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Let us consider a concentric spherical-shaped capacitor, as shown in Fig. 1. Both the internal
sphere and the external spherical shell are perfect electrical conductors. The center of the
internal sphere and the external spherical shell is the coordinate origin. A position vector is
and its magnitude is r = |r|. The radius of the internal sphere is a and the radius of the external
spherical shell is b. The internal sphere is positively charged and its charge is +Q. The external
spherical shell is negatively charged and its charge is —Q. A dielectric spherical shell is located
from 7 = a to r = a + t inside the concentric spherical-shaped capacitor and its permittivity
is £1. The medium inside the concentric spherical-shaped capacitor, except for the dielectric
spherical shell is vacuum and its permittivity is 9. The thickness of the external spherical shell
is negligibly small. Answer the following questions.

(1) Show the equation of Gauss’s law for electrostatic fields and give its physical meaning.

(2) The equation V x E = 0 always holds for electrostatic fields E. Find the integral form of
the equation using Stokes’s theorem and give its physical meaning.

(3) Find the magnitudes and directions of the electric fields inside the concentric spherical-
shaped capacitor (e < r < b).

(4) Show that the electrostatic capacitance of the concentric spherical-shaped capacitor is,

1
1 1 1 1 1

C= T
— (= — )_|. .
dme;'a a4t dreg'a+t b

)

(5) Find the electrostatic energy density inside the concentric spherical-shaped capacitor (a <
r < b).

(6) Find the electrostatic energy of the concentric spherical-shaped capacitor.

(7) The radius of the external spherical shell increases to b + Ab (Ab < b) without affecting
the internal sphere and the dielectric spherical shell. Find the variation of the electrostatic
energy inside the concentric spherical-shaped capacitor.
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(1) As shown in Fig. 2(a), the distributed constant line (characteristic impedance Z,, propagation
constant y, and length 1) is terminated by the load impedance Z:. The distributed constant line has
loss, and the ¥ is complex number. Find the impedance Zin. In addition, if the distributed constant
line is lossless (phase constant ) and the line is terminated by the load impedance Z:, find the

impedance Zin.

(2) When the impedance of the capacitor (capacitance C) shown in Fig. 2(b) is equal to the impedance
Zin of the open-ended lossless distributed constant line (characteristic impedance Zj, phase constant
B) shown in Fig. 2(c), find the line length I.. The angular frequency of the input sinusoidal AC

source at the connection point (0-0’) is w.

(3) As shown in Fig. 2(d), we want to match the impedance at the connection point (1-1°) by inserting
the one-stage 1/4 wavelength lossless distributed constant line (characteristic impedance Zy,, phase
constant ) between the lossless distributed constant line (characteristic impedance Z;, phase
constant B, length [)and aload resistance (real number R). Derive the relational expression of Zg4,
Zy, and R.

(4) As shown in Fig. 2(e), we want to match the impedance at the connection point (2-2”) by inserting two
1/4 wavelength lossless distributed constant lines (characteristic impedance Z,, and Zy3, phase
constant 8) between the lossless distributed constant line (characteristic impedance Z;,, phase
constant 3, length [) and a load resistance (real number R). Derive the relational expression of Z,,
Zy3, Zy, and R. If the load resistance R and the characteristic impedance Z, differ greatly, describe
the effect of increasing the number of the 1/4 wavelength lossless distributed constant lines using a Smith

chart and so on.
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(a) AT ORBEABAS KRB THE2hErERL L HICEX XK.
(i) filz,94,2)=T-§-Z+T - §-2+T-y-2+2-§-2
(i) fo(z,y,2)=T-§-Z4+T -G -2+z-y-Z+T -y 2

(b) n BHRBBERO S THREEARIE T BEET I 2ELERIL EHIZEX L.

(c) 3BBANY T 1 B P(x,y,2) 2, MIEEBTRL 2%, TOX2RAERERICE
ek, TOB/RBLRTIL. ZIZT, Pr,y,2) ik FBEOAAM1OLEIZ1%
WAL, ThIMIciZo 2 AT 3.

Consider z,y, z,w, g, C1 - * * Cn, C12,T1, T2 - - - Tp € {0,1}, and -, +, @, ~are AND, OR, EXOR
and NOT operators, respectively. Answer the following questions.

(1) SimplifyT-y-Z-w+Z-y-Z-w+z -y - Z-W+2z -y -Z-w+x-J-Z-w+x Y-z wusing
the Quine-McCluskey method, and also show its process.

(2) An EXOR synthesis of product terms of only positive literals is Ring-sum (Reed-Mullar)
canonical form. If a n-variable Boolean function in this form does not include second or
higher degree terms, meaning that f(z),z0---zp) =co®Pc1 - T1 P2 - T2D - - DcCp - Ty is
held, f is a linear function. For example, a 2-variable function in this form is f(z,y) =
codcr-rz@cy-yPeg-x -y, and f is a linear function when ¢12 = 0.

(a) Determine whether each of the following functions is linear or not, and justify your
answers.

(i) fl(:v,y,z) =Z:JZ
(ll) fz(ill,y, Z) =T-7Z

(b) Determine whether the number of linear functions of n-variable Boolean functions is
27+1 or not, and justify your answer.

24+Ty-z+x-Y-2
24Ty T+r-y-z

v
v

(c) Show a sum-of-products canonical form of the 3-variable odd parity function P(z, y, z),
then transform the equation to the Ring-sum (Reed-Mullar) canonical form, and show
its process. Here, P(z,y, z) outputs 1 when an odd number of inputs is 1, and 0 oth-
erwise.
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cde + X f + x
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A specific kind of tree used to represent mathematical expressions is called an expression tree.
Consider an expression tree in which the leaf nodes have values and the other nodes have binary
operators. An entire expression tree T is depicted in Fig. 4, where an operator op. is applied to
the evaluation results of the two mathematical expressions represented by the expression trees
Ty, and Tgr. A single leaf node containing a value is also considered as an expression tree.

Answer the following questions.

(1)

(3)

Show schematically the expression tree representing the following mathematical expression,
where caret (") denotes an exponent.

(a +b) x {(:L'o — (1:1)"2 + (yo — 11)"2}

Consider traversing the expression tree in Fig. 4 in the order of T}, TR, and the operator
op. Fach node can be visited only once by applying the same traversal order to every node
in an expression tree. Each node shows its value or operator as output when it is visited.
Assume each node has pointers to its child nodes if they exist.

Considering that the root node of expression tree T is given, show an algorithm for travers-
ing the entire tree of T by using a pseudo code.

An operation op. on P,Q is normally written as P op. @ in infix notation. Its reordered
notation as P @ op. is called postfix notation, where each of P and Q after the reordering
is a value or an expression in postfix notation. Translate the mathematical expression
given in question (1) to postfix notation.

Explain briefly an algorithm for evaluating the expression obtained in question (3) by using
a queue or stack data structure whichever is appropriate.

The following expression shown in postfix notation contains a syntax error. Explain briefly
a method for detecting the error when the algorithm in question (4) is applied to this
expression.

cde + x f + x

In addition, show an example of expression containing another kind of syntax error and
explain briefly a method for detecting the error.
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1 RERT ¥y MU(x) L2 BB T2 HBmOKNTFE2EZXS. a>0, >0&£75.
UTORMcEz L.

U(x) = a(e™2* — 2¢7F%)
(1) RF vy NU)OBR 2.

Q) RFV 2 NMU@)DB/MEU,ZRD L. Tz, BIFHRED 5 3= RXNVF—E, OfiH
R L.

(3) RIFOEEBEHIE R DT RXNVF—E,0HfEAZRD L.
@) BT NMUEIBITBEHDODEVRX,EZRD L.

(5) B TROT-x IF BT BHNMEBIOBEEZRD X.
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Consider a particle with mass m that is moving in the following one-dimensional potential U(x). Set

a >0, f > 0. Answer the following questions.
U(x) = a(e~2F* - 2¢7F%)
(1) Draw the outline of the potential U(x).

(2) Find the minimum value U, of the potential U(x). Then, find the allowed range of energy
E, that the particle can take.

(3) Find the range of energy E, when the motion of the particle is periodic.
(4) Find the force equilibrium point x, in the potential U(x).

(5) Find the time period of small oscillations about x, obtained in question (4).
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—6a® 5a? 2a

{xn} (n = OI 11 2-"') 75;.&@%{%%%7‘:‘?. a ‘9.5.
UTFToMicEZ &.

Xn+1 Xn

(xn+2) =A (xn+1)

Xn+3 Xn+2
(a) A DHFTHERD X.

(b) A DFTRTOEBRMELNETIEERZ Pk K.
(c) EEDOUIHME x5, x4, x; KL T Jim x, =0 BROIZIDOL %, A OEFEMNHE:-
FTREEHZRE. T/, a B TREZEEZRD L.

(2) RICRTHEFER z OB

f@ =z3j-1

oW TE %23, Fig.6 ICRT X3, BABE C, €, G EUTO XS IKEET 5.
C,: z=t (0<t<R
C;: z=Rexp (it) (OStS-zsf)
Cs: z=texp(i2?") (0<t<R)

7=72L, t IEAER, | IEHE6L R I R>1 RlATHTHS. I,

I, = ) f(@dz ®n=1,2,3)
L. UToMIcEX X, "
(a) HERDY L+L - DfEEZRD X,
(b) I; = L exp(iff) MY I>C & ZFLRAE &,
(d¥$5=o%mbﬁo:a%ﬂ%%L
(d) EEMSY 1=[, f(x)dx DEEXRD X,



Question No. 6: Basic mathematics (2/4)

2020 4 8 A=t
MIRE 6 HPEmR
(2HEB /74 R%H)

~
-~ -
Secadae-”

Fig. 6



Question No. 6: Basic mathematics (3/4)

2020 £ 8 Ak
I8 6 MPEmR
BHEB/74RH)

0 1 0
(1) Consider the matrix A =( 0 0 1). Here a>0. Let the real sequence
—6a® 5a? 2a

{x,} (n=0,1,2,--+) that satisfies the following relation be:

Xn+1 Xn
Xn42 | = Al Xn+1 ).
Xn+3 Xn+2

(b) Find all the eigenvalues and the corresponding eigenvectors of A.

Answer the following questions.

(a) Find the inverse matrix of A.

(c) When lim x, = 0 for arbitrary initial values x, x,, and x,, show the condition that
n—co

the eigenvalues of A must satisfy. Find the condition that a must satisfy.

(2) Consider the following function of a complex variable z:

z
f@&) = z3+1
As shown in Fig. 6, the integral paths C;, C,, and C; are defined as follows:
C1 : z=t (0 <t R)

) _ ) 2
C,: z=Rexp (it (OSts-é-)
C;: z=texp(iF) (0<t<R)
Here t is a parameter, i denotes the imaginary unit, and R is a number satisfying

R>1. Andlet
I,=] f(@dz (n=123).
Cn

Answer the following questions.
(a) Find the value of the complex integral I, + I, — I5.
(b) Prove that I3 = I, exp(i*F).
(c) Prove that I;im I, =0.

(d) Find the value of the real definite integral I = fom f(x)dx.
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