Question No. 1: Electromagnetics (1,/3)
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Consider the systems shown in Fig. 1(a) and Fig. 1(b), where dielectrics of permittivity £ and a
vacuum are in contact at a plane. When a plane electromagnetic wave is normally incident on the
boundary between different dielectric materials, a portion of the electromagnetic wave is transmitted
and the rest is reflected at the boundary; then the reflectivity » and the transmittance ¢ are given by the

ratios of the power densities of the reflected (the complex electric field Ey, the complex magnetic field
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H;) and transmitted (the complex electric field Et, the complex magnetic field Hy) waves to that of the
incident wave (the complex electric field Ej, the complex magnetic field H;), respectively. Arrows in
the figures indicate the propagation directions of the electromagnetic waves, and the x, y, and z axes
are defined as shown in Fig. 1(a). Here the angular frequency of the electromagnetic wave is given by
w, the unit vectors in the x, y, and z directions are defined as X, ¥, and Z, respectively, and no true
charge and no conductive current exist in the system. The permittivity and the permeability of the
vacuum are given as &, and pg, respectively; the dielectric is sufficiently large in the x and y
directions, and the permeability of the dielectric is equal to that of the vacuum, i.e., y. Answer the
following questions.

(1) Describe the boundary conditions of the electric and magnetic fields at the boundary between two
different dielectric media.

(2) As shown in Fig. 1(a), a dielectric having an infinite thickness in the z direction and a vacuum are
in contact at z = 0, the complex electric fields E;, E;, E: of the incident, reflected, and transmitted
waves are given by

;= Eje~Tkoz g,
E, = E.el*? %,
E.=Ee 2%,
respectively. Here ko and & are the wavenumbers of the electromagnetic waves in the vacuum and
the dielectric, respectively, being given as kg = w./eolly and k = w /euy.
(a) Find the complex magnetic field Hj of the incident wave.
(b) Express Ey, Et, r, and ¢ in terms of Ej, €y, and €.

(3) As shown in Fig. 1(b), a dielectric plate having a finite thickness L is located in a vacuum. The
reflection and the transmission of the electromagnetic wave occur at both the two boundaries at z
=0 and z = L; then a portion of the incident wave is transmitted into the vacuum region on the
right-hand side in Fig. 1(b). Find the thicknesses L that give the maximum and minimum
transmittances, where the transmittance is defined as the ratio of the power density of the

transmitted wave to that of the incident wave shown in Fig.1(b).
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Answer the following questions about the circuit shown in Fig. 2(a). E 1is a phasor voltage. Assume

that the transmission line is lossless, and the length, the characteristic impedance, and the phase

constant of the transmission line are [, Z,, and f3, respectively.

(a) Express the reflection coefficient at the terminal pair (2-2”) in terms of Z, and Z.

(b) Find the impedance Zj, seen from the terminal pair (1-1°) when Z = aZ,. Here, a and Z,
are positive real numbers and a # 1. Also, find [ such that Zj,, is a real number.

(¢) Let Rp =10Q, Z, =500, and Z = 50 Q. Find the value of |E| when the electric power
dissipated in Zis 0.5 W.

Answer the following questions about the circuit shown in Fig. 2(b). The voltage source e(t) is

given by
0 @<0
e(t)={ E, (0<t<ty).
0 (<t

Here, E; is a positive real number. The current in the circuit is 0 for t < 0.
(a) Find the voltage v, (t) for 0 <t < t;.

(b) Find vy (t) for t = ty.

(c) Sketch the graph of vy (t) for 0 <t < 2t; when t; = 10L/R.
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(a) 3 EHGRIEREE f(z,y, 2) DEARNTELE 2 £ TRE.
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(3) UTFDmEPENMAPRILEL & £ ICHEY XK.

(a) WIRTHL D n BRETTHRFAEKT 2 n BEGHEBRIIEE T+ 1ED 3.
(b) 3 ZHMEEEE fo(z,y,2) M o X L CHBABKT 588, UFAHD 2.
f2(a : b-, Y, Z) = f?(a’s ysz) ' fZ(bv Y, Z)‘

Consider z,y,2,a,b € {0,1}. AND, OR, and NOT operators are denoted by -, +, ~, respectively.
An n-variable Boolean function f(z1,2,...,z,) is symmetric if it is unchanged by any permu-
tation of its variables. An n-variable Boolean function f(z1,zg,...,z,) is unate if it is either
monotonically increasing or decreasing for its each variable z;. Answer the following questions.

(1) Determine whether f1(z,y,2) =T-24+x - J+T -y -Z+ - y-Z is symmetric and whether
it is unate, and justify your answers.

(2) The n-variable Boolean function that shows true only when the number of its positive
inputs is k£ (0 < k < n) is called an elementary symmetric function. Answer the following
questions.

(a) Show all the elementary symmetric functions for a 3-variable Boolean function f(x,y, z).

(b) Express a 3-variable majority function M(z,y, z) using the sum of the elementary
symmetric functions answered at question (2)(a). Here, the majority function outputs
true when two or three inputs are positive, and false otherwise.

(3) Determine whether each of the following assertions is true or false, and justify your answer.

(a) The total number of n-variable Boolean functions that are symmetric and monoton-
ically increasing for their all variables is n + 1.

(b) When a 3-variable Boolean function fy(z,y, z) is monotonically increasing for z, the
following equation holds. fa(a-b,y,z) = fa(a,y, 2) - f2(b,y, 2).
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Let A be an array of n real numbers, where A is sorted in ascending order without duplicate
values. Let X be an array of k real numbers, where 1 < k < n. Moreover, a; and z; denote
the i-th element in A and j-th element in X, respectively. Here, we consider the following
optimization problem P.

n
P : mi i — ;)2
H;c{ 2ol ) }
=1
Note that X represents X that provides the solution of P. Moreover, Vg ,, where1 < ¢ < m < n,
is defined as follows.

m m
1
Vz,m = E (ai - W,m)2 Hem = m E aj
i=£ i=£

Answer the following questions.

—

(1) Suppose k = 1, namely, X = (Z1). Give Z; in terms of a;.
(2) Suppose k = n. Give the solution of P.
(3) Suppose k = 2. Outline a procedure that finds the solution of P by using V; ;1 and Vj .
(4) The recursive function Dy, is defined as follows.

Vim =1

Dym = min {Dy_1;-1+ Vim} otherwise
£€<ism '
Then, the solution of P can be calculated by Dy .

(a) Suppose k = 3 and A = (1,5,6,8,10). Give the calculation results of Dy, in a
format filling the empty cells in the table shown in Fig. 4 (the calculation for the
cells with a diagonal line is not necessary). Here, each value must be displayed to
two decimal places.

(b) The above recursive function does not contain the procedure to obtain X. Concisely
explain the extra procedure required to obtain X,
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As shown in Fig. 5, a sphere with radius a, mass M, and uniform density is stationary at point O on a
horizontal floor. The floor is parallel to the x —y plane in the cartesian coordinate system. Consider
the motion of the sphere rolling along a line parallel to the x-axis at an initial speed v due to an
impulsive force F applied by a cue, and collision with a vertical step with height d at point A. The
impulsive force F is applied parallel to the x-axis at point Q as shown by the arrow. Point Q is on the
surface of the sphere and is a vertical distance h above the center of the sphere P. Point Q is in a vertical
plane passing through points O, P, A, and B. Note that a > d and the vertical downward gravitational
acceleration is g. The rolling resistance and air resistance are negligible, and movement in the depth

direction of the paper (y-axis) is not considered.

(1) Show the moment of inertia of the sphere I about its axis through the center of the sphere P
is given by I = 2Ma?/5.

(2) When the cue applies the impulsive force F to the sphere, find the condition of / for the sphere
to roll without slipping.

(3) When the sphere gets over the step, the sphere starts rotating around point B. Find the moment
of inertia of the sphere I’ as it rotates around point B. The sphere does not leave from point

B until it gets over the step.

(4) Find the initial speed of the sphere v needed to get over the step with height d.
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(2) BREH z DB
ze'?
f@=zra
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(1) Consider the matrix 4 = ( 0 1 0). Answer the following questions.
-1 0 O

(a) Find all the eigenvalues and their corresponding eigenvectors of the matrix A.

(b) Find A™. Here, n is a nonnegative integer.

(c) Find exp(4). Here

[ee]

ex(A)—I+A+lA2+lA3+..._ —An
D = 2! 3! AT TR

n=0

and I is the identity matrix with the same order as A.

(2) Consider the function

ZelZ

o) = s
of a complex variable z. C; and C, are the integral path defined as follows:

Cize=t (-R<t<+R),
C,:z=Ret (0<t<m).

Here, t isaparameter, a and R are real numbers satisfying a > 0 and R > 0, respectively.

i denotes the imaginary unit. Answer the following questions.

(a) Find all the isolated singular points except for the infinity point of f(z) and find their
corresponding residues.

(b) Show that Rl_i)er sz f(z)dz = 0.

(c) Find the value of the real definite integral

J‘*w xsin(x)
0

——dx.
x% + a?



