Question No. 1:  Electromagnetics (1,/3)
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Question No. 1:  Electromagnetics (2,/3)
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As shown in Fig. 1(a), an infinitely long cylindrical conductor (conductor 1) of radius a parallel
to the y-axis is located at a distance & (z = h, h >> a) from the surface of the ground (x-y plane).
When conductor 1 is uniformly charged with a positive charge density per unit length of +4i,
answer the following questions. Here, the ground shall be treated as a conductor, and the
permittivity of the air is £o.

(1) Sketch the cross section of conductor 1 and ground as shown in Fig. 1(a), and show the electric
lines of force.

(2) Find the magnitude and the direction of the force per unit length experienced by conductor 1.

(3) Find the magnitude and the direction of the electric field at the point P (xp, 0, 0) on the x-axis.

(4) Find the induced surface charge density of the surface of the ground.

(5) Find the electric potential of conductor 1 with respect to the ground.

(6) Find the capacitance per unit length between conductor 1 and the ground.

(7) As shown in Fig. 1(b), another infinitely long cylindrical conductor (conductor 2) of radius a
parallel to conductor 1 is located at a distance 4 (z = h, h >> a) from the surface of the ground
and at a distance d (x = d, d >> a) from conductor 1. Find thé electric potential of conductor 1
with respect to the ground when conductor 2 is uniformly charged with a positive charge
density per unit length of +4;.



Question No. 1:  Electromagnetics (3,3)
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Question No. 2: Electrical circuits (1,73)
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Question No. 2: Electrical circuits (2,3)
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Answer the following questions about the two-terminal-pair networks N1 and N, shown in Fig. 2(a).

(1) As shown in Fig. 2(b), the terminal pair 15— 1y’ of N1 is short-circuited, and an AC voltage e(t) =

Asinwt is applied at the terminal pair 1,— 1a’. Give the phase 6, of the current i, (t).

(2) As shown in Fig. 2(c), Ny and N, are connected, and an inductance L is connected at the terminal pair
2p — 2’. When an AC voltage e(t) = Asinwt is applied at the terminal pair 1a— 1a’, find the angular

frequency w,, to maximize the root mean square current i»(t).

(3) Find the chain matrix (K-matrix) K1 and K> of Ny and Ny, respectively. Additionally, find the chain

matrix K3 of the circuit for which Ny and N are connected as shown in Fig. 2(d).

(4) In the circuit shown in Fig. 2(e), the switch S is closed at # = 0. Give the current i(t) after the switch
S is closed. Assume that L; = 4C,R%.



Question No. 2: Electrical circuits (33)
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Question No. 3: Basic information science 1 (1/1)
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(1) ROBHREREZ, V7 INVORDDPRVEMALRMRENIZEY.
(a) 1V (331 A :Cg)
(b) z1V (z1 Aza) V2V (22 A 23)
(C) 1V (:L’l VA WA 333) \Y (:Bz A :133)
(2) UEWHEBE T 2 Z2BEREBBPEFET 2055, Bl 23R,
(3) 3EWEBMBIIESH TNV 2H 5%, Bl LHITRE.
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An n-variable logic function f with arguments z1,...,z, € {0,1} is called a positive function
if f is a constant function or can be expressed in a sum-of-products form with positive literals
x1,...,Tn only. An n-variable logic function f is called a threshold function if it satisfies
1 fwz+ - +wpzy, >0

0 otherwise

f(a:l,...,xn)={

for some real numbers ws, . .., wy, #. Answer the following questions. Note that A and V denote
the logical conjunction and disjunction, respectively.

(1) Modify the following sum-of-products forms into equivalent ones with the least number of
literals.
(a) z1 V(21 A z2)
(b) TV (:L‘l A IQ) VoV (222 A :L‘3)
(c) 71V (z1 Aza Az3) V (T2 A z3)

(2) Does there exist a 2-variable logic function which is not a threshold function? Justify your
answer.

(3) How many 3-variable positive functions exist? Justify your answer.

(4) Does there exist a 3-variable positive function which is not a threshold function? Justify
your answer.



Question No. 4: Basic information science 2 (1/2)
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Question No. 4: Basic information science 2 (2/2)
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In this question, any graph is a finite undirected graph which may have self-loops and multiple
edges. Define the following terms and symbols:

e For any graph G, let n(G) and m(G) denote the number of vertices and edges in G,
respectively.

e For any graph G and any vertex z in G, deg(G, z) denotes the degree of z in G.

e For any graph G and ahy walk C on G, the length £(C) of C is the total number of edges
that C passes.

e For a graph G and a closed walk C on G, C is a l-circuit (or an Euler circuit) if C' passes
each edge of G exactly once, and C is a 2-circuit if C passes each edge of G once or twice.

e A subgraph H of a graph G is a parity subgraph if H contains all vertices of G and for any
vertex z in G, deg(G, =) and deg(H, ) have the same odd-even parity. A parity subgraph
H of G is a minimum parity subgraph if the number m(H) of edges in H is minimum
among all parity subgraphs of G.

Answer the following questions. If necessary, the following facts (A) and (B) can be applied
without proof.

(A) A connected graph G has a 1-circuit if and only if every vertex of G is of even degree.

(B) For any natural number n, any tree of n vertices has n — 1 edges.

(1) Let G be any connected graph.
(a) Prove that for any parity subgraph H of G, G has a 2-circuit C' such that ¢(C) =
m(G) +m(H).
(b) Prove that for any 2-circuit C in G, G has a parity subgraph H such that m(H) =
2(C) — m(G).
(2) Let G be any connected graph and H be any minimum parity subgraph of G.

(a) Prove that H contains no cycle.

(b) Let ua(G) denote the length of a shortest 2-circuit in G. Prove that H consists of
m(G) + n(G) — p2(G) connected components.



Question No. 5: Basic physics (1/2)
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Question No. 5: Basic physics (2/2)
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Consider a system where a particle of mass m moves in a time-independent centrally symmetric
potential U. The position vector of the particle is denoted by r, whose origin is located at
the center of the potential. Accordingly, the equation of motion of the particle is written as
mET = —VU(r), where r = |r|.

dt

1)

2)

3)

Prove that the energy E = tm ‘%’ ‘2 +U(r) and the angular momentum L = r X m% are

conserved, namely, ‘fi—}f =0 and % = 0. Here, the symbol x means outer product.

The conservation of L means that the motion of the particle is confined in a certain plane
(which contains the origin). We now take the plane as the z-y plane, and express the
position of the particle as r = (r cos 8, rsin8, 0), where § is the angle between 7 and the z
axis. Show the following relations:

dé
——1
L=mr |
1 (dr\® I?
E= §m (EE) + S + U(T‘), (5A)

where L = |L|.

Eq. (5A) shows (%)2 as a function of r. In order for the particle to reach the center of

the potential, the following inequality must be fulfilled as a necessary condition:

tim (& 2>0
o\ dt ‘

Now, let us suppose that the potential takes the form U(r) = —7%, where a and A are
real positive numbers. Find the restriction which the above inequality imposes on o and
A. Here, we assume that the inequality consequently means

i ()=
ro\at) —



Question No. 6: Basic mathematics (1/3)
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/ exp (—%cwz) dx = 4/ 2%.
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Question No. 6: Basic mathematics (2/3)
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The Gaussian integral is given by the following formula.

*° 1 2
/ exp (—— —axQ) de = 1/ L.
—co 2 a

Here a is a real positive number. Answer the following questions.

(1) Consider the following multiple integral by real numbers z1,z2 and z3.

o0 o0 (o] 1
L= / / / exp (—-2-f(£121,$2,123)) dzidzodzs.
—00 -0 —00

Here f(z1,z2,23) is defined as
f(z1, 20, 23) = 23:% + 23:% + 2x§ + 221%9 — 2x0%3 — 223T1.

(a) When f(z1,x2,z3) is written in the following quadratic form, find a symmetric matrix

A such that
T

f(z1, 22, 23) = (z1,22,23)A | @2
z3
(b) Compute the determinant of the matrix A.
(c) Find the orthogonal matrix O diagonalizing the matrix A.

(d) Compute I.

(2) Consider the following integral by a real number x by considering a complex integral. Here
p is a complex number, which is absent on the imaginary axis.

o0
VT
o z+p?
(a) The poles of the following function, which is the integrand with the complex variable
z, are given by z = %ip.

I=

g(z) = ZT\J/F%-

By using the residue theorem, compute §, g(z)dz along the contour C in Fig.6(a).

(b) Compute I> by using the fact that the integrals along the circumference with a radius
R and that with a radius € on the contour C vanish when R — oo and € — 0.

Consider the following function with an integral by a real number z by using the Laplace

transformation. o gint
sintx
f@z/ dz.
o VT

(c) Apply the Laplace transformation to f(¢) and obtain the image function F(p) =
I f(t)ePtde.
(d) Find f(t) by using the above results.

Here t is a real positive number.



Question No. 6: Basic mathematics (3/3)
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