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Transcutaneous Measurement and Spectrum
Analysis of Heart Wall Vibrations

Hiroshi Kanai, Member, IEEE, Michie Sato, Yoshiro Koiwa, and Noriyoshi Chubachi, Member, IEEE

Abstract—For the noninvasive diagnosis of heart disease based
on the acoustic and elastic characteristics of the heart muscle, it
is necessary to transcutaneously measure small vibration signals,
including components with an amplitude of less than 100 �m,
from various parts of the heart wall continuously for periods of
more than several heartbeats in a wide frequency range up to 1
kHz. Such measurement, however, has not been realized by any
ultrasonic diagnostic methods or systems to date. By introducing
the constraint least-square approach, this paper proposes a new
method for accurately tracking the movement of the heart wall
based on both the phase and magnitude of the demodulated
signal to determine the instantaneous position of the object so
that the vibration velocity of the moving object can be accurately
estimated. By this method, small vibrations of the heart wall with
small amplitudes less than 100 �m on the motion resulting from
a heartbeat with large amplitude of 10 mm can be successfully
detected with sufficient reproducibility in the frequency range
up to several hundred Hertz continuously for periods of about
10 heartbeats. The resultant small vibration is analyzed not
only in the time domain, but also in the frequency domain. As
confirmed by the preliminary experiments herein reported, the
new method offers potential for research in acoustical diagnosis
of heart disease.

I. INTRODUCTION

TO diagnose the cardiovascular system based on the acous-
tic characteristics of the myocardium or the arterial walls,

it is necessary to measure small vibration signals on these
walls in a wide frequency range and to accurately analyze
the spectrum of the resultant waveform. For the latter purpose
of spectrum analysis, we have already developed a method
for estimating the spectral transition of heart sounds between
short-length signals of succeeding frames in low SNR cases
[1]. By applying this method to the analysis of multiframe
signals of the fourth heart sound obtained during a stress test,
significant differences between the spectral transition patterns
of 10 patients with myocardial infarction and 10 normal
subjects were clearly detected. However, when measuring a
heart sound from the chest wall of a patient, it is difficult to
avoid the influence of the transfer characteristics of the lung.
Thus, the heart sounds were detected by an accelerometer
placed in the esophagus [1]. However, esophageal probe
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placement is not well tolerated in unanesthetized patients.
Moreover, it is difficult to detect local vibrations of small areas
of various parts of the ventricle wall with such placement. It
is, therefore, desirable to use a probe placed on the chest wall
to transcutaneously detect small vibrations for each local area
by means of ultrasound.

Since motion detection based on the continuous-wave ultra-
sonic Doppler method was first demonstrated [2], numerous
elaborate techniques have been proposed for acoustic mea-
surement of the velocity of the blood flow in the heart or the
arteries based on the Doppler effect [3]–[11].

However, to measure heart wall vibration signals with small
amplitudes (less than 100 m) up to at least a few hundred
Hertz, the vibrations are superimposed on the motion with
large amplitudes (about 10 mm) of several Hertz resulting
from the heartbeat during one cardiac cycle. Thus, there are
large fluctuations (about 8 s) in the transit period of an
ultrasonic wave traveling from a transducer to the heart wall
and back during the period of one heartbeat. It is, therefore,
necessary to accurately identify the instantaneous position of
the heart wall.

In this paper, the term “vibration” is employed to describe
the rapid motion of the heart wall with small amplitude
including high-frequency components, which is difficult to
recognize by M (motion)-mode echocardiography. Thus, a
vibration is distinguished from a motion with large amplitude
and low frequency, the displacement of which can be displayed
in the M-mode image. A small vibration on the heart wall,
which is measured up to several hundred Hertz in this paper, is
analyzed not only in the time domain, but also in the frequency
domain, whereas the motion of the tissue or organs depicted in
standard echocardiography is analyzed only in the time domain
because it has only low-frequency components.

Various ultrasonic techniques for measurement of the motion
of tissue or organs using ultrasound have been reported in the
literature. The most widely employed technique is M-mode
echocardiography, in which the amplitude of each ultrasonic
pulse shows the slow motion of the structure along the
ultrasonic beam. However, the spatial resolution is limited to
several wavelengths, namely, more than 1 mm for ultrasound
of 3 MHz. The limit is determined by the length of the
ultrasonic RF pulse radiated by the ultrasonic transducer.
Moreover, to determine the displacement of organs as wave-
forms to be analyzed, it is necessary to trace the resultant wall
motion. However, this is not easily realized.

Several methods have been developed to measure changes
in the diameter of the arterial walls by tracking arterial
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wall motion, including only low-frequency components with
small amplitudes for detection of blood flow [12], [13], for
evaluation of elastic properties of the arterial walls [14]–[16],
for measurement of pressures [17], and for monitoring fetal
breathing [18].

A method has also been proposed and applied to measure
arterial wall motion having large amplitudes in which the zero-
crossing point of the echo signal from an arterial wall is
tracked for each transmitted RF pulse using the phase-locked
loop (PLL) technique [19]–[26]. In the method using the PLL
circuit, however, only the phase of the received RF signal
is considered and it is easily affected by additive noise as
pointed out in [27]. With each of these devices using the
PLL technique, experiments have shown that it is difficult
to lock onto and remain locked to the desired echo [27].
However, the reason has not been considered theoretically.
As will be pointed out in Section II-D of this paper, this
method has an essential drawback in that the displacement
is coarsely digitized at the sampling rate determined by the
clock frequency employed in the PLL circuit. An alternative
open-loop approach has been developed recently in which
the phase is detected at a fixed distance from the trans-
ducer to trace the motion of the layers [27]–[29]. In these
methods, an ultrasonic transducer is directly attached to the
epicardium.

Since the amplitude of the motion of the vessel walls is not
so large, the walls do not deviate from the selected sample
volumes during the cardiac cycle. For an artery with low
elasticity, however, the vessel walls deviate from the selected
sample volume. This disadvantage has been overcome by
letting the sample volume track the vessel walls based on the
assessed displacement [30]. The displacement waveforms and
the distension waveforms of the arterial walls are obtained and
then analyzed in the time domain. However, transcutaneous
measurement of the velocity signal on the heart wall has not
yet been realized. Moreover, the obtained waveforms have
not yet been analyzed as to their spectrum in the frequency
domain.

We have proposed, therefore, a noninvasive transcutaneous
method for measuring small vibrations on a local area of the
heart wall [32]. The demodulated signal of the received signal
is A/D converted at a sampling frequency of 1 MHz. From
the phase of the received echoes, a small vibration signal is
measured noninvasively using the ultrasonic Doppler method.
In this method, however, the object position is determined only
from the local maximum of the magnitude in the demodulated
received echo, and the spatial resolution in the tracking of the
object position highly depends on the sampling period of the
demodulated received signal.

This paper proposes a new method for accurately tracking
the heart wall movement using both the phase and magnitude
of the digitized demodulated signal to determine the instanta-
neous position of the heart wall, after which the velocity signal
is estimated. The resultant small vibration is analyzed not only
in the time domain, but also in the frequency domain. After
evaluating the validity of the proposed method by experiments
using a water tank, the proposed method is applied to the in
vivo detection of small vibration signals on the heart walls in

Fig. 1. Schematic representation of the transcutaneous measurement of a
heart wall vibration, v(t), from the chest wall using pulsive ultrasound based
on the standard procedure when the object position does not vary so much.

RF pulses with angular-frequency !0 = 2�f0 are transmitted at a time
interval of �T from an ultrasonic transducer on the chest surface. The
ultrasonic pulse reflected by the heart wall is received by the same ultrasonic
transducer. The output signal, z(t), is amplified and quadrature demodulation
is applied to the signal. The resultant complex signal is A/D converted at
a sampling period of Ts and then separated into response signals fy(x; t)g
for each transmitted pulse at a time t, where x denotes the distance of the
object from the ultrasonic transducer and where the spatial resolution �xs in
the depth direction is equal to Ts � c0=2. Since the phase �(x; t) of the
resultant sectional complex signal y(x; t) is given by 2!0x(t)=c0, from
the phase difference ��(x; t) between the demodulated signals y(x; t) and
y(x; t+�T ) of the received signals for the successively transmitted pulses
in the interval �T , the average velocity v(t) of the object during the period
�T is given.

humans in order to show the possibility of acoustic diagnosis
of the myocardium.

II. PRINCIPLE OF MEASUREMENT OF

SMALL VIBRATIONS ON A MOVING OBJECT

A. Standard Velocity Measurement

RF pulses with angular-frequency are transmit-
ted at a time interval of from an ultrasonic transducer
on the chest surface as shown in Fig. 1. Defining the acoustic
velocity as , the instantaneous distance of a moving object
from the ultrasonic transducer is denoted by ,
where is the instantaneous period required for one-way
transmission from the ultrasonic transducer to the object. The
ultrasonic pulse reflected by the object is received by the same
ultrasonic transducer. The output signal, , is amplified and
quadrature demodulation is applied to the signal. The resultant
complex signal is A/D converted at a sampling period of
and then separated into the response signals for each
transmitted pulse at a time , where denotes the distance
of the object from the ultrasonic transducer, and the spatial
resolution in the depth direction is equal to as
shown in Fig. 1.
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The phase of the resultant sectional complex signal
is given by the angular frequency multiplied by

twice the delay time in the one-way propagation from the
ultrasonic transducer to the object as follows:

(1)

The phase difference between the demodulated sig-
nals and of the received signals for the
successively transmitted pulses in the interval is given by

(2)

where is the movement of the
object in the period at a time , where it can be assumed
that the received interval almost coincides with the transmitted
interval of the ultrasonic RF pulses. By dividing the
movement by the period , the average velocity, denoted
by , of the object during the period is given
by the phase difference between the successively
demodulated signals and as follows:

(3)

This standard procedure can be employed only when the object
position does not vary much.

B. Tracking Object Position Using the Standard
Cross-Correlation Function

Since the object position changes by more than 10 mm,
for example, for the heart wall during one heartbeat period,
it is necessary to accurately track the instantaneous position

of the object for estimation of the vibration signal
of the object. The transmitted ultrasonic pulse has a finite
length of several microseconds when the ultrasonic frequency
is several megahertz. Thus, there is a pulse train consisting of
a few discrete points at which each reflective signal has large
magnitude as shown in the right-hand side of Fig. 1. Therefore,
it is not easy to determine the object position from the
magnitude of the demodulated signal . Moreover, there
is a large phase difference between the adjacent points in
a train when the object is moving. Thus, an error in the
determination of the object position introduces a large error
into the resultant vibration signal in (3). Therefore, it
is essential to accurately determine the instantaneous object
position .

In this paper, in order to accurately determine both phase
shift during the period and the instantaneous
object position , the following complex correlation is
introduced in the determination procedure of the movement,

, of the object position from the preceding sectional
data during the period .

At first, based on the standard least-square method, let
us define the normalized mean squared difference between
the demodulated complex signal and the
preceding signal by

(4)
where is the movement, to be determined, of the object
during the period of the succeeding pulses, is the range

around the previous object-position where
the above difference is evaluated, and is the change
in complex amplitude from to .
The range corresponds to the length of the RF pulse
transmitted from the ultrasonic transducer. From (A9) in
Appendix A, the minimization of is achieved by

(5)

where denotes the complex conjugate. For this value of
, the minimum is given by

(6)

from (A11) in Appendix A. The term
in the numerator of (6) corresponds to the

magnitude of the complex cross-correlation function between
and .

However, when the received complex signals and
are described by the damped sinusoidal signals as

shown in Fig. 2, the above standard correlation procedure does
not uniquely determine the delay of the signal
from as described below. Let us assume that the
received complex signals and are digitized
and are given by the following simple model:

(7)

(8)
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Fig. 2. The waveforms of a simple model of the received
complex signals y(x; t) and y(x; t + �T ). The real and
imaginary components are indicated by and �, respectively. (a)

y1(n)
def
= y(x; t)jx=n = z

n

0 � w(n) = e
�0:1nfcos (2�n=9) +

j sin (2�n=9)g � w(n) in (7). (b) y2(n)
def
= y(x; t + �T )jx=n =

z
n+n
0 �w(n+n0) = e

�0:1(n+5)fcos [2�(n+5)=9]+j sin [2�(n+5)=9]g �
w(n + 5) in (8).

where is the complex constant, is the delay of
from , and is the step function defined by

(9)

When is and , the waveforms of
and are shown in Fig. 2(a) and (b), respectively.

For this simple model, the minimum in (6) of the
normalized mean squared difference between these signals is
calculated using the real function , the real constant ,
and the complex function derived in Appendix B. From
(A10), the minimum of (6) is given by

(10)

For the case , by substituting (B2), (B4), and (B6)
in Appendix B into (10)

(11)

For the case , by substituting (B3), (B4), and (B7)
into (10)

(12)

The characteristics of the minimum of (11) and
(12) are shown in Fig. 3(a). For the case , by
setting in (4) by , is always zero.
Thus, it is difficult to uniquely determine the true value
of from the curve of obtained by the standard
complex correlation approach.

Fig. 3. (a) The characteristics of the minimum �
nMIN(�x) of (11) and (12),

which are derived from the standard normalized mean squared difference
between the signals in Fig. 2(a) and (b). For the case �x � �n0 = �5,
�
nMIN(�x) is zero. Thus, it is impossible to uniquely determine the true

value �n0 of �x from �
nMIN(�x). (b) The characteristics of the minimum

�MIN(�x) of (19) and (20), which are derived by introducing the restriction
into the normalized mean squared difference between the signals in Fig. 2(a)
and (b). The �MIN(�x) takes the minimum only at the true lag of �5. Thus,
the introduction of the restriction is effective in determination of lag between
these complex signals.

C. Tracking Object Position Using the
Constraint Least-Squares Method

As described above for the simple example, the waveform
of fits well with for many candidates of

if the fitness is evaluated by the normalized mean squared
difference defined in (4). To solve the above problem, let us
introduce the constraint least-squares method [31] by which
the phase change rather than the magnitude change between
these signals is evaluated. Let us redefine the normalized mean
squared difference of (4) between the demodulated complex
signal and the preceding signal by

(13)

where is the phase change from to
. The magnitude of is restricted to be one. This

restriction is realized by introducing the Lagrange multiplier
into the second term in the right-hand side of (13). As

described in Appendix C, the minimization of under
the restriction is achieved by

(14)
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See (C15) in Appendix C. For this value of , the
minimum is given by

(15)

from (C17) in Appendix C. By introducing the restriction, a
solution quite different from (6) of the nonrestricted definition
in (4) is obtained. The second term of (15) corresponds to
the magnitude of the normalized cross-correlation function
between and .

Let us denote , by which takes the
minimum, that is

(16)

For this , the phase change during the period is
determined and the average velocity in (3) is given by

(17)

where denotes the phase value in the radian of .
By multiplying the resultant velocity by the
period , the next object position is estimated by

(18)

From the resultant object position and the velocity
, the object position and the vibration velocity

on a large amplitude motion are simultaneously determined.
For the simple model described in (7) and (8), the minimum

is calculated as follows. By substituting ,
, and obtained in (B2)–(B6) of Appendix B into

of (C16) in Appendix
C, for the case

(19)

and for the case

(20)

The characteristics of the minimum of (19) and (20)
are shown in Fig. 3(b). As shown in this curve,
takes the minimum only at the true lag of . Thus, by
introducing the restriction into the cost function into (13),

the lag between the successively received complex signals is
uniquely determined.

The demodulated signal is A/D converted at a sampling
interval of . Nevertheless, the resultant estimate of the
next object position in (18) is represented not by a discrete
value, but by the continuous value in the above procedure
because the instantaneous velocity is given from the
phase difference in (3). When the velocity is assumed
to be 5 mm/s, for example, and the time interval of
the transmission of the RF pulses is s, the displacement

of the object is m during the time
interval , which is much less than the spatial resolution

m of Fig. 1 in the depth direction
when the sampling period is 1 s. Even if the sampling
period of 100 ns is employed, the resultant spatial resolution

m is still larger than the displacement of m.
Thus, an accurate tracking of the object is realized by this
method.

If the maximum value of the velocity is 0.1 m/s, the
displacement of the object during the time interval
is m, which is comparable with the spatial resolution of

m in the depth direction when the sampling
period of ns is employed. If the object position
is on the boundary of the sampling interval of , this
displacement is not negligible and the possible values of
are , , and for this case. For the case of

s, however, the spatial resolution is m and the
above-mentioned displacement of the object is neglected. For
this case, the proposed method does not differ from the
conventional complex autocorrelation procedure except for the
recursive adjustment of the sample window position based on
the displacement estimated by integration of the instantaneous
velocity.

D. Theoretical Comparison Between the Proposed
Method and the PLL-Based Method

In our method, by applying the constraint least-square
method to the demodulated reflected signal
and the preceding signal , the motion of the object is
accurately tracked from the phase at the peak position

of the resultant complex correlation functions.
The proposed method differs from previous tracking meth-

ods in the following ways. In the standard cross-correlation-
based method, as described in [11], it is well known that
the velocity of the blood flow is obtained from the cross
correlation if the blood vessel is at rest, that is, if the position of
the region of interest is unchanged. For the problem described
in this paper, however, there is a motion with large amplitude
and the next object position is estimated from the displacement
of the object by multiplying the resultant velocity by the
time interval of the transmitted pulses. Thus, the spatial
resolution in the estimation of the object displacement is
achieved in less than several micrometers in this paper, which
corresponds to the cases where the reflected signal is A/D
converted with a sampling period of less than several ns (
several micrometers/sound speed), which cannot be realized at
present by the digitization of the data because a huge scaled
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Fig. 4. An illustration explaining theoretical limitations in the estimation of
the velocity of an object by 1) the previous PLL-based method and 2) the
method proposed in this paper: (a) for the signal at a time t, (b) an example
of the succeeding signal at a time t +�T , and (b0) another example of the
succeeding signal at a time t + �T .

memory is necessary for continuous digitization for periods of
several heartbeats.

As shown in Fig. 4(2), based on the sampling theorem, the
absolute magnitude of the phase difference during the time
interval must be less than . Let us assume that the
magnitude and the phase of the complex signal is
represented by Fig. 4(2)(a) at a time . At the next time,
of the case in Fig. 4(2)(b), the velocity is correctly determined,
while for the case Fig. 4(2)(b ) the phase difference

is equal to , which corresponds to the upper limit.
From (17), this condition determines the upper limit in
the velocity estimation as follows:

(21)

Fig. 5 explains the relationship between the true velocity and
the velocity estimates. The upper limit of (21) is shown
by the upper horizontal line in Fig. 5. For the case where
the absolute value of the velocity is less than the upper limit

, the velocity is correctly estimated by the proposed
method as shown by the broken line in the same figure.

Fig. 5. Theoretical comparison of error and the limitation jv̂maxj in the
estimation of the velocity of an object by the previous PLL-based method
and the method proposed in this paper. The upper limit jv̂maxj of (21) and
(22) is shown by the upper horizontal line. For the case where the absolute
value of the velocity is less than the upper limit jv̂maxj, the velocity is
correctly estimated by the proposed method as shown by the broken line.
In the PLL-based method, however, the object displacement during the time
interval �T is digitalized at a time interval 1=fCLK , that is, the spatial
resolution is 1=fCLK � c0=2 in the depth direction, as shown by the solid
line. There is a quantization error which is not negligible.

On the other hand, let us consider the upper limit in
the previous PLL-based method. In the PLL-based method,
the zero-cross timing of the successively received RF signal

is searched for around the position which was
determined for the previously received RF data by a
digital circuit with the clock frequency as shown in
Fig. 4(1).

Thus, if the object displacement during the interval is
more than as shown in the relationship between
Fig. 4(1)(a) and (1)(b ), the sampling theorem does not hold.
Thus, the upper limit of this PLL-based method is described by

(22)

which of course coincides with that of (21). In the PLL-based
method, however, the object displacement during the time
interval is digitalized at a time interval , that is,
the spatial resolution is in the depth direction,
as shown by the solid line in Fig. 5. There is a quantization
error.

For example when s, MHz,
m/s, s, and MHz, the upper limit
in (21) and (22) is equal to 0.469 m/s. The quantization error in
the search for the zero-crossing point in the PLL-based method
is equal to 0.188 m/s which is 40% that of . This error
is not negligible even for the case MHz.

As described above for the PLL technique, the spatial
resolution of the tracking is limited to the clock frequency
( several tens of megahertz) of the employed circuit. Thus,
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the PLL technique cannot reach the spatial resolution obtained
by the method proposed in this paper. The method proposed
herein makes it possible to continuously transcutaneously
measure the small vibration signals on a motion with a large
amplitude resulting from the heartbeat in a wide frequency
range.

III. A MEASUREMENT SYSTEM

In order to realize the procedure proposed in Section II-C,
a high-speed A/D converter with a large-scale memory and a
workstation are employed to analyze the complex signal, ,
resulting from the quadrature modulation of the signal
received by the sector-type ultrasonic transducer in the stan-
dard ultrasonic diagnostic equipment (Toshiba SSH-160A).
In the diagnostic equipment, the standard B-mode cross-
sectional image and M-mode image are displayed to identify
the measurement points on the heart wall. The frequency
of the transmitted ultrasound and repetition interval of
the transmission of the ultrasonic pulses are employed as 3.75
MHz and 222 s, respectively, in the experiments detailed in
Sections IV, V, and VI.

The signal, , received by the ultrasonic transducer
is amplified and demodulated by the ultrasonic diagnostic
equipment. The resultant real signal, , and imaginary
signal, , are simultaneously A/D converted with a two-
channel 12-b A/D converter at a sampling rate of . The
sampling rate in the system is variable from 1 to 10 MHz,
and herein 1 MHz is employed in the following experiments.
In the A/D converter employed, the length of each signal
is limited to 1 046 000 points ( 1 megawords). However,
by digitizing the real and imaginary signals only for the
period of length where the signal reflected at the object
is received by the ultrasonic transducer, the effective length
of the digital signal in the A/D converter is increased from
one second to several seconds ( several beat periods). For
this intermittent digitization, the sampling clock of 1 MHz
is generalized only for the period by an external signal
generator, which is completely synchronous with the master
clock of the ultrasonic diagnostic equipment. The demodulated
clock is also synchronous with the master clock.

Then, by applying the proposed method described in Section
II-C to the resultant digital signals, the velocity signal, denoted
by , is obtained at the workstation, which is connected
with the A/D converter via a GPIB interface. The electrocar-
diogram (ECG) and phonocardiogram (PCG) are also digitized
so that their timing is synchronous with that of the ultrasonic
wave transmission from the transducer. The total time from
the beginning of the A/D conversion to the display of the
waveform on the display is several minutes.

IV. VALIDATION EXPERIMENTS USING A WATER TANK

To confirm the principle of the proposed method, a small
vibration signal of a rubber plate in a water tank as
shown in Fig. 6 is estimated from the signal received by an
ultrasonic transducer. A motion with a large amplitude ( 7.5
mm, 1 Hz), which corresponds to heartbeat, is generated by
the rotation of an eccentric cam. A vibration with a small

Fig. 6. An experimental system which simulates the vibration on the ventri-
cle wall with a heartbeat of large amplitude using a vibrator and a motor with
an eccentric cam. The motor with the eccentric cam generates motion having
a large amplitude of �7.5 mm and a frequency of 1 Hz which corresponds to
a heartbeat. The vibrator imposes a small amplitude vibration ranging from
30 to 1000 Hz with amplitude of 20 �m peak to peak on this motion.

amplitude, which corresponds to the vibration on the wall of a
ventricle, is generated by a vibrator (Brüel & Kjær, 4810) on
the eccentric cam. In this experiment, the vibrator is excited
by band-limited noise ranging from 30 to 1000 Hz with an
amplitude of 5 V . The vibrator generates displacement of
the rubber plate which corresponds to the input voltage signal.
The amplitude of the corresponding displacement due to the
vibrator is about 20 m peak to peak.

Fig. 7(a)–(c) shows the standard B-mode cross-sectional
image, the velocity, and M-mode images, respectively, which
are obtained by the standard ultrasonic diagnostic equipment.
As found in Fig. 7(b), the velocity of the rubber object cannot
be obtained for the whole period, since the measured point is
fixed in space and the length of the sample volume is shorter
than the amplitude of the motion due to the eccentric cam. The
motion with large amplitude is shown in the M-mode image of
Fig. 7(c), however, the waveform of the small vibration due
to the generator cannot be recognized. One of the purposes
of this paper is to measure the small vibration signal, which
should be within the thickness of the curved line due to the
motion of Fig. 7(c) in the M-mode image.

By applying the proposed method in Section II-C to the
digital signals in the measurement system described in Section
III, the velocity signal, denoted by , is obtained. The
input voltage signal of the vibrator and the output signal

of a laser Doppler velocimeter (Ono Sokki LV1300,
Hakusan 1-16-1, Midori-ku, Yokohama, Japan) are also A/D
converted simultaneously.

Fig. 8 shows the results of these experiments. Fig. 8(b)
shows the input signals of the vibrator. Fig. 8(a) shows
the estimates of the object motion obtained by the
proposed method in (18), which is superimposed on the M-
mode image generated from the magnitude of the demodulated
received signal . In these experiments, since the length
of the transmitted RF signal is about 3 s, the range
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Fig. 7. Results obtained by standard ultrasonic equipment in the experiments on the detection of the vibration signals on the rubber plate of the vibrator
on the eccentric cam in the water tank of Fig. 6. (a) B-mode image showing the cross-sectional image around measured point A: The scale of the vertical
and that of the horizontal axes are 1 cm, and (b) the velocity measured at a fixed position of the sample volume, which is indicated at point A in (a).
The scales of the vertical axis and the horizontal axis are 0.05 m/s and 100 ms, respectively, and (c) the M-mode image showing the slow motion on
the axis across point A. The scale of the vertical axis is 1 cm in depth.

employed in the calculating correlation function in (13) is 1
point in length. The tracking result of point exactly
coincides with the M-mode image as shown in Fig. 8(a).

Fig. 8(d) shows the vibration velocity signal esti-
mated by the proposed method in (17). The amplitude of
the signal in Fig. 8(d) is similar to that of the signals

obtained by laser Doppler velocimeter in Fig. 8(c). A
high-pass filter with a cutoff frequency of 0.5 Hz is employed

in the laser Doppler velocimeter. Due to this filter, it is
experimentally found that there is a time delay of about 850
ms only for the low-frequency component of 1 Hz generated
by the rotation of the eccentric cam. By considering the
time delay, these waveforms of and almost
completely coincide in the low-frequency components.

To compare the high-frequency components of these signals,
Fig. 9(a)–(c) shows the waveforms of the input voltage signal
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Fig. 8. Estimation results using the experimental system shown in Fig. 6:
(a) the object motion x̂(t) estimated by the proposed method, superimposed
on the M-mode image, obtained by the magnitude of the received signal,
(b) input voltage signal Vinput(t) of the vibrator by which a vibration of
band-limited noise ranging from 30 to 1000 Hz with an amplitude of 20 �m
peak to peak is generated, (c) the velocity signal vlaser(t) obtained by laser
Doppler velocimeter, and (d) the vibration velocity signal v̂us(t) estimated
by the proposed method.

of the vibrator, the output signal of a laser
Doppler velocimeter, and the vibration velocity signal
estimated by the proposed method, respectively, during the
period from 6.27 to 6.33 s in Fig. 8. Though there is a slight
difference in amplitude of these signals, their waveforms are
similar. The result in Fig. 9(b) obtained by the laser Doppler
is correct as to amplitude. In the proposed procedure using
the ultrasonic Doppler, however, the instantaneous velocity

is obtained from (3) by assuming that there is only one
frequency component with a center frequency component of

in the employed ultrasonic wave. However, the
pulsive ultrasonic wave has a frequency band of about 1
MHz around the center frequency. At the same time, there is
larger attenuation for the higher frequency components of the
ultrasonic wave. Thus, the velocity in Fig. 9(c) obtained by the
ultrasonic Doppler-based method is slightly underestimated.

To quantitatively evaluate the correlation at each fre-
quency among the estimated signal in Fig. 8(d),

in Fig. 8(c), and in Fig. 8(b), the following
squared magnitudes of coherence functions and

are evaluated:

(23)

(24)

where , , and are the spectra of ,
, and , respectively. The term denotes the

average operation. There are 27 averaging operations in this
experiment. The squared magnitude of coherence function
quantitatively evaluates the correlation between the two signals
for each frequency component [33]. If the squared magnitude
of coherence function, , between two signals is equal
to one, there is complete correlation between these signals for
the frequency component . That is, one signal is completely

Fig. 9. To compare the high-frequency components of the waveforms in
Fig. 8, (a)–(c) show the waveforms of the input voltage signal Vin(t) of
the vibrator, the output signal vlaser(t) of a laser Doppler velocimeter,
and the vibration velocity signal v̂us(t) estimated by the proposed method,
respectively, during the period from 6.27 to 6.33 s in Fig. 8.

Fig. 10. (a) The squared magnitude of coherence function jin$us(f)j
2

between Vin(t) and v̂us(t), (b) the magnitude of the transfer function
Hin!us(f) from the input signal Vin(t) to v̂us(t) estimated by the proposed
method in the frequency range up to near the Nyquist frequency 1=�T , and
(c) the phase characteristics of the transfer function Hin!us(f).

described by the other signal and the linear relationship
between them.

At the same time, the transfer function from
to and the transfer function from
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Fig. 11. (a) The squared magnitude of coherence function jlaser$us(f)j
2

between vlaser(t) and v̂us(t), (b) the magnitude of the transfer function
Hlaser!us(f) from vlaser(t) to v̂us(t) estimated by the proposed method,
and (c) the phase characteristics of the transfer function Hlaser!us(f ).

to are obtained as follows [33]:

(25)

(26)

Fig. 10(a)–(c), respectively, shows the resultant squared
magnitude of coherence function between

, and , and the magnitude and the phase of the
transfer function from the input signal to

in the frequency range up to near the Nyquist frequency
. Fig. 11(a)–(c), respectively, shows the resultant

squared magnitude of coherence function
between and , and the magnitude and the
phase of the transfer function from
to .

From Figs. 10(a) and 11(a), the squared magnitude of
coherence function is almost one from 30 Hz to 1 kHz. There
are, therefore, linear relationships between and
and between and . The input signal
does not include low-frequency components less than 30 Hz,
while for , the low-frequency components less than 100
Hz resulting from rotation of the eccentric cam are included.
Thus, in Fig. 10(a) is almost zero in the low-
frequency range less than 100 Hz, in which low-frequency
movements due to the eccentric cam are not negligible. How-
ever, since there are low-frequency components with large

Fig. 12. The average values �in$us and �laser$us of the squared mag-
nitude of coherence functions jin$us(f)j2 and jlaser$us(f )j

2, respec-
tively, for various values of �x of the range R = [x(t)��x; x(t) + �x]
employed in (13). (a) The average values from the frequency ranges from 1
Hz to 1 kHz and (b) the average values from the frequency ranges from 900
Hz to 1 kHz. The optimum value of �x is �1 point in length, that is, the
range R corresponds to about �0.75 mm around the previously determined
object position x(t).

amplitude due to the eccentric cam in both and
, in Fig. 11(a) is almost one even in

the low-frequency range.
From Fig. 10(c), the phase characteristics are described by

an almost straight line in the frequency range from 100 Hz
to 1 kHz. Though the phase characteristics
in the low-frequency components of Fig. 11(c) are affected
by the high-pass filter of 0.5 Hz employed in the laser
Doppler velocimeter, the magnitude of the transfer function

of Fig. 11(b) is almost flat in the frequency
range from 1 Hz to 1 kHz. There are differences from the
optimum characteristics (flat magnitude and linear phase)
of the transfer function. However, these differences can be
corrected because the squared magnitude of coherence is
almost one in the frequency range less than 1 kHz. From these
experimental results, it is confirmed that the small vibration
on the large motion is successfully detected by the proposed
method in the frequency range from 1 to 1000 Hz.

Fig. 12 shows the average values, respectively denoted by
and , of the squared magnitude of coherence

functions and for various values
of of the range employed
in of (13). Fig. 12(a) and (b) shows the average
values for the frequency ranges from 1 Hz to 1 kHz and from
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Fig. 13. A standard B-mode image showing the cross-sectional area around the two measured points, (A) and (B), in an in vivo experiment for the detection
of vibrations on the interventricular septum of the left ventricle (LV) of a 23-year-old male patient with acute lymphoblastic leukemia who has been treated
with antracenadiones. Points (A) and (B) are on the RV and LV surfaces of the interventricular septum, respectively. The ultrasonic beam passing through
the two points is almost perpendicular to the septum during the measurements.

900 Hz to 1 kHz, respectively. For the frequency range from
900 Hz to 1 kHz in Fig. 12(b), the results vary remarkably.
For the case of , the range where the constraint
cross-correlation function is evaluated has only one point and
the velocity estimates are easily affected by additive noise.
As range increases, the effect of noise is decreased. At
the same time, the spatial resolution is also decreased. From
Fig. 12, it is found that the optimum value of is 1
point in length, that is, range corresponds to 0.75 mm
around the previously determined object position . This
value of 1 is employed in the following in vivo
experiments.

V. IN VIVO DETECTION OF HEART WALL VIBRATIONS

In order to noninvasively diagnose myocardial damage by
adriamycin injection based on the acoustic characteristics of
the myocardium, let us try to measure the small vibration
signals on the heart wall from the precordium and apply spec-
trum analysis to the resultant vibration signals. It is, however,
difficult to measure a small vibration signal with an amplitude
less than 100 m with the previously developed methods
because such a small vibration is superimposed on the large
motion resulting from a heartbeat with an amplitude of about

10 mm. For this problem, we apply the proposed method
for noninvasive measurement of small vibration signals on the
interventricular septum as follows.

First, the proposed method is applied to the detection
of a vibration signal on the interventricular septum of a

23-year-old male patient with acute lymphoblastic leukemia
who has been treated with antracenadiones. Fig. 13 shows
the B-mode image around two measured points, ( ) and
( ). This image is obtained by standard ultrasonic diagnostic
equipment. Points ( ) and ( ) are on the surface of the right
ventricular (RV) side and the left ventricular (LV) side of
the interventricular septum, respectively. The ultrasonic beam
passing through points ( ) and ( ) is almost perpendicular to
the interventricular septum as shown in Fig. 13.

Fig. 14(b) and (c) shows the ECG and the heart sound
(PCG), respectively. The tracking results and ,
estimated by (18) of the movement of points ( ) and ( )
are superimposed on the M-mode image in Fig. 14(a), which
was obtained from the magnitude of the demodulated received
signals. Fig. 14(d) and (e) shows the estimates of the vibration
velocity signals and of the tracked points
and , respectively. The resultant vibration signals are
sufficiently reproducible for the six heartbeat periods as shown
in Fig. 14(d) and (e).

For the systolic phase, where the ventricular contraction
begins near the peak of the R-wave of the ECG, the velocity
estimates and of the septum have positive values
after negative steep peaks as shown in Fig. 14(d) and (e); that
is, the septum moves in the opposite direction of the ultrasonic
transducer on the chest wall. The amplitude of on the
LV side is a little greater than that of on the RV side,
especially in the systolic phase. This is due to the thickness
change of the interventricular septum.
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Fig. 14. In vivo experimental results of the vibration at points (A) and (B)
on the RV and the LV surfaces of the interventricular septum, respectively,
in Fig. 13: (a) the tracking results x̂A(t) and x̂B(t) in (18) of the points A
and B. These results are superimposed on the M-mode image, (b) the ECG,
(c) the PCG, (d), (e) the estimates of the vibration velocity signals v̂A(t)

and v̂B(t) of points A and B, and (f) the change in thickness, ĥAB(t), of
the interventricular septum given by (27). The waveform of ĥAB(t) is also
reproducible for the six heartbeat periods.

Fig. 14(f) shows the thickness change, , of the
interventricular septum from the thickness at the timing of
the R-wave of ECG. is given by

(27)

The waveform of is also reproducible for the six
heartbeat periods. For the systolic phase, the interventricular
septum becomes about 1 mm thicker than that of the diastolic
phase.

The waveforms of ECG, PCG, , and of Fig. 14
from a P-wave to the next P-wave in the succeeding heartbeat
are separated. The results for the first five heartbeats in Fig. 15
are overlaid and shown in Fig. 14. From Fig. 15(c) and (d), the
reproducibility of and is qualitatively confirmed
at least for the low-frequency components less than 20 Hz
with large amplitude resulting from the heartbeat.

To quantitatively evaluate the reproducibility of the sim-
ilarity of the signals , for
each frequency component of , the following reproducibil-
ity function is introduced by (D5) as described in

Fig. 15. The waveforms of ECG, PCG, v̂A(t), and v̂B(t) of Fig. 14 from
a P-wave to the next P-wave in the succeeding heartbeat are separated. The
results for the first five heartbeats in Fig. 14 are overlaid and shown: (a) the
ECG, (b) the PCG, (c) and (d) the estimates of the vibration velocity signals
v̂A(t) and v̂B(t) of points A and B. The reproducibility of v̂A(t) and v̂B(t)
is qualitatively confirmed at least for the low-frequency components.

Appendix D:

(28)

where is the Fourier spectrum of . Similar to the
squared magnitude of the coherence function, also
has a value from zero to one. If is equal to one,

waveforms completely coincide for the frequency
component of . If is zero, there is no correlation
among for the frequency components of .

The solid lines in Fig. 16(a) and (b) show the reproducibility
function, , evaluated for the components around the
second heart sounds of the vibration signals and of
the first five heartbeats in Fig. 14(d) and (e), respectively. Each
spectrum is obtained by applying the fast Fourier transform
(FFT) to and for the period of 100 ms around the
second heart sound of each heartbeat. For these results, there
is a high correlation between these small vibration signals for
five heartbeats up to at least 100 Hz. Thus, the reproducibility
of the measured vibrations is quantitatively confirmed.

The solid lines in Fig. 16(c) and (d) show the average
power spectra of the signals and of the first five
heartbeats in Fig. 14(d) and (e), respectively. The analyzed
periods are same as those in Fig. 16(a) and (b). The minimum
and maximum values of the power spectra of the vibration
signals for five heartbeats are shown by the vertical bars for
each frequency. As shown in these figures, there are large
components in the low-frequency range less than 25 Hz, which
correspond to the motion due to the heartbeats. However,
there is enough reproducibility even for the high-frequency
components from 25 to 90 Hz. The frequency component at
90 Hz is less than the maximum component at 10 Hz by
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Fig. 16. (a) and (b) The solid lines show the reproducibility function,
j0(f)j2, of the small vibration signals v̂A(t) and v̂B(t) for the first five
heartbeats in Fig. 14(d) and (e), respectively. Each spectrum is obtained
by applying FFT to v̂A(t) and v̂B(t) for the period of �100 ms around
the second heart sound for each heartbeat, where the Hanning window is
employed. There is a high correlation between these small vibration signals
for five heartbeats up to at least 100 Hz. The broken lines show the squared
magnitude of the standard coherence function between v̂A(t) and PCG and
between v̂B(t) and PCG, respectively. The small vibration detected on the
interventricular septum at the timing around the second heart sound has a high
correlation with the second heart sound. (c) and (d) The average power spectra
of v̂A(t) and v̂B(t), respectively. The analyzed periods are the same as those
in (a) and (b). The vertical bar for each frequency shows the minimum and
maximum values of the power spectra of the vibration signals.

Fig. 17. The squared magnitude of the standard coherence function,
jAB(f)j2, between v̂A(t) of Fig. 14(d) and v̂B(t) of Fig. 14(e) at the
period �100 ms around the second heart sound. There is a correlation
between these small vibration signals of both sides of the interventricular
septum up to at least 100 Hz.

about 25 dB; that is, the amplitude of the components at
90 Hz is 1/20 that of the components at 10 Hz. For these
small vibration components, which are within the thickness

Fig. 18. (a) and (b) PCG and ECG measured when fvB(t)g of (c) are
obtained. (c) and (d) The vibrations fvB(t)g at the LV side of the in-
terventricular septum of a presumedly healthy 22-year-old male volunteer,
where the measured point B is selected in the cross-sectional image along
the longitudinal axis and the short axis, respectively, of the heart. The
small vibration signals of six heartbeats are overlaid in each figure and the
waveforms are shown for the period around the second heart sound. (e) and (f)
Average power spectra of the signals in (c) and (d), respectively. The average
power spectra of the vibration signals for six heartbeats are shown by the
solid lines. The minimum and maximum values of the vibration signals for
six heartbeats are shown by the vertical bars for each frequency component
in the power spectra. The waveforms in (c) are similar to those in (d). The
power spectrum in (e) is also similar to that in (f).

of the overlaid curves in Fig. 15(c) and (d), the waveform is
accurately measured by the proposed method.

The broken lines in Fig. 16(a) and (b) show the squared
magnitude of the standard coherence function between
and PCG and between and PCG, respectively. It is
known that the second heart sound is generated due to the
closure of the aortic valve [34]. The small vibration on the
interventricular septum measured here has a high correlation
with the second heart sound, which is a clue for identifying
the origin of the heart wall vibration detected here.

Fig. 17 shows the squared magnitude of the standard co-
herence function, , between and at the
period 100 ms around the second heart sound. There is a
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Fig. 19. The waveforms of the vibration signal on the LV side of the interventricular septum of three presumedly healthy young male volunteers and their
average power spectra. (a) A presumedly healthy 22-year-old male volunteer; eight heartbeats overlaid, (b) a presumedly healthy 26-year-old male volunteer;
five heartbeats overlaid, and (c) a presumedly healthy 22-year-old male volunteer; six heartbeats overlaid. The waveforms of the several heartbeats are overlaid
and are shown at the moment of the second heart sound emission. For each subject, the reproducibility is quantitatively confirmed up to 100 Hz. For the power
spectra, the employed liens are shown by a format similar to that in Fig. 18(e) and (f). The waveforms and power spectra of these volunteers are similar.

correlation up to at least 100 Hz between these small vibration
signals on both sides of the interventricular septum.

As shown in Fig. 13, measured points ( ) and ( ) on
the interventricular septum are selected in the cross-sectional
image along the longitudinal axis of the heart. The direction of
the ultrasonic beam passing through the measurement points
is selected to be almost perpendicular to the interventricular
septum during the measurements. There may be, however,
complex movement in the heart wall during the period of
one heartbeat. Although the ultrasonic beam is perpendicular
to the septum during the measurement in the cross-sectional
image along the longitudinal axis, it is not guaranteed that the
ultrasonic beam is perpendicular to the wall surface because
it is probable that the ultrasonic beam tilts in the cross-
sectional image along the short axis. Thus, the small vibration
is also measured for the point selected in the cross-sectional
image along the short axis of the heart and is compared
with that for the longitudinal axis as follows. Fig. 18(c) and
(d) shows the small vibrations at the LV side of
the interventricular septum of a presumedly healthy 22-year-
old male volunteer, where the measured point B is selected
in the cross-sectional image along the longitudinal axis and
the short axis, respectively. The small vibration signals of
six heartbeats are overlaid in each figure and the waveforms
are shown for the period around the second heart sound in
Fig. 18(a). Fig. 18(e) and (f) shows the average power spectra
of the signals in Fig. 18(c) and (d), respectively. The average
power spectra of the vibration signals for six heartbeats are
shown by the solid lines. The minimum and maximum values
of the vibration signals for six heartbeats are shown by the
vertical bars for each frequency component in the power
spectra. For the frequency components less than 80 Hz, the

vertical bar is very short, that is, sufficient reproducibility is
obtained. The waveforms in Fig. 18(c) are similar to those in
Fig. 18(d). At the same time, the power spectrum in Fig. 18(e)
is also similar to that in Fig. 18(f). From these results, it is
found that the ultrasonic beam is perpendicular to the wall
plane of the interventricular septum during the measurements.
Thus, the small vibration signal of the interventricular septum
is measured with sufficient reproducibility by selecting the
ultrasonic beam passing through the measured points so that it
is perpendicular to the heart wall in the cross-sectional images
along the conventional longitudinal axis or the conventional
short axis of the heart.

VI. COMPARISON OF HEART WALL VIBRATIONS

BETWEEN NORMAL SUBJECTS AND PATIENTS

Fig. 19 shows the waveforms of the small vibration sig-
nals on the LV side of the interventricular septum of three
presumedly healthy young male volunteers and their aver-
age power spectra. The waveforms of several heartbeats are
overlaid and shown at the moment of the emission of the
second heart sound. The horizontal center in Fig. 19(a-1)–(c-1)
corresponds to the moment of the emission of the second heart
sound. For each subject, the reproducibility is quantitatively
confirmed up to at least 100 Hz using the reproducibility
function of (28). For the power spectra, the employed
lines are the same format as those in Fig. 18(e) and (f). By
comparing Fig. 19(a-1)–(c-1) and (a-2)–(c-2), it can be seen
that the waveforms and power spectra of these three volunteers
are similar.

For three patients with acute lymphoblastic leukemia who
have been treated with antracenadiones (mitoxantrone), the
waveforms of the vibration signals on the LV side of the
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Fig. 20. The waveforms of the small vibration signals on the LV side of the interventricular septum for three patients with acute lymphoblastic leukemia
who have been treated with antracenadiones (mitoxantrone), and their average power spectra. (a) A 32-year-old male patient; eight heartbeats overlaid; the
measurement was performed two months before his death. (b) The same patient as (a); eight heartbeats overlaid; the measurement was performed three months
before the measurement of (a). (c) A 23-year-old male patient; five heartbeats overlaid; this subject is also represented in Figs. 13–17. (d) A 25-year-old
female patient; six heartbeats overlaid. For the waveforms of these patients, high-frequency components higher than 50 Hz are decreased.

interventricular septum and their average power spectra are
shown in Fig. 20. The subject in Fig. 20(c) is the same as
that represented in Figs. 13–17. The subjects in Fig. 20(c) and
(d) are in complete remission. The subject in Fig. 20(b) was
in the hospital. Three months after the measurement of the
waveforms in Fig. 20(b), the waveforms in Fig. 20(a) were
measured for the same patient. Then about two months after
the last measurement, the subject died. For the four waveforms
of these patients, the frequency components higher than 50
Hz are less as compared with the power spectra in Fig. 19.
Especially for the waveforms in Fig. 20(a-1), only the low-
frequency components less than 50 Hz are included. For
the subject in Fig. 20(d-1), the components lower than 30
Hz are decreased. For the subject in Fig. 20(c-1), the power
is still large for the frequency components up to 80 Hz.
However, the waveforms during the isovolmetric relaxation
period, which begins just after the moment of the second
heart sound emission, are different from those for the healthy
volunteers in Fig. 19.

To quantitatively evaluate the decrease of the vibration
power of the patients from those of the healthy volunteers,
three kinds of average power, dB from dc to 30 Hz,
dB from 30 to 60 Hz, and dB from 60 to 100 Hz, are
calculated from the average power spectra in Figs. 19 and 20.

The distribution of the resultant values of the average power,
, , and , is indicated by circles for the three healthy

subjects and by x’s for the patients in Fig. 21. As shown in

Fig. 21. Distribution of the three values of the average power, P1 dB from
dc to 30 Hz, P2 dB from 30 to 60 Hz, and P3 dB from 60 to 100 Hz for
each patient, denoted by x’s, of Fig. 20 and each healthy volunteer, denoted
by circles, of Fig. 19. The power of the heart wall vibrations of patients is
decreased by at least several dB in comparison with those of the healthy
subjects.

Fig. 21, the power of the vibration of all patients is decreased
by at least several dB as compared with that of the healthy
subjects.

Myocardial physical properties have been reported to
change sensitively under various pathological conditions. In
a study using an isolated canine left ventricle with regional
ischemia, the instantaneous impedance frequency curve [35]
changed from a single-peak configuration to a double-peak
configuration after the cessation of coronary flow and returned
to the single-peak configuration with the recommencement of
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coronary flow [36]. The difference between the power spectra
in Fig. 19 and those in Fig. 20 corresponds to the changes in
the acoustical characteristics of the local myocardium due
to the injection of mitoxantrone. Mitoxantrone has been
reported to have an adverse cardiotoxic effect, which results
in irreversible diffuse myocardial fibrosis at cumulative or
high doses.

Taking these experimental results into account, the method
proposed in this paper provides a new approach to the de-
tection of such myocardial physical and/or histological het-
erogeneity of a ventricle by analyzing human heart vibrations
measured noninvasively from the chest surface.

VII. CONCLUSIONS

In this paper we have proposed a new method for accurate
measurement of small vibrations on a large motion using ul-
trasound. Using a measurement system to realize this method,
small vibrations were accurately measured in the frequency
range up to 1 kHz in experiments using a water tank. By
applying the method and the measurement system to the mea-
surement of vibration signals of the interventricular septum in
in vivo experiments, sufficient reproducibility was confirmed
for the frequency components up to 100 Hz. With the system
devised herein, it is possible to detect small vibrations up to 1
kHz. However, the amplitude of frequency components higher
than 100 Hz in the in vivo experiment was too small to be
measured accurately. The obtained change in thickness of the
septum will directly relate to the regional contractility of the
myocardium and it is diagnostic for ischemia and infarction.
Discussion of the data on thickening and their implications
will be presented in a separate paper in the near future.

Further investigation of this proposed method, including
its clinical application to the noninvasive local diagnosis of
coronary artery disease, drug-induced myocardial disease, and
arteriosclerosis, is being conducted. It is necessary to identify
the origin of and the process by which the heart wall vibrations
detected in this paper were generated. In this paper, measured
vibration signals are analyzed in the frequency domain only for
the period around the second heart sound emission. It is also
necessary to analyze the vibration signals for other periods.

APPENDIX A
NONCONSTRAINT LEAST-SQUARE APPROACH

This appendix describes the minimization of the normalized
mean squared difference of (4). Equation (4) is
simply rewritten as follows:

(A1)

where denotes the complex conjugate, and are a
real function of and a real constant, respectively, defined by

(A2)

(A3)

and is a complex function of defined by

(A4)

Describing and by the sum of their real and
imaginary parts, and , respectively,
the normalized mean squared difference in (A1),
multiplied by , is described by

(A5)

By taking partial derivatives of with respect to
and and setting them to zero

(A6)

(A7)

From (A6) and (A7)

(A8)

Thus

(A9)

By substituting of (A9) into (A1), the minimum value
of is given by

(A10)

Using the original signals and , the
minimum value of in (A1) is obtained
as follows:

(A11)

This equation is inferred by (6) of Section II-B.
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APPENDIX B
DERIVATION OF THE VALUES OF THE CONSTANTS , , AND

This appendix theoretically derives the values of of
(A2) and (C2), of (A3) and (C3), and of (A4) and
(C4) for the simple model of (7) and (8) in Section II-B. The
function defined in (A2) and (C2) is obtained by

(B1)

where the range is defined by . For the case

(B2)

while for the case

(B3)

For the constant defined in (A3) and (C3)

(B4)

The complex function defined in (A4) and (C4) is given
by

(B5)

For the case of

(B6)

while for the case

(B7)

APPENDIX C
A CONSTRAINT LEAST-SQUARE APPROACH

This appendix describes the minimization of the normalized
mean squared difference of (13) under the restriction
that there is only a phase change between the signals
and . Equation (13) is simply rewritten as follows:

(C1)

where and are a real function of and a real
constant, respectively, defined by

(C2)

(C3)

and is a complex function of defined by

(C4)

Describing and by the sum of their real and imaginary
parts, and , respectively, the normalized
mean squared difference in (C1), multiplied by

, is described by

(C5)
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By taking partial derivatives of with respect to ,
, and and setting them to zero

(C6)

(C7)

(C8)

From (C6) and (C7)

(C9)

Thus

(C10)

By substituting (C10) into (C8)

(C11)

because and are real constants. Thus, the following
quadratic equation is obtained:

(C12)
The solutions are given by

(C13)

By substituting these solutions of into (C10), the optimum
values of are obtained by

(C14)

(C15)

where denotes the phase of the complex function
. From (C4) and (C15), (14) is obtained.

For , the mean squared difference of (C1) is
maximized, while for , the minimization of is
achieved. By substituting of (C15) and the relation of (C8)

into (C1), the minimum value of in (C1)
is given by

(C16)

Using the original signals and , the
minimum value of in (15) is given by

(C17)
This equation is inferred by (15) of Section II-D.

There is another procedure for this minimization of the
normalized mean squared difference of (C1) under
the restriction of as follows. By setting to ,
(C1) is described by the nonrestricted form as

(C18)

By taking partial derivatives of with respect to and
setting it to zero

(C19)

By multiplying (C19) by

(C20)

Thus, the optimum value of is given by

(C21)

(D1)
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These two solutions are identical to those in (C14) and (C15).
The form of this procedure is direct. In this paper, however,
the constraint is explicitly described by introducing restriction
of the second term into the right-hand side of (C1).

APPENDIX D
QUANTITATIVE EVALUATION OF REPRODUCIBILITY

To quantitatively evaluate the similarity of the signals
, ( ) for each frequency component ,

the normalized mean squared difference of the spectrum
of from the spectrum of a waveform

is defined in (D1), as shown at the bottom of the preceding
page, where denotes the number of heartbeats. By taking
a partial derivative of with respect to

(D2)

Thus, the optimum spectrum , which minimizes ,
is given by

(D3)

which coincides with the average of as a natural result.
By substituting (D2) and the optimum of (D3) into

of (D1)

(D4)

Let us define the reproducibility function, , from the
second term of the equation by

(D5)

Since has values from zero to one, the value of
is also from zero to one. If is equal to one,
waveforms completely coincide for the frequency
component of . If is zero, there is no correlation
between for the frequency components of .
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