Question No. 1: Electromagnetics (1,2)
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Consider a capacitor having conducting disk electrodes of radius a located in parallel as shown in Fig.1.
Two different dielectrics 1 and 2 of permittivities &, & and thicknesses d1, d> are inserted between the
electrodes. Charges +Q and —Q are given to the upper and lower electrodes, respectively. Here the sizes
of the electrodes are large enough that edge effects of the electrodes are negligible. Assuming a zero
surface charge density at the boundary between the dielectrics 1 and 2, and that the permeability of both

the dielectrics 1 and 2 is y, answer the following questions.

(1) Derive the boundary conditions at the boundary between the two different dielectrics for both
electric flux densities and electric fields by using Gauss’s law and Faraday’s law of induction.
(2) Find the electric flux densities D;, D- inside the dielectrics 1 and 2, the electric fields Ei, E» inside

the dielectrics 1 and 2, and the voltage 7 between the electrodes.
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(3) Find the capacitance C of the capacitor. Furthermore find the energy W stored in the capacitor by
using the capacitance C.

(4) Find the sum Wk of the energies stored by the electric fields inside the two dielectrics. Furthermore,
prove that W& is equivalent to ¢ obtained in question (3).

(5) Find the direction and magnitude of the electrostatic force exerted on the upper electrode.

(6) The charges on the electrodes are temporary varying as Q= Qo cos t. Find the magnetic field H at
the distance » from the center axis. Here 0 < < a and the radiation is negligible. Furthermore find
the energies W (¢) and W (?) stored by the electric fields and the magnetic fields inside the capacitor,

respectively; draw schematic viewgraphs of W (¢) and W ().

+Q
electrodes a

Fig. 1



Question No. 2: Electrical circuits (1,72)

(1

2

(D

2)

2019 £ 3 A=t
Eed 2 BX[EE
(1EB2E8%)

Fig. 2R TEIBIZCBWT, BEEROABKERKIIoTH Y, AIEENRTHEINDEN
MEBERIZZD XA EEIIREFEF ¥ NV A CHRABIN TS . LUTOMIZE X L.
@ RBIV C % w, Ry, Ly ZAWTEE.

(b) FIEEHMRTHEINDIZENEZRD L.

Fig. 2R TEIBIZOWVWTUTORMICE 2 L. EEROABREKIIoTHD. /2, &

MEERBIIEBETHL L L, TONHEEHREORS, BE1 LV E—F U X, fLHEE

¥, BEEZINEN I, Z, B, 2 LT 5.

(a) WTX (1-1)) B REA VvV E—F R 7, 2RD XK.

(b) l=2/4 DEZ, TR (1-1) BBREA LV E—F R Z;, 2RO XK.

(©) =24 Z,=50Q0 £F5. Z=500 Or&E, BXUOZ=250 OL&ED V(x)/V, &
FNEFNRD L. T2 0<x <l OFMEICBNT, Z=500 BLXVZ=250 0t
ED |V(x)/Vo| OB EZEN LT

In the circuit shown in Fig. 2(a), the angular frequency of the voltage source is w, and the variable
resistor R and the variable capacitor C are adjusted to maximize the electric power dissipated in
the variable resistor R. Answer the following questions.

(a) Express R and C interms of w, Ry, and L.

(b) Find the electric power dissipated in the variable resistor R.

Answer the following questions about the circuits shown in Fig. 2(b). The angular frequency of the

voltage source is w. Assume that the transmission line is lossless, and the length, the characteristic

impedance, the phase constant, and the wavelength of the transmission line are [, Z,, 8, and A,

respectively.

(a) Find the impedance Zj, seen from the terminal pair (1-17).

(b) Find the impedance Zj, seen from the terminal pair (1-1”) for [ = A1/4 .

(c) Letl=2Aand Z, =50 Q. Derive V(x)/V, for Z =50Q and Z = 25 Q. Sketch the graphs
of |V(x)/Vy| for Z=50Q and Z = 25Q intherangeof 0 < x <.
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In what follows, N denotes the set of all non-negative integers. Define a function ¢5: X7 — N
that interprets an arbitrary string a;...a, € X} over an alphabet ¥; = {0,...,k — 1} as a
non-negative integer by

or(ar...an) = Z Qn—ik®.

For example, ¢2(1001) = ¢2(001001) = 9. We extend the function by ¢x(L) = { dx(w) € N | w €
L} for an arbitrary language L C ¥7. For example, ¢o(L,) is the set of all even non-negative
integers for the language L, over ¥ accepted by the deterministic finite-state automaton (DFA)
shown in Fig. 3(a). In each figure of this question, the thick arrow indicates the initial state
and the double circle denotes the accepting state. A DFA is said to be minimum if no other
DFA with fewer states accepts the same language.
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1) Give a string w € X} satisfying ¢2(11001110100) = ¢4(w).
2) Give a string w € 3 satisfying ¢o(w) = ¢4(130321).

(
(
(3) Draw the minimum DFA that accepts the language { w € % | ¢2(w) is a multiple of 3 }.
(4) Draw the minimum DFA that accepts the language { w € ¥} | ¢4(w) is a multiple of 3 }.
(

5) Let Ly, be the language over ¥y that the DFA shown in Fig. 3 (b) accepts. Draw the
minimum DFA that accepts a language L C ¥} satisfying ¢4(L) = ¢2(Ly).

(6) Let L. be the language over ¥4 that the DFA shown in Fig. 3(c) accepts. Draw the
minimum DFA that accepts a language L C X3 satisfying ¢2(L) = ¢a(Lc).
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Every element in an array A = (A[1],..., A[N]) of length N > 2 contains a real number. We
define procedures P and Q, which take two element indices of the array A as their arguments, as
follows:

e The procedure P(i,j) returns 1 if A[i] < A[j], and 0 otherwise.

e The procedure Q(7,) swaps the i-th and j-th elements in the array A, where the array A
is unchanged if i = j.

We consider algorithms for sorting the real numbers in the array A in ascending order under the

condition that algorithms never access the array A except for the procedures P and Q. In this

question, we refer to the number of calls to the procedure P as the computational complexity.
Answer the following questions.

(1) Give the asymptotic lower bound of the computational complexity in big { notation for
sorting algorithms that satisfy the above condition.

(2) Consider the pseudocode for the sorting algorithm Algl shown in Fig. 4(a). Give the
number of calls to the procedure P as an expression of N. Moreover, explain your derivation
of the result.

(3) Following the notation of the pseudocode shown in Fig. 4(a), give an appropriate pseu-
docode by filling ( A ), ( B ), and ( C ) of the sorting algorithm Alg2 shown in Fig. 4(b)
so that the total number of calls to the procedure Q is N — 1 or less.

(4) Consider the pseudocode for the sorting algorithm Alg3 shown in Fig. 4(c), where a pro-
cedure R, also shown in Fig. 4(c), is available.

(a) Succinctly describe the fundamental strategy and an outline of the process of Alg3
in words.

(b) Suppose that the initial values of the array A are (2,5, 4, 3,2). We consider displaying
the values of the array A every time right after the procedure Q at line 6 and line 19
in Alg3 is performed. Show all the values of the array A in the order in which they
are displayed.

(c) Give the computational complexity of Alg3 in big © notation.
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1: Algi(W): 1: Alg2(N)
2 for i := 1 to N-1 do 2 for i := 1 to N-1 do
3 for j := 2 to N-i+1 do 3 k:=1
4 if P(j, j-1) = 1 then 4 for j := i+1 to N do
5: Qd, j-1 5: if (A ) then
6 endif 6 (B)
7 endfor 7 endif
8 endfor 8 endfor
9 (c)
10: endfor
Fig. 4(a) Fig. 4(b)

1: Alg3(N): 9: R(i, m):
2: for i :=1 to N do 10: k := 1
3: R(N-i+1, N) 11: while k <= m do
4: endfor 12: j =k
6: for i := 1 to N-1 do 13: k = kx2
6: Q(1, N-i+1) 14: if k <= m then
7: R(1, N-i) 15: if k+1 <= m and P(k, k+1) = 1 then
8: endfor 16: k := k+1

17: endif

18: if P(j, k) = 1 then

19: Q¢ ®)

20: endif

21: endif

22: endwhile

Fig. 4(c)
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Consider a system consisting of N particles, which interact with a time-independent potential
V. The equation of motion of the ith particle (i = 1,2,---, N) is written as

dz’l‘i

= —V:VirL, 3, -- - PN

my

Here, m; and r; are the mass and the position vector of the ith particle, respectively. Also,
V.V = (0V/dxz;, 0V /dy;, OV/Dz;) with x;, y;, and z; being the Cartesian coordinates of r;.

(1) Show that the total energy

is conserved, namely, dE/dt = 0.

(2) Suppose that V' is invariant for an arbitrary infinitesimal translation dz:

V(T1+5m, ro+dx, - -, TN+5:B) = V(’I‘l, T, -, T‘N). (5A)
(a) Derive the following relation:
N N
ov. oV oV
V.V = — —, — | =0.
Svr=3 (5 5 o)
i=1 =1
(b) Show that the total momentum
al dr
P=S"m<
2 i
1=1
is conserved, namely, dP/dt = 0.
(3) Suppose that V is invariant for an arbitrary infinitesimal rotation §0:
V(ri+00xry, ro+60x7ry, -+, rN+60x7N) =V (P, T2, -+, TN), (56B)

where the symbol x means outer product.

(a) Show that the total angular momentum

4l dr;
L= P X my—
Srexmr
1=1
is conserved, namely, dL/dt = 0. If necessary, use a - (b x ¢) = b- (c x a).

(b) When L is independent of the choice of the origin, show the condition which the

motion of the system has to satisfy. Here, assume that V also satisfies Eq. (5A) and,
therefore, that dL/dt = 0 for an arbitrary origin.
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(1) Consider the function

f(@) = e 7
z) = e 227,
V2ro?

Here z is a real number, and o is a real constant satisfying o > 0.
Answer the following questions.

(a) Sketch the function f(z).
(b) Find the Fourier transform F(w) of the function f(z).
(c) Sketch the function F(w).

(2) Consider the matrices

6 5 7 7
7 1 7 4
= 1 2 2 6 |’
7T 4 7 1
and

00 0 -1

00 -1 o0

B= 01 O 0

1 0 0 0

Answer the following questions.

(a) Compute the determinant of the matrix A.
(b) Compute A1,

(c) Compute all the eigenvalues and their corresponding eigenvectors of the matrix B.



