = W

′
= n/2 − 1 and H = 2H

′
+ 1 = W

′
+ 1 = n/2.

3. Convex Grid Drawing

A straight line drawing of a plane graph G is often aesthet-
ically pretty if every face boundary is drawn as a convex
polygon [3], [33]. Such a drawing is called a convex draw-
ing of G. Not every plane graph has a convex drawing, but
every 3-connected plane graph has a convex drawing [33].
Thomassen obtained a necessary and sufficient condition for
a plane graph to have a convex drawing [32]. Chiba et al.

gave a linear algorithm to examine the condition and find a
convex drawing [3], [4]. They also gave a linear algorithm
to obtain a plane embedding of a given planar graph which
has a convex drawing [4]. A convex drawing is called a con-
vex grid drawing if it is a grid drawing. Every 3-connected
plane graph has a convex grid drawing on an (n−2)× (n−2)
grid, and that such a grid drawing can be found in linear
time [5], [30]. The size of an integer grid required by a con-
vex grid drawing would be smaller than (n− 2)× (n− 2) for
4-connected plane graphs, but it has not been known how
small the grid size is.

Miura et al. [22] recently give an answer to this prob-
lem. That is, they give an algorithm which finds in linear
time a convex grid drawing of any given 4-connected plane
graph G = (V,E) on an integer grid such that W +H ≤ n− 1
if G has four or more vertices on the outer face boundary.
Since W + H ≤ n − 1, W × H ≤ �(n − 1)/2� · �(n − 1)/2�.
The outer face boundary of G is always drawn as a rect-
angle as illustrated in Fig. 4. Their bounds on W + H and
W × H are optimal in a sense that there exist an infinite
number of 4-connected plane graphs, for example the nested
quadrangles depicted in Fig. 1, which need grids such that
W + H = n − 1 and W × H = �(n − 1)/2� · �(n − 1)/2�.
Thus the area of an integer grid can be reduced to 1/4 and
the contour length to half for 4-connected plane graphs than
those for 3-connected plane graphs. It should be noted that
any 4-connected plane graph G with four or more vertices
on the outer face boundary has a grid drawing on an almost
square grid with W = �n/2� − 1 and H = �n/2� [21], but the
drawing is not always convex.

In the reminder of the section we present the algorithm
of Miura et al. [22]. We call the boundary of the outer
face of a plane graph G the contour of G, and denote it
by Co(G). We denote by d(u,G) the degree of a vertex u
in a graph G. The “4-canonical decomposition” of a plane
graph G [23] playing a crucial role in the algorithm is a gen-
eralization of two well-known concepts: the “canonical or-
dering,” which is used to find a convex grid drawing of a
3-connected plane graph [16]; and the “4-canonical order-
ing,” which is used to find a “visibility representation” and
a grid drawing of a 4-connected plane graph [14], [17], [21].
A 4-canonical decomposition Π = (U1,U2, · · · ,U12) is il-
lustrated in Fig. 3 (a) for a 4-connected plane graph. Let m
be a natural number, and let Π = (U1,U2, · · · ,Um) be a par-
tition of set V to m subsets U1,U2, · · · ,Um of V . Of course,
U1
⋃

U2
⋃ · · ·⋃Um = V , and Ui

⋂
U j = ∅ for any i and

j, i � j. Let Gk, 1 ≤ k ≤ m, be the plane subgraph of
G induced by the vertices in U1

⋃
U2
⋃ · · ·⋃Uk, and let

Gk be the plane subgraph of G induced by the vertices in
Uk+1

⋃
Uk+2

⋃ · · ·⋃Um. Thus G = Gm = G0. We say that
Π is a 4-canonical decomposition of G if the following three
conditions are satisfied:

(co1) U1 consists of the two ends of an edge on Co(G), and
Um consists of the two ends of another edge on Co(G);

(co2) for each k, 2 ≤ k ≤ m − 1, both Gk and Gk−1 are
biconnected and
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(co3) for each k, 2 ≤ k ≤ m − 1, one of the following three
conditions holds:

(a) Uk is a singleton set of a vertex u on Co(Gk) such that
d(u,Gk) ≥ 2 and d(u,Gk−1) ≥ 2.

(b) Uk is a set of two or more consecutive vertices on
Co(Gk) such that d(u,Gk) = 2 and d(u,Gk−1) ≥ 3 for
each vertex u ∈ Uk.

(c) Uk is a set of two or more consecutive vertices on
Co(Gk) such that d(u,Gk) ≥ 3 and d(u,Gk−1) = 2 for
each vertex u ∈ Uk.

We number all vertices of G by 1, 2, · · · , n so that they
appear in U1,U2, · · · ,Um in this order, and call each vertex
in G by the number i, 1 ≤ i ≤ n. Thus one can define an
order < among the vertices in G.

We define some terms which are used in the algorithm.
We denote by y(u) the y-coordinate of a vertex u, and by x(u)
the x-coordinate. The lower neighbors of u are the neigh-
bors of u which are smaller than u. The upper neighbors
of u are the neighbors of u which are larger than u. Every
upper neighbor v of any vertex u satisfies y(v) ≥ y(u) in the
drawing. The number of lower neighbors of u is denoted
by dlow(u,G), and the number of upper neighbors of u is de-
noted by dup(u,G). Every vertex u except vertex 1 satisfies
dlow(u,G) ≥ 1, and every vertex u except vertex n satisfies
dup(u,G) ≥ 1. We denote by w∗(u) the largest neighbor of a
vertex u, 1 ≤ u ≤ n − 1. The in-degree of a vertex u in a di-
rected graph D is denoted by din(u,D), while the out-degree
of u is denoted by dout(u,D).

We are now ready to present the algorithm in [22]
which finds a convex grid drawing of any given 4-connected
plane graph G with four or more vertices on the contour
Co(G). The algorithm decides only the integer coordinates
of the vertices 1, 2, · · · , n of G effectively in this order. One
can immediately find a (straight line) grid drawing of G
from the coordinates. We first show how to decide the x-
coordinates of all vertices, and then show how to decide the
y-coordinates.

We first show how to decide the x-coordinates of all
vertices. The algorithm of Miura et al. puts vertices on the
same vertical grid line as many as possible to reduce the
width W of the drawing. Suppose that vertex i has been
put on a grid point. If possible, the algorithm puts an up-
per neighbor j of i on the same vertical grid line as i, that
is, it decides x( j) = x(i) and hence y( j) > y(i) of course.
The algorithm tries to choose as j the largest neighbor w∗(i)
of i (this is crucial for making every face boundary a con-
vex polygon). However, it is impossible for a case where
w∗(i) has been already put on the same vertical grid line as
a vertex i

′
(< i), which was put on a grid point before i, that

is, w∗(i′ ) = w∗(i). Thus, if there exist upper neighbors of
i which have not been put on the same vertical grid line as
any vertex i

′
(< i), then the algorithm puts the largest one

j among them on the same vertical grid line as i. If there
does not exist such an upper neighbor of i, then the algo-
rithm does not put any vertex (> i) on the same vertical grid
line as i. In this way, the following procedure Construct-F

constructs a directed forest F = (V, EF ). All vertices in each
component of F have the same x-coordinate; if there is a
directed edge (i, j) in F, then x( j) = x(i) and y( j) > y(i).

Procedure Construct-F
begin{F = (V, EF )}

1 EF := ∅ ; {the initial forest F = (V, ∅) consists of
isolated vertices}

2 for i := 1 to n do
if vertex i has upper neighbors j such that
din( j, F) = 0 then

3 let j be the largest one among them, and add a
directed edge (i, j) to the directed graph F, that
is, EF := EF

⋃{(i, j)};
end.

Since din(i, F), dout(i, F) ≤ 1 for each vertex i, 1 ≤
i ≤ n, F is a forest and each component of F is a directed
path. Clearly din(1, F) = din(2, F) = 0 and dout(n − 1, F) =
dout(n, F) = 0. Figure 3 (b) illustrates the directed forest
F of the graph G in Fig. 3 (a). Both the path 1, 13,20 go-
ing clockwise on Co(G) from 1 to n − 1 = 20 and the path
2, 14, 21 going counterclockwise on Co(G) from 2 to n = 21
are directed paths in F, and hence these two paths are put
on vertical grid lines as shown in the bottom figure of Fig. 4.
Each of the other paths in F is put on a vertical grid line,
too.

We then show how to arrange the paths in F from left to
right. The algorithm decides a total order among all starting
vertices of paths in F. For this purpose, using the following
procedure Total-Order, the algorithm finds a directed path
P going from vertex 1 to vertex 2 passing through all starting
vertices of F. In Fig. 3 (c), the directed path P is drawn by
dotted lines.

Procedure Total-Order
begin

1 let P be the path directly going from vertex 1 to
vertex 2;

2 for i := 3 to n do
if din(i, F) = 0 then {i is a starting vertex of a

path in F}
begin

3 let j be the first lower neighbor of i in the i’s
adjacency list in which the i’s neighbors appear
counterclockwise around i, and the first element
of which is w∗(i);

4 let j′ be the starting vertex of the path in F
containing vertex j; {2 � j′ < i}

5 let k be the successor of j′ in path P; {the path
starting from vertex k in F has been put next to
the right of the path starting from vertex j′}

6 insert i in P between j′ and k; {the path starting
from i in F is put between the path starting from
j′ and the path starting from k}

end
end.

The algorithm constructs a weighted tree T rooted at



284
IEICE TRANS. INF. & SYST., VOL.E87–D, NO.2 FEBRUARY 2004

Fig. 3 Illustrations for (a) a canonical decomposition, (b) Procedure
Construct-F and (c) Procedure Total-Order.

vertex 1 by adding the path P to the forest F; every edge
of F has weight 0, and every edge of P has weight 1 in T .
(See Fig. 3 (c).) Then the x-coordinate x(i) of each vertex i,
1 ≤ i ≤ n, is the length of the path from root 1 to i in T . Thus
x(1) = 0, and the width W = x(2) of the drawing is equal to
the number of paths in F except one starting from vertex 1,
i.e., the number of vertices of in-degree 0 in F except vertex
1.

Fig. 4 Illustration of the algorithm.

We now show how to compute y-coordinates. For
each index k, 1 ≤ k ≤ m, y-coordinates of all ver-
tices in Uk = {u1, u2, · · · , uh} are decided as the same
integer, which is denoted by y(Uk). Thus the path u1,
u2, · · · , uh on Co(Gk) is drawn as a horizontal line seg-
ment connecting points (x(u1), y(Uk)) and (x(uh), y(Uk)).
(See Fig. 4.) Furthermore, the algorithm decides the y-
coordinates y(U1), y(U2), · · · , y(Um) in this order. Thus H =
y(Um).

The algorithm first decides the y-coordinate y(U1) of
U1 = {1, 2} as y(U1) = 0. Thus it draws G1 = K2 as a hori-
zontal line segment connecting points (x(1), 0) and (x(2),0),
as illustrated in Fig. 4 (a).

Suppose that y(U1), y(U2), · · · , y(Uk−1), k ≥ 2, have al-
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ready been decided, that is, Gk−1 has already been drawn,
and one is now going to decide y(Uk) and obtain a draw-
ing of Gk by adding the vertices in Uk to the drawing of
Gk−1. Let Co(Gk−1) = w1,w2, · · · ,wt, where w1 = 1 and
wt = 2. Let Co(Gk) = w1,w2, · · · ,wl, u1, u2, · · · , uh, wr, · · · ,
wt, where 1 ≤ l < r ≤ t. Let ymax be the maximum value
of y-coordinates of vertices wl,wl+1, · · · ,wr; all these ver-
tices were on Co(Gk−1), but all these vertices except wl and
wr are not on Co(Gk). (See Fig. 4.) Clearly one must decide
y(Uk) ≥ ymax to obtain a plane drawing of Gk. The algorithm
decides y(Uk) to be either ymax or ymax + 1 so that the height
H of the drawing becomes as small as possible. There are
the following six cases.
Case 1: ymax > y(wl), y(wr).

In this case, if one decided y(Uk) = ymax, then Gk could
not be a plane drawing. Therefore the algorithm decides
y(Uk) = ymax + 1.
Case 2: ymax = y(wl) = y(wr).

In this case, if one decided y(Uk) = ymax, then Gk might
not be a plane drawing. Therefore the algorithm decides
y(Uk) = ymax + 1.
Case 3: ymax = y(wl) > y(wr), and F has a directed edge

(wl, u1), that is, x(wl) = x(u1).
In this case, if one decided y(Uk) = ymax, then vertices

wl and u1 would overlap each other. Therefore the algorithm
decides y(Uk) = ymax + 1.
Case 4: ymax = y(wl) > y(wr), and F does not have a

directed edge (wl, u1), that is, x(wl) < x(u1).
In this case, the algorithm decides y(Uk) = ymax.

Case 5: ymax = y(wr) > y(wl), and F has a directed edge
(wr, uh), that is, x(wr) = x(uh).

In this case, if one decided y(Uk) = ymax, then vertices
wr and uh would overlap each other. Therefore the algorithm
decides y(Uk) = ymax + 1.
Case 6: ymax = y(wr) > y(wl), and F does not have a

directed edge (wr, uh), that is, x(uh) < x(wr).
In this case, the algorithm decides y(Uk) = ymax.

4. Rectangular Drawing

A rectangular drawing of a plane graph G is a drawing of
G in which each vertex is drawn as a point, each edge is
drawn as a horizontal or vertical line segment without edge-
crossings, and each face is drawn as a rectangle. Figure 5 (b)
illustrates a rectangular drawing of the plane graph G in
Fig. 5 (a). Not every plane graph has a rectangular drawing.
Thomassen [32] obtained a necessary and sufficient condi-
tion for a biconnected plane graph of the maximum degree
∆ at most three to have a rectangular drawing when four
vertices of degree two on the outer face are designated as
convex corners of a rectangular drawing of the outer face.
Four vertices a, b, c and d of G in Fig. 5 (a) are designated
corner vertices, and they are drawn as the four convex cor-
ners of the rectangular drawing of the outer face of G in
Fig. 5 (b). Rahman et al. [25] gave a linear-time algorithm,
which uses a divide and conquer approach, to obtain a rect-
angular drawing of such a plane graph. Recently Rahman et

Fig. 5 Illustration of the algorithm for rectangular drawing.



286
IEICE TRANS. INF. & SYST., VOL.E87–D, NO.2 FEBRUARY 2004

al. [28] gave a necessary and sufficient condition for a plane
graph of ∆ ≤ 3 to have a rectangular drawing for the gen-
eral case where four vertices are not designated as corners,
and developed a linear-time algorithm to find four vertices
on the outer face such that there is a rectangular drawing
having them as convex corners if they exist. It is still re-
mained as an open problem to obtain an efficient algorithm
for finding a rectangular drawing of a plane graph of ∆ ≤ 4.

On the other hand, Kozminski and Kinnen [18] estab-
lished a necessary and sufficient condition for the existence
of a “rectangular dual” of a plane graph, that is a rectangu-
lar drawing of the dual of a given plane graph, and gave an
O(n2) algorithm to obtain it. Based on the characterization
of [18], Bhasker and Sahni [1] and He [13] respectively, de-
veloped linear-time algorithms to find a rectangular dual of
a plane graph. Kant and He [17] gave two more linear-time
algorithm. The algorithm in [1] is fairly complicated, and
the algorithms in [17] is relatively simpler but need much
involvement.

In the rest of this section we present Thomassen’s nec-
essary and sufficient condition [32] and an outline of the al-
gorithm of Rahman et al. [25].

We need some definitions. An edge of a plane graph
G is called a leg of a cycle C if it is incident to exactly one
vertex of C and located outside C. A cycle in G is called a
k-legged cycle of G if C has exactly k legs in G and there is
no edge which joins two vertices on C and is located outside
C. We are now ready to present Thomassen’s condition as
in the following Theorem.

Theorem 4.1: Assume that G is a plane biconnected graph
with ∆ ≤ 3, and that four vertices a, b, c and d of degree
2 on Co(G) are designated as the four (convex) corners of
the outer rectangle. Then G has a rectangular drawing if and
only if G satisfies the following two conditions:

(r1) every 2-legged cycle contains at least two designated
vertices, and

(r2) every 3-legged cycle contains at least one designated
vertex.

Consider two examples in Fig. 6, where the four desig-
nated corner vertices a, b, c and d are drawn by white circles
in each graph. Cycles C1, C2 and C3 are 2-legged, and C4,
C5 and C6 are 3-legged. C3, C5 and C6 do not violate the
conditions in Lemma 4.1. On the other hand, cycles C1, C2

Fig. 6 (a) 2-legged cycles C1, C2 and C3, and (b) 3-legged cycles C4, C5
and C6.

and C4 violate the conditions.
We now give an outline of the algorithm of Rahman

et al. [25]. Assume that the given plane graph G satisfies
Thomassen’s condition in Theorem 4.1. The four designated
vertices a, b, c and d divide the outer cycle Co of G into four
paths, the north path PN , the east path PE , the south path PS ,
and the west path PW , as illustrated in Fig. 5 (a). The algo-
rithm first fixes the embedding of Co as a rectangle by draw-
ing the north and south paths on two horizontal straight line
segment and the east and west paths on two vertical line seg-
ments, as illustrated in Fig. 5 (c). The algorithm then finds
either a single “partitioning path” or a pair of “partitioning
paths” connecting two opposite sides of the rectangle such
that each of the connected subgraphs obtained by splitting
G along the partitioning paths satisfies Thomassen’s condi-
tion. A pair of partitioning paths of G are indicated by dotted
lines in Fig. 5 (c), and the subgraphs G1, G2, G3 obtained by
splitting G along the pair of partitioning paths are illustrated
in Fig. 5 (d). The four vertices of degree 2 in G3 drawn by
white circles become the corners of a rectangular drawing
of G3. The vertices of G1 and G2 corresponding to them are
drawn by gray circles. The algorithm then recursively finds
a rectangular drawing of each connected subgraph, as illus-
trated in Fig. 5 (e). The algorithm finally obtains a rectangu-
lar drawing of G by patching the drawings of the subgraphs.
Note that the drawings of subgraphs G1 and G2 may need to
be modified as illustrated in Fig. 5 (f).

5. Box-Rectangular Drawing

A box-rectangular drawing of a plane graph G is a drawing
of G such that each vertex is drawn as a (possibly degener-
ated) rectangle, called a box, and the contour of each face
is drawn as a rectangle, as illustrated in Fig. 8 (e). If G has
multiple edges or a vertex of degree 5 or more, then G has no
rectangular drawing but may have a box-rectangular draw-
ing. However, not every plane graph has a box-rectangular
drawing. Rahman et al. [27] gave a necessary and suffi-
cient condition for a plane graph to have a box-rectangular
drawing and gave a linear-time algorithm to find a box-
rectangular drawing if it exists. The main idea of their al-
gorithm is to reduce the box-rectangular drawing problem
to a rectangular drawing problem. Recently X. He [15] gave
an alternate algorithm for finding a box-rectangular drawing
of a plane graph if it exists.

In the rest of this section we present the necessary and
sufficient condition of Rahman et al. [27] and an outline of
their algorithm.

Let G be a plane connected graph. For a cycle C in G,
we denote by G(C) the plane subgraph of G inside C (in-
cluding C). We say that cycles C and C′ in a plane graph G
are independent if G(C) and G(C′) have no common vertex.
A set S of cycles is independent if any pair of cycles in S
are independent.

Let v be a vertex of degree x in a plane graph G, let
e1 = vw1, e2 = vw2, · · · , ex = vwx be the edges incident to v,
and assume that these edges e1, e2, · · · , ex appear clockwise



NISHIZEKI et al.: ALGORITHMS FOR DRAWING PLANE GRAPHS
287

Fig. 7 Replacement of a vertex by a cycle.

around v in this order as illustrated in Fig. 7 (a). Replace v
with a cycle v1, v2, · · · , vx, v1, and replace the edges vwi with
viwi for i = 1, 2, · · · , x, as illustrated in Fig. 7 (b). We call
the operation above the replacement of a vertex by a cycle.
The cycle v1, v2, · · · , vx, v1 in the resulting graph is called the
replaced cycle corresponding to vertex v of G. A vertex on a
replaced cycle is called a replaced vertex, and an edge on a
replaced cycle is called a replaced edge. We are now ready
to present the necessary and sufficient condition of Rahman
et al. [27] as in the following theorem.

Theorem 5.1: Let G be a plane graph, and let H be the
plane graph obtained from G by replacing each vertex of de-
gree four or more by a cycle. Then G has a box-rectangular
drawing if and only if H satisfies the following two condi-
tions:

(br1) every 2-legged or 3-legged cycle in H contains an
edge on Co(H); and

(br2) 2c2 + c3 ≤ 4 for any independent set S of cycles in H,
where c2 and c3 are the numbers of 2-legged cycles
and 3-legged cycles in S, respectively.

We now give an outline of the algorithm of Rahman et
al. Assume that the given plane graph G satisfies the con-
dition for a box-rectangular drawing in Theorem 5.1. The
algorithm determines four vertices of degree 3 as corner ver-
tices on the outer cycle of H, and removes all vertices of de-
gree 2 from H, as illustrated in Figs. 8 (b) and (c). Vertices
a, b, c and d are determined as corner vertices in Fig. 8 (b);
vertices a and b are original vertices, that is, they are vertices
of G, while vertices c and d are replaced vertices. If an orig-
inal vertex is chosen as a corner vertex, then it is replaced by
a cycle and put a dummy vertex of degree 2 on the edge of
the cycle on the outer face; a′ and b′ are such dummy ver-
tices of degree 2 in Fig. 8 (c). If a replaced vertex is chosen,
then put a dummy vertex of degree 2 on the replaced edge
incident to the vertex which is on the outer face; c′ and d′
are such dummy vertices of degree 2 in Fig. 8 (c). Let H∗ be
the resulting graph. Now all the four corner vertices of H∗
are dummy vertices of degree 2. In fact, the corner vertices
are determined in such a way that H∗ satisfies Thomassen’s
condition for rectangular drawing in Theorem 4.1. The algo-
rithm then finds a rectangular drawing of H∗, as illustrated in
Fig. 8 (d), where each replaced cycle is also drawn as a rect-
angle. Finally converting each rectangle corresponding to
a replaced cycle by a box and inserting all removed vertices

Fig. 8 Illustration of the algorithm for box-rectangular drawing.

of degree 2, the algorithm finally produces a box-rectangular
drawing of G, as illustrated in Fig. 8 (e).

6. Orthogonal Drawing

An orthogonal drawing of a plane graph G is a drawing
of G with the given embedding in which each vertex is
mapped to a point, each edge is drawn as a sequence of al-
ternate horizontal and vertical line segments, and any two
edges do not cross except at their common end, as illus-
trated in Fig. 9 (b). Orthogonal drawings have applications
in circuit schematics, and it is desired to find an orthogo-
nal drawing with a small number of bends, because a bend
corresponds to a “via” or “throughhole,” and increases the
fabrication cost of VLSI [19]. It is a challenging problem
to find a bend-minimum orthogonal drawing, that is, an or-
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Fig. 9 Illustration of the algorithm for bend-minimum orthogonal draw-
ing.

thogonal drawing with the minimum number of bends [2],
[16]. Garg and Tamassia [12] presented an algorithm to find
a bend-minimum orthogonal drawing of any plane graph G
with ∆ ≤ 4; if a plane graph has a vertex of degree 5 or
more, then there is no orthogonal drawing. They reduce
the bend-minimum orthogonal drawing problem to a mini-
mum cost flow problem, and their algorithm [12] takes time
O(n7/4

√
log n) if G has n vertices. Rahman et al. [26] pre-

sented a linear-time algorithm to find a bend-minimum or-
thogonal drawing of a triconnected cubic plane graph. The
key idea behind their algorithm is to reduce the orthogonal
drawing problem to the rectangular drawing problem.

An outline of the algorithm of Rahman et al. is illus-
trated in Fig. 9. Given a plane graph as shown in Fig. 9 (a),
the algorithm first puts four dummy vertices a, b, c and d of
degree two on the outer boundary of G, and let G′ be the
resulting graph. Figure 9 (c) illustrates G′, where the four
dummy vertices are drawn by white circles. The algorithm
then contracts each of some cycles C1,C2, · · · and their in-
sides (shaded in Fig. 9 (c)) into a single vertex as shown in
Fig. 9 (d) so that the resulting graph G′′ has a rectangular
drawing as shown in Fig. 9 (e). The algorithm also finds or-
thogonal drawings of those cycles C1,C2, · · · and their in-
sides recursively (see Figs. 9 (d) and (e)). Patching the ob-
tained drawings, the algorithm finds an orthogonal drawing

of G′ as shown in Fig. 9 (f). Replacing the dummy ver-
tices a, b, c and d in the drawing of G′ with bends, the algo-
rithm finally obtains an orthogonal drawing of G as shown
in Fig. 9 (b).

Rahman and Nishizeki [24] recently gave a linear-time
algorithm to find a bend-minimum orthogonal drawing of
plane graphs with ∆ ≤ 3. However, finding a linear-time al-
gorithm to obtain a bend-minimum orthogonal drawing of a
plane graph with ∆ ≤ 4 is still remained as an open problem.
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