Question No. 11 Electromagnetics (1/3)

2016 4 8 A=
M8 1 BHREF
1 EB3EH)

Fig. l(—(IZFT L1, BORES a OEFET, BE ¢ O 3KOEEKFR (B A,
EA B, ik C) ZETIC, BEEPICEETS. ’EP—!KA LERB LOMRE 2d, BAB & &
hCLofRE 3d L35, EEBIZEBMN +Q 512 5. UTOMICEAKL. KL, RE
DHELEY g0 LT 5. 3MOERTFIROBEHRITERCTE, ERIIxETOAFET DL
RETD. x %@E@ﬁﬁ%%ﬁ@Eﬁﬁ&ﬁ%Té
(1) Fig. 1(@) ITBWT,—£<x<l TBITBER E 2R, ELx LOBEFEET T 7ITRE.
(2) Fig. 1(b) | ;Ta“oto s %@T%{Z‘&A%ﬁﬁic LT S, EROEPIIEHRTE B,

—4<x<UL} 7‘5%5%15 2R, EL x L OBKRE S Z 7ITRE.

(3) Fig. 1(c) k—/Tj‘JI T, ERA LEERCEZEMTS.

(i) Bk B OEM V%:;k&) —A<x<LITBITDVEx EOBBRE T T 7ITRE.

(i) A B L HEHER L O OHERE Con ¥ RO K. F72, BFA L BHAB EOMIC
EREINTVWAHETRNVE—HE us 3T 5, EEB LEEC LORICERIN
TWAHBET RNV X —HE upc DI (upc/uas) Z3RKD XK.

(4) Fig. 1(d) ITRT LI T, Eik A LEFKC 2L, BEB L8EC LOMICIEe TES
3d OFEREFFEATS. BEAIC —02 OBEHVEND L EOFEEROBAR h KD

L. 277U, FEEROFERELTD.

As shown in Fig. 1(a)—(d), three conducting plates (conductor A, conductor B, and conductor C)
which are squares with one side a and thickness ¢ are located in parallel and vacuum. Conductors A
and B are separated by a distance 2d and conductors B and C are separated by a distance 3d.
Conductor B is given a charge +Q. Answer the following questions. The permittivity of vacuum is €o.
The edge effects of three conducting plates can be neglected, and the electric field can be assumed to
be limited to the x component. The positive direction along the x-axis is defined as the positive
direction of the electric field.

(1) In Fig. 1(a), derive the electric field £ in the range — £ <x < £, and show the relationship between
E and x on a graph.

(2) As shown in Fig. 1(b), conductor A is connected to conductor C with a conducting wire. The
resistance of the conducting wire can be neglected. Derive the electric field £ in the range — £ <x

</, and show the relationship between £ and x on a graph.
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(3) As shown in Fig. 1(c), conductors A and C are grounded.
(i) Derive the electric potential ¥ of conductor B, and show the relationship between J and x on
a graph in the range — / <x < /.
(ii) Derive the capacitance Cioa among conductor B and the grounded conductors. And derive the
ratio (upc/uag) of the electrostatic energy density ugc stored between conductors B and C to
the electrostatic energy density uag stored between conductors A and B.
(4) As shown in Fig. 1(d), conductors A and C are grounded, and a dielectric of width @ and thickness
3d is inserted between conductors B and C. Find the insertion length % of the dielectric inserted
between conductors B and C to make the charge on conductor A equal to — Q/2. The permittivity

of the dielectric is &.



Question No. 1:

z

Electromagnetics (3/3)

2016 £ 8 A=

e 1

EHRF

BEBR3E®H)

z

Conductor B Conductor B
Condyy Conducy
7 vd

Conductor C Conductor C
a
2d 3d / /
i i 0 1 . 1 0 |
-/ -2d 3d+t ¢ X -/ -2d t 3d+t /4 X
—2d—t 3d+2t —2d—t 3d+2t
Fig. 1(2) Fig. 1(b)
= Conductor B =

= 2 Conductor B = Conductor A z
Conductor A /
/ Conductor C
0 y 7y
Conductor C &
/ / / h]

//_ _ - !

; 0 . . 0
—£ —2d t 3d+t /4 X -/ -2d t 3d+t 4 b 7
—2d—t 3d+2¢ —2d—t 3d+2¢
Fig. 1(c) Fig. 1(d)



Question No. 2:  Electrical circuits (1,/2)

2016 £ 8 A =i
FiRE 2 EBXMEER
1EB72E%H)

UToRMIZEz L. BRICITEEOBRR SRR L.

(1) Fig. 2@ITFRT X 512, —KERE E ZREIERSHBEA V&7 Z 2 M OFERBEREEG Tt
AEENRTVWA., —RIANVEZRIALNVDEDA Y E T XU AEENEN L, L, NEHE
REFNENr,neT5h. —REBAIZARERE 0 ORREER E, 2T 5.

(i) —REIKE ZKRERICBITLEE N, V) PERL,LEHRAWTRE.

(i) Fig.2(a)& %ffiZe T BUREIES 2.

(iii) Fig. 2(a)® ZWREMANTIEIL R 286t T 5. Li=L=L, n=r=r, r<R LIRETD
BE, NicxT s LOMFEZRD X

(2) Fig. 2R T EIEIZDOWTU T ORIZEZ X.

() AA v FSEBEVTHIICHERBIER L. A v F 7 7 U R L2 &R i KD
.

(i) B2 t=012BNWTAAL v FSEHAL. AV F I X VR L E2RNDER % t DB
>0k LTk L.

Answer the following questions. Give your answers in logical steps.

(1) As shown in Fig. 2(a), a primary circuit and a secondary circuit are tightly coupled by a
transformer with a mutual inductance M. The self-inductances of the primary coil and the
secondary coil are L; and L», and their internal resistances are 71 and r2, respectively. An AC
voltage source E, of angular frequency w is connected to the side of the primary circuit.

(i) Express the voltages Vi and V> using currents /1 and /> in the primary circuit and the
secondary circuit.

(ii) Show an equivalent T—shape circuit of Fig. 2(a).

(iii) A resistor R; is connected to the side of the secondary circuit. Give the phase difference of />
from V; , assuming that Ly =L,=L, rn=rn=r, r{ Ry

(2) Answer the following questions about the electric circuit shown in Fig. 2(b).

(i) The switch S was opened and enough time has passed. Give the current i through the
inductance Ls.

(i) The switch S is closed at # = 0. Give the current i through the inductance L; as a function of ¢
(t>0).
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1,02, .. an,b1,b2,. .. b, 81,80, ., Sny1 € {0, 1} IR LT, nHi2 EHROMEZUTORTE
HT5.

[8ma 8581 s:a - 8] = [Byllge o+ i) <+ [Braliect = 2 < D]

BlZIE, [110) = [11] + [11] TH 3. HEHE, HEN, TEERETFZZNTNAA YV, 7 LT 5.
LIFOMICEZ XK.

(1) s; DREEMEEET.

(2) s; DRBERLZET.

3)i=1,2....nICHLT, a, b; & T MIEA SO LA D ZINZ B0 EH D %
Ci4+1 € {O, 1} }: l/, cl = 0 c‘:ﬁ‘% Ci+1 7% ai,bi,ci %ﬁgl{\ftgﬁlﬂﬂfgcj

(4) Sn+1 Vi a1, ag,...,0an, bl,bg, ceey bn %ﬁﬁb\fcgﬁiﬂiﬁbfgw'

Consider ai,as, ..., an,b1,b2,...,bn,81,82,...,8n+1 € {0,1}, and let n-digit binary addition be
as shown in the following equation,

[Sn+15n8n—1 - --81] = [GnGn—1...61] + [Pbp_1...B1].

For example, [110] = [11] + [11]. Let A, V, and — denote AND, OR, and NOT Boolean operators,
respectively.
Answer the following questions.

(1) Write the minimum sum-of-products expression of s;.
(2) Write the minimum sum-of-products expression of s3.

(3) Let ci+1 € {0,1} denote a carry when adding a;, b; and a carry of lower bits addition,
where i = 1,2,...,n, and let ¢; = 0. Write a Boolean expression of ¢;11 with a;,b;, and
Cj;.

(4) Write a Boolean expression of s,41 with a1,a2,...,an,b1,b2,...,b5.
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Given arrays A of m distinct integers A[0], A[1],...,A[m — 1] and B of n distinct integers
B[0], B[1],. .., B[n— 1], we consider the problem P to output the elements that exist in both of
the arrays. Answer the following questions.

(1) Outline, in a few lines, an algorithm that solves P in O(mn) time.

(2) Give the name of an algorithm with time complexity of O(nlogn) for sorting elements of
the array B.

(3) Assume that the array B is sorted in ascending order in advance. Outline, in a few lines,
a more efficient algorithm than the one of the question (1) that utilizes the assumption
for solving P, and give its time complexity. Here, it is not allowed to exchange elements
of the array A.

ssume that both arrays A an are sorted in ascending order in advance. Describe, as a

4) A that both Aand B ted i di der in ad Describ
psuedo code no longer than 20 lines, an efficient algorithm to solve P with time complexity
of O(m + n).

(5) Even if neither array A nor B was sorted, we could design an algorithm that solves P
with time complexity of O(m + n), by using a data structure. Give the name of the data
structure, and outline the algorithm in a few lines. Here, assume that the maximum value
of the elements of the arrays A and B is at most 10(m + n).
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In a certain type of electron energy analyzer, electrons move two-dimensionally in the space
between inner and outer electrodes each with the shape of a cylindrical sector as depicted in Fig. 5(a).
The inner electrode is positively biased with respect to the outer one, and electrons moving in this
space are subject to a central force pointing to the origin. If incident electrons focused on the
entrance slit have an appropriate energy E_, they are refocused onto the exit slit regardless of their
incident angles. Let us consider such motions in the r—6 polar coordinate system shown in Fig.
5(b). f(r) represents the central force pointing to the origin. The equations of motion, which
describe the position (r,0) of the electron as a function of time, are given by

.. 2
m(r—.r9 )“= —f(r), (5A)
m(278+rB)=0.
Here a dot () denotes time differentiation. Answer the following questions concerning the motion of
an electron whose velocity is v, at point (7,,0). Let m, £, and v, denote the electron mass,

mr’6 ,and ,respectively. ¢ is the angle between v and thelineof 6=7/2.

vD
(1) Show that ¢ isa conserved quantity.
(2) Show that {=rmv, cose.
(3) Derive Eq. (5B), which describes r as a function of 6, from Eq. (5A). If necessary, use the
relation dr/dO=716.
(1Y 1 mr?
= = [+—= r). 5B
de“(rj r 4 @) (B)
(4) When v, =r.f(r,)/m and ¢@=0,show that r(8)=r, is the solution of Eq. (5B).
(5) In the actual operation of this type of analyzer, ¢ is not necessarily zero and takes a small
value in the range where cos@ =1 and sing =¢ are satisfied. So while v, =/r,f(r,)/m,

we must seek the solution of Eq. (5B) in the form of r(0)=r,+A(6) instead of r(0)=r,.
Since ¢ is small, you can assume that 7, >>A(6). Then Eq. (5B) is approximated by Eqg.

(50).
1. (A, A6 __mr(, f@), .
. d@z( . )+ roz ) (2 ) +f(ro)JA(9), 50

where f'(r) isgivenby df(r)/dr.
(a) Show that Eq. (5C) reduces to Eq. (5D) for f(r)=a/r (a isa positive constant).

d’A@B)
7 =20 (5D)

(b) By solving Eq. (5D), determine 6, for which the incident electrons are refocused on the exit
slit as shown in Fig. 5(a). Since both r, and f(r,) in v,=./r,f(r,)/m are determined
by the operational conditions of the analyzer, you can know E, from mv,> /2.
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FFIOIHREMRICEIL T, RORBICEZ L. MR EIE, [4B]=4B-BADZ & TH 5.
AL BIIEBDEFTIITHSB. ZIZT, i iREHEMTHY, OFFITIITHS.
f()=exp(t4)Bexp(-14), g(2)=exp(l4)exp(1B) & T 5. 7272L, 4L B FEH ROATEER
WHD LTS, THIOEBEEITRO LS ITERSND:

= 1

exp(X)=Z—X” ;
n=0n!
IIT, XIMEBOEHTHITHY, X IIBAATIIZRTHDLTD.
i 01 0 1 0 —i 0 1 0 0
(1) a=—|1 0 1|, f=—=|i O —i|l,y=/0 0 0
V2 010 V2 0 i 0 00 -1

L5, SR o A R O e + B+ )| B EER X
) f(0)Z&RD k.
(3) %exp(tA) = Aexp(t4) = exp(t4)4 & H.

(4) FTRIZODOBEFEAZFYE

7'()= % (&) = exp(t4)[4, Blexp(~ t4),

70 = 70 = explu [ [, Bllexp(-s).

) [4[4.B]]=[B.[4.B]]l=0D L %, exp(4)Bexp(- A)ZFHEEL. f()PROLSITEBAT
XHZLICEER L

10)= 10+ £ 7@+ 0+ 5 570+ -

3!
6) [4]4.B]]=[B.[4.B]]l=0D & %, [exp(24).B]=-AlB, Alexp(24) & 72%. Z OBARXZ AW
T, %g(ﬂ,) =(4+B+4[4,B)g(1) ERE.

(7) [4]4,B]]=[B.[4,B]]=0D & %, exp(4)exp(B)= exp(A +B+ %[A,B]] EREAE L.
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Answer the following questions on the commutation relation of matrices. The commutation
relation is defined as [A,B]: AB—BA. A and B are arbitrary square matrices. Here, i denotes the
imaginary unit, and O is the zero matrix. Let f (t):exp(tA)Bexp(—— t4) and
g(/l)=exp(/lA)exp(/lB). Here A and B do not contain the variables ¢ and A. The exponential

function of the matrix is defined as follows:
1
exp(X) =) —X",
p(X) z—(; -
where X is an arbitrary square matrix and X ° denotes the identity matrix /.
(1) Let
0 —-i 0 1 0 0
i 0 —-i|,y=l0 0 0 [
0 i 0 0 0 -1

1

) 'B:_\/—E

0 1
1 0
0 1

o = O

Calculate the commutation relations [, 8] and [a, (@ + p* + 72)].
(2) Find £(0).
(3) Show that %exp(f/l) = Aexp(t4) = exp(t4)4.
(4) Show the following two relations:

JAOE % £(t) =exp(t4)[4, Blexp(~t4),

1) = % £(e) = exp(t4)[4, [4, B]exp(~4) .

(5) In the case [4, [4,B]]=[B.[4, B]]=0, calculate exp(4)Bexp(~ 4). Note that f () can be

expanded as:
2 3
0= 10+5 50+ 5 70+ 570+
(6) In the case [A, [A, B]] = [B, [A, B]] =0, [exp(ﬂA),B]=—ﬂ,[B,A]exp(ﬂA) is satisfied. Using

this relation, show that c%l g(2)=(4+B+ A[4,B])g(2).

(7) In the case [4, [A, B]] = [B, [A, B]] =0, prove that exp(4)exp(B)= exp(A +B+ %[A,B]j :



