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Improving spatial resolution is a crucial issue in medical ultrasound. One of the improving methods is the post-processing of the received
ultrasound RF signal. In the present paper, we proposed a design method for a noise-robust broadband filter based on the singular value
decomposition of the received RF signal. To design a noise-robust filter, we proposed a logical method to determine the optimal truncated order of
singular values, which was validated by applying the filter to noise-contaminated signals. Furthermore, the proposed filter applied to the wire
phantom resulted in a better axial resolution than that obtained without the filter and with our previously designed Wiener filter.

© 2022 The Japan Society of Applied Physics

1. Introduction

Ultrasound diagnosis is superior to other diagnostic modal-
ities in terms of real-time use and non-invasiveness, and it is
inexpensive. Therefore, it is useful in repeated diagnoses.
However, the image resolution of diagnostic ultrasound
systems is more degraded than the other modalities; there-
fore, improving the spatial resolution has been an important
issue in the observation of tissue structures in vivo. Recently,
ultrasound systems have been applied for the observation of
microscopic biological tissues such as the structures of
myocardial fiber.1–4) Improving the spatial resolution in
ultrasound imaging will expand the possibilities of ultrasound
diagnosis. The determinants of the spatial resolution in
ultrasound systems depend on the bandwidth around the
center frequency and the aperture size of the transducer. The
axial resolution of a general-purpose ultrasound system is
mainly determined by the ultrasound wavelength; for ex-
ample, it is approximately 0.4 mm when four cycles of a
7.5 MHz pulse wave are typically transmitted.
Many methods have been developed to improve spatial

resolution. One of these methods is the spatial compounding
method.5–7) This is an image-synthesizing method that uses
different images obtained by emitting ultrasound beams with
different angles to the same region. Therefore, the method
requires the acquisition of multiple images, which deterio-
rates the temporal resolution.
Many other methods for improving the spatial resolution in

signal post-processing have also been proposed. For example,
pulse compression,8,9) frequency-domain processing,10,11) de-
convolution techniques,12–17) and inversed filtering.18–25) In
our previous study,26) Kageyama et al. designed a Wiener
filter27) by estimating the signal-to-noise ratio (SNR) from the
received RF signals in the frequency domain. As the result, an
improvement in the measurement accuracy of the intima-
media complex thickness of the posterior wall of the carotid
artery has been attained.
In the present study, we propose a method to design a

noise-robust broadband filter based on the singular value
decomposition (SVD), which is a type of principal component
analysis and is often compared with digital Fourier transform
(DFT), which is a linear decomposition in the frequency
domain. SVD can be used for various purposes because the

singular value distribution obtained by SVD represents the
features of the received RF signal. SVD has been widely used
in medical ultrasound, especially in the field of blood flow
imaging.28–36) When SVD is used to identify artifacts or blood
flow components from the acquired signal,37–39) the spatial
information of the signal and the temporal information in the
frame direction are separated. In the present study, because the
purpose is to improve the axial resolution of medical
ultrasound images, only the information of the signal in the
beam (depth) direction for a single frame is used for SVD.
When SVD is used for broadband filtering, the singular

values must be truncated in an appropriate order to suppress
noise components. The truncated singular value decomposi-
tion (TSVD) has been widely used in medical ultrasound, for
example, to reduce artifacts37) and to identify blood flow
components.38,39) However, the determination of the truncated
order of singular values remains a difficult challenge. Various
methods have been proposed to determine the truncated order
depending on the purpose of using TSVD; the L-curve
method40,41) and the generalized cross-validation method42)

are commonly known as the properties of Tikhonov’s
regularized solution and have been widely used not only in
the ultrasonic field. The stored energy of singular values33)

and the covariance matrix of singular values28) are often used
to identify blood flow components and reduce artifacts.
We aim to design a broadband filter that is robust to noise.

Therefore, we examined a method for logically determining
the truncated order of the singular values according to the
SNR through simulation experiments in which noise is
contaminated on the waveform acquired for the wire.43)

However, in our previous study,43) the proposed method
for the filter design has not been fully validated, that is, the
propagation attenuation of ultrasound in each filtering target
has not been considered, and the method for evaluating the
SNR of the target has not been proposed.
In the present paper, we proposed a design method for a

noise-robust filter for high-axial resolution observation using
TSVD and proposed a logical method to determine the
optimal truncated order of the singular values. The designed
filter was applied to the ultrasound received signals from the
wire phantom, and the axial resolution due to the filter
performance was quantitatively evaluated by the full width at
half maximum (FWHM).

SG1061-1 © 2022 The Japan Society of Applied Physics

Japanese Journal of Applied Physics 61, SG1061 (2022) REGULAR PAPER
https://doi.org/10.35848/1347-4065/ac5a2c

https://crossmark.crossref.org/dialog/?doi=10.35848/1347-4065/ac5a2c&domain=pdf&date_stamp=2022-05-31
https://orcid.org/0000-0002-5494-1055
https://orcid.org/0000-0002-5494-1055
https://orcid.org/0000-0001-9386-645X
https://orcid.org/0000-0001-9386-645X
https://orcid.org/0000-0002-6567-1687
https://orcid.org/0000-0002-6567-1687
mailto:shohei.mori.a2@tohoku.ac.jp
https://doi.org/10.35848/1347-4065/ac5a2c


2. Principles and filter designing

2.1. Measurement of the transfer function of the
ultrasonic transmission/reception system
A block diagram of the ultrasonic transmission/reception
system is shown in Fig. 1. When a transfer function ( )h nd is
used in the filtering process, a point spread function (PSF) is
often defined as the transfer function18,20) based on the
following principle, where n denotes the discrete time. From
Fig. 1, the observed received signal ( )y nd from an object at
depth d [mm] is expressed as follows:

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

y n z n e n

x n h n n e n , 1
d d d

d d d da
= +
= * * +

where * denotes the convolution operation; ( )z nd is the
received signal without contamination owing to the noise
component ( )e n ;d ( )x nd is the true reflectivity, and ( )nda is
the propagation attenuation of ultrasound for the measure-
ment target.
When the target is a wire positioned at a depth d in water,

the SNR can be assumed to be sufficiently high. Furthermore,
when the diameter of the wire is sufficiently small compared
with the wavelength of the transmitted wave, ( )x nd can be
assumed to be an impulse ( )n .d That is,

( ) ( )e n 0, 2d »
( ) ( ) ( )x n n d . 3d d= -

By substituting Eqs. (2) and (3) into Eq. (1),

( ) ( )
( ) ( ) ( )
( ) ( ) ( )

y n z n

n d h n n
h n d n , 4

d d

d d

d d

wire, wire,

d a
a

=
= - * *
= - *

where ( )y ndwire, and ( )z ndwire, correspond to ( )y nd and ( )z nd

of Eq. (1), respectively. The PSF is defined as the transfer
function ( )h nd and is obtained from the received signal

( )y ndwire, as described below.
2.2. Designing of broadband filter based on SVD
We aim to design a filter so that the filtered signal becomes
an impulse. However, this filter amplifies the noise compo-
nent at the same time. Therefore, we designed a filter to
improve the axial resolution while suppressing noise.
First, it is necessary to consider the propagation attenuation
( )nda for the received signal ( )y ndwire, from the wire at a

depth d since the received signal ( )y nd is convolved with
( )nda as shown in Eq. (1). The received signal ( )y ndwire,

¢ after
compensating for ( )nda is obtained as follows:
The propagation attenuation ( )nda is depth-dependent and

exhibits a frequency response. The frequency response of the
propagation attenuation, ( )A f ,d is defined by the Fourier
transform of ( )nda as,

( ) [ ( )] ( )A f nDFT , 5d da=

where f [ ]MHz denotes the frequency. The received signal
( )y ndwire, from the wire is Fourier transformed, and its

frequency spectrum ( )Y fwire d, is compensated by ( )A fd in
the frequency domain as

( ) ( ) · ( ) ( )Y f Y f A f , 6wire d wire d d, ,¢ =

where ( )Y fwire d,¢ is the corrected frequency characteristics of
the RF signal of the wire, and ( )A fd is given by44)

( )
( )

· · ·

· ·
A f e

10 , 7
d

A d f

A d f

8.686=
=

-

-

where ( )e8.686 20 log ,10= and A [ ( · )dB mm MHz/ ] is the
attenuation coefficient in the medium along to the pathway to
the measurement target. Then, the inverse Fourier transform
is applied to obtain the compensated RF signal ( )y ndwire,

¢ as

( ) [ ( )] ( )y n Y fIDFT . 8wire d wire d, ,¢ = ¢

Next, to convolve the filter with ( )y ndwire,
¢ in a vector-

matrix form, let us define a ( ) ( )N M2 1 2 1+ ´ + matrix
Y ,dwire, where ( )y ndwire,

¢ is converted into an analytic signal by
the Hilbert transform in advance and { ( )}y ndwire,

¢ are arranged
by shifting the sample points one by one, as shown in Fig. 2.
Thus, the element at the ith row and jth column
( )   i N j M N M0 2 , 0 2 , > of Y dwire, is given by

( ) ( ) ( )i j y p M N i jY , , 9d dwire, wire,= ¢ - - + +

where p is the positive peak position of ( )y n .dwire,
¢ To design

the ( )M2 1+ -dimensional filter vector f ,d the height N2 1+
of Y dwire, should be set to a size that allows the filter to be
convolved with the entire range of echoes from the wire at a
depth d, that is, M L N1 ,h+ + < where L2 1h + is the

Fig. 1. Block diagram of the ultrasonic transmission/reception system in
the time domain.

Fig. 2. (Color online) (a) Received RF signal of thin wire and (b) storage
method of Y .dwire,
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effective length of the impulse response ( )h n ,d as shown in
Fig. 2.
As described at the beginning of Sect. 2.2, since we aim

for the filtered signal to be impulsive, a ( )N2 1+ -dimen-
sional model vector md of an ideal impulse is prepared as an
output model. Moreover, since the average power of the
signal should not be changed without or with the filter, the
amplitude of the output impulse is defined by

⎧

⎨
⎪

⎩⎪
( ) [ ( )] ( )

( )
( )

i M
y n i N

i N

m
1

2 1
1

0 1

.

10

d n p M

p M

dwire,
2å= +

¢ = +

¹ +
= -

+

That is, the root of the average power of ( )y ndwire,
¢ around

n p= is set as the amplitude of md at the center position of
i N 1= + in the row direction.

The filter vector f ,d which is applied at depth d, is designed
to minimize the following squared error dg between the filtered
output waveform Y fd dwire, from the impulse model vector m :d

∣ ∣ ( )Y f m . 11d d d dwire,
2g = -

Using the least-squares method, the filter f̂d that minimizes dg
is given by

ˆ ( )f V U m , 12d d
1 HS= -

where U and V are the ( ) ( )N N2 1 2 1+ ´ + unitary matrix
of the left singular vectors and the ( ) ( )M M2 1 2 1+ ´ +
unitary matrix of right singular vectors, respectively, obtained
by SVD of Y ,dwire, that is,

( )Y U V , 13dwire,
HS=

where S is a ( ) ( )N M2 1 2 1+ ´ + matrix given by

⎡
⎣

⎤
⎦

( )
O

, 14S D=

D is a ( ) ( )M M2 1 2 1+ ´ + diagonal matrix with
, ,..., M1 2 2 1s s s + for diagonal elements, and the

[ ( )] ( )N M M2 2 1- ´ + matrix O is a zero matrix. The j
th diagonal element js of D is a singular value, and is a
positive real number ordered as     0.M1 2 2 1s s s +
When all orders of the singular values are used for the filter

design, the resultant filter f̂d becomes the filter obtained from
the inverse of the PSF and the axial resolution with the filter
improves. At the same time, however, a filter with such high
truncate order is unstable to noise because the high-order
singular values are dominated by noise components. Thus, the

singular values should be truncated by an appropriate order
considering this trade-off relationship so that the noise
components are suppressed and the resultant impulse compo-
nent becomes a broad frequency range to improve the axial
resolution.
Thus, let us introduce a ( ) ( )M N2 1 2 1+ ´ + matrix R

1S-

where the components higher than the order R are truncated
to zero in 1S- as follows:

⎧

⎨
⎩

( )
( )
( )
( )

( )
 

 i j

i j R

R i j M
i j

,
1 1

0 1 2 1
0

. 15R

i j
1

,/s
å =

=
+ = +
¹

-

Substituting R
1S- into 1S- in Eq. (12), the ( )M2 1+ -dimen-

sional filter f̂d R, is determined such that the singular values of
the order higher than R are truncated as

ˆ ( )f U mV , 16d R R d,
1 H= å-

which shows a filter that emphasizes only the components
below the truncated order R and suppresses the components
above R.
Let us define the ( ) ( )N M2 1 2 1+ ´ + matrix Y ,dtarget,

which stores the received RF signals to be filtered in the same
way as Y dwire, in Eq. (9). By applying the filter f̂d R, designed
around depth d, the ( )N2 1+ -dimensional output vector y’ dout,
is given by

ˆ ( )y Y f . 17d d d Rout, target, ,¢ =

To compensate for the sound pressure characteristics of the
received RF signal owing to the depth, y dout,

¢ is normalized by
the spatially averaged power around d of the received RF
signal yd as

⎛

⎝
⎜

⎞

⎠
⎟

[∣ ∣ ]
[∣ ∣ ]

( )y
y

y
y

E

E
. 18d

d

d
dout,

2

out,
2 out=

¢ ¢
¢

The ( )N L2 1+ -dimensional final output waveform vector
yout along the ultrasonic beam is obtained by arranging
{ }y dout, obtained for L sections along the depth direction as



⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

( )y

y
y

y

, 19

d

d

d

out

out,

out,

out, L

1

2=

where L denotes the number of sections.

(a) (b)

Figure 3. (Color online) (a) Evaluation index ( )Rd,b r of the noise robustness of the filter to determine the optimal truncated order and (b) determined
optimal truncated order R̂d, r of singular values for each SNR r at depth d 30 mm.=
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2.3. Logical method for determining the truncated
order of singular values
As described in Sect. 2.2, the high-order singular values of
Y dwire, are dominated by noise components. Thus, we propose
a logical method to determine the optimal truncated order
R̂d,r of the singular values considering the SNR targetr of the
measurement target at a depth d as follows:

To consider the SNR ,r the noise-contaminated signal
( )y nd qnoisy, , ,r is generated by adding the Gaussian white noise

( )e nq,r on ( )y n :dwire,
¢

( ) ( ) ( ) ( )y n y n e n , 20d q d qnoisy, , , wire, ,= ¢ +r r

where Q sets of the white noises { ( )}e nq,r were independently
generated on the computer for each SNR ,r and ( )q q Q1= ~
shows the set number of the generated white noises. Let us
prepare a ( ) ( )N M2 1 2 1+ ´ + matrix Y d qnoisy, , ,r which stores
the noise-contaminated signal ( )y nd qnoisy, , ,r in the same way as
the matrix Y dwire, of Fig. 2(b) as

( ) ( ) ( )i j y p M N i jY , . 21d q d qnoisy, , , noisy, , ,= - - + +r r

Then, we define the set of the following index ( )Rd,b r for
each depth d and each SNR r to evaluate the noise robustness
of the designed filter:

( ) [∣ ˆ ∣ ] ( )R Y f mE , 22d q d q d R d, noisy, , , ,
2b = -r r

where [·]Eq shows the average operation on q, and ( )Rd,b r
evaluates the mean squared difference of the result of
applying the filter f̂d R, to Y d qnoisy, , ,r from the ideal impulse
model m .d The designed filter f̂d R, is robust to noise if ( )Rd,b r
is small. Thus, the optimal truncated order R̂d,r is determined

Fig. 4. (Color online) (1) Waveforms without the filter, (2) output waveforms when the singular value was used with the full rank, and (3) output waveforms
when the singular value was truncated at the optimal order by the proposed method, where (a) noise was not contaminated, (b) 50 dB,r = and (c) 20 dBr =
at depth d 30 mm.= (The underlined numbers in the figure indicate the FWHM.)

Fig. 5. (Color online) Structure of the wire phantom.
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to minimize ( )Rd,b r as follows:

ˆ ( ) ( )R Rargmin . 23d
R

d, ,b=r r

In this procedure, R̂d,r is independently determined for each
depth d and each SNR .r
Gaussian white noise was generated on the computer using

the Box–Muller method,45) and the number Q of trials to
generate white noise was set to 200. The power of the
generated white noise ( )e nq,r in Eq. (20) was set such that the
SNR r ranged from 0 to 70 dB with 0.05 dB interval and R̂d,r
was determined for each .r
Figure 3(a) shows the evaluation index ( )Rd,b r of the noise

robustness of the filter calculated for wires at depth
d 30 mm.= As shown in Fig. 3(a), ( )Rd,b r rapidly increased
for R beyond R̂ .d,r This confirms that the filtered result was

sensitive to noise and it was important to determine the
optimal truncated order R̂d,r in the filter design.
Figure 3(b) shows the optimal truncated order R̂d,r for

various SNR r at depth d 30 mm.= As shown in Fig. 3(b),
R̂d,r approximately linearly shifted to lower orders as the
SNR r logarithmically decreased. Thus, it is important to
truncate the singular values at different orders R̂d,r according
to the SNR .r
2.4. Method for evaluating SNR in actual case
In the proposed method, the truncated order R̂d, targetr is
determined locally and adaptively according to the SNR

targetr of the filtering target. In this section, we describe a
method for the evaluation of the SNR. In the present paper,
by assuming that the filtering target is motionless between
frames, we evaluate the SNR ( )n k,r for the received RF
signal ( )y nj k, of the jth frame along the kth beam to be
filtered as follows:

( ) ( )
( )

[ ] ( )n k
P n k

P n k
, 10 log

,

,
dB , 2410

S

N
r =

where

( ) ( [ ( )]) ( )P n k
M

y n,
1

2 1
E , 25

n n M

n M

j j kS ,
2å=

+
¢

¢= -

+

( ) [( ( )

[ ( )]) ] ( )

P n k
M

y n

y n

,
1

2 1
E

E . 26

j j k

j j k

N
n n M

n M

,

,
2

å=
+

¢

- ¢
¢= -

+

This SNR evaluation is also used for the preliminary
determination of the optimal truncated order R̂d,r of
Eq. (23) for each depth d and SNR .r In the filtering
procedure, ( )n k,targetr is estimated by Eq. (24), and then
R̂d, targetr is determined from Eq. (23) as the optimal truncated
order for filtering. When the filter is applied to an object that
moves between frames, the SNR evaluation of Eq. (24)
should be replaced, which is our future work.

3. Experiments and results

3.1. Filtering for received signal from wire in water

To evaluate the robustness of the designed filter, the designed
filter f̂d R, of Eq. (16) was applied to the received signal Y dwire,

from the wire in the water. A linear probe connected to
ultrasound diagnostic equipment (SSD-6500; ALOKA,
Japan) was used. The center frequency of the transmitted
wave was 7.5 MHz, and the sampling frequency was
40MHz. The focus was set to a depth of 20 mm. The matrix
size of Y dwire, in the filter design was set to

( )N2 1 101 1.9 mm+ = and ( )M2 1 53 1.0 mm ,+ = that
is, the filter length was ( )53 1.0 mm . The attenuation in water
can be assumed to be zero in the frequency range and depth
of the ultrasound used in this experiment.46)

Figure 4(1) shows the received RF signal ( )y ndwire, from a
wire and the noise-contaminated signals ( )y ndnoisy, ,50,1 and

( )y ndnoisy, ,20,1 with SNRs of 50 and 20 dB at depth
d 30 mm,= respectively. Figure 4(2) shows the waveforms
with the filter f̂d R, obtained with full rank ( )R 53= of
singular values. Figure 4(3) shows the waveform with filter
ˆ ˆfd R, designed by truncating the singular values at the optimal
truncated order R̂ .d,r Each envelope is plotted as a black line,
and the FWHM is shown in the figure.

(a)

(b)

(c)

Fig. 6. (Color online) (a) B-mode image of the wire phantom, (b)
evaluated result of SNR ,targetr and (c) optimal truncated order R̂d, targetr

estimated based on the SNR .r
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When the noise was not contaminated [Fig. 4(a)], the
signal from the wire became an ideal impulse by using the
full rank of the singular values [Fig. 4(a-2)]. When the noise
was contaminated with 20r = dB [Fig. 4(b)], the wire could

not be observed at all when the full rank of the singular
values was used [Fig. 4(c-2)]. For 50r = dB and using the
full rank of singular values [Fig. 4(b-2)], the wire could be
observed; however, a large noise component appeared in the

Fig. 7. (Color online) (1) B-mode images and (2) the envelopes of the red dashed line (a) without the filter, (b) with the Wiener filter, (c) with the proposed
filter without considering attenuation, and (d) with the proposed filter considering attenuation. (The underlined numbers in the figure indicate the FWHM).
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surrounding area. On the other hand, even when the noise
was contaminated, by truncating the singular values with the
optimal truncated order R̂ ,d,r the signal from the wire could
be observed [Figs. 4(b-3) and 4(c-3)].
By comparing the axial resolution based on the FWHM, it

was confirmed that the axial resolution was improved for all
SNRs by filtering with the optimal truncated order R̂d,r
[Fig. 4(3)] compared to that with no filtering [Fig. 4(1)]. As
the SNR r became low, the singular values must be truncated
at a lower order. Therefore, when comparing the axial
resolution of Figs. 4(b-3) and 4(c-3), the FWHM of
Fig. 4(c-3) was 0.109 mm, which was broader than the
FWHM of Fig. 4(b-3) of 0.054 mm. However, even in
Fig. 4(c-3), the wire position could be confirmed, and the

Table I. FWHM of the enveloped signals without and with the filter in
Fig. 7, and the improvement rate of FWHM compared to the original for the
beam C.

FWHM [mm]

Shallower wire
(d 28.6 mm= )

Deeper wire
(d 29.6 mm= )

(a) Original 0.260 (–) 0.273 (–)
(b) By Wiener filter 0.227 (13%) 0.202 (27%)
(c) By proposed filter

without considering
attenuation

0.244 (7%) 0.267 (3%)

(d) By proposed filter
ˆ ˆf R30, with considering

attenuation

0.132 (49%) 0.141 (49%)

Table II. FWHM of the enveloped signals without and with the proposed
filter in Fig. 7, and the improvement rate of FWHM compared to the original
for the beams A–F.

FWHM [mm]

Beam No. (a) Original (b) Proposed filter ˆ ˆf R30,

A Shallower 0.256 (–) 0.116 (55%)
Deeper 0.270 (–) 0.134 (51%)

B Shallower 0.267 (–) 0.134 (50%)
Deeper 0.250 (–) 0.123 (51%)

C Shallower 0.260 (–) 0.132 (49%)
Deeper 0.273 (–) 0.141 (49%)

D Shallower 0.268 (–) 0.156 (42%)
Deeper 0.277 (–) 0.165 (41%)

E Shallower 0.348 (–) 0.144 (59%)
Deeper 0.279 (–) 0.154 (45%)

F Shallower 0.270 (–) 0.128 (53%)
Deeper 0.277 (–) 0.161 (42%)

(a) (b)

(a) (b)

Fig. 8. (Color online) The envelopes (a) without filtering and (b) with the proposed filtering for the beams (1) A and (2) F in Fig. 5.

Fig. 9. (Color online) The FWHM of the enveloped signals obtained by the
proposed filtering for each SNR .h
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axial resolution was improved compared with Fig. 4(c-1) [the
FWHM of Fig. 4(c-1) was 0.193 mm]. Thus, the filter
designed by the method in Sects. 2.2 and 2.3 is robust to
noise and improves the axial resolution.
3.2. Filtering for received signal from phantom
To evaluate the usefulness of the designed filter ˆ ˆf ,d R, the filter
was applied to a general purpose ultrasound phantom [Model
054GS by CIRS (USA)]. As shown in Figs. 5, 13 wires were
lined up inside the phantom, and the beams A–F shown by
the red arrows in Fig. 5 were used for evaluation. The two

wires were 0.25 mm apart for beam A and 4.0 mm apart for
beam F, respectively. The wire material was nylon with a
diameter of 80 μm. The attenuation coefficient A of the
phantom was 0.07 ( · )dB mm MHz ./

When applying the filter, we first evaluated the SNR targetr
of the target, and then we determined the truncated order
R̂d, targetr by referring to the optimal truncated order R̂d,r pre-
determined for each depth d and SNR r as described in
Sect. 2.3. The filter ˆ ˆfd R, designed at a depth of d 30= mm
was applied to the phantom data.
Figure 6 shows (a) the B-mode image of the wire phantom,

(b) the evaluated SNR targetr for each depth along each beam,
and (c) the determined optimal truncated order R̂d, targetr for
each depth and beam, respectively. In Fig. 6(b), the SNR was
high at the position where the wires existed because the
signal intensities from wires were strong. As the depth
became deeper, the SNR decreased due to the attenuation
of ultrasonic waves. Thus, the SNR was confirmed to be
reasonably evaluated using Eq. (24).
In Fig. 6(c), the optimal truncated orders R̂d, targetr of the

singular values were large at the positions where the SNR
was high. This means that the filter was designed using a
large number of singular values for regions with a high
SNR. Therefore, by determining R̂d, targetr for each depth d
and each SNR targetr using our proposed method, the filter
was designed by considering the trade-off relationship
between the axial resolution improvement and noise sup-
pression.
Figure 7 shows (1) the B-mode images and (2) the

envelopes on the red dashed line in the B-mode images
(a) without the filter, (b) with the Wiener filter, (c) with
the proposed filter without considering attenuation
[ ( ) ( )]n n ,da d= and (d) with the proposed filter ˆ ˆf R30, by
considering attenuation, respectively. In the B-mode images,
the axial resolutions with the filters (b) and (d) were
improved compared to those without the filter. The
FWHM of the envelope of the wire echo in Fig. 7(2) is
shown in Table I. The axial resolution of the shallower wire
at a depth of 28.6 mm was improved by 13% (from 0.260 to
0.227 mm) with the Wiener filter, while it was improved by
49% (from 0.260 to 0.132 mm) with the proposed filter by
considering attenuation. For the deeper wire at a depth of
29.6 mm, the Wiener filter improved the axial resolution by
27% (from 0.273 to 0.202 mm), while considering attenua-
tion in the proposed filter improved it by 49% (from 0.273
to 0.141 mm). Thus, it was confirmed that the proposed
filter with considering attenuation improved the axial
resolution. In the proposed filter without considering at-
tenuation [Fig. 7(c)], the axial resolution of both wires
was slightly improved (7% and 3%), which shows that the
correction of the high-frequency components is essential
to widen the frequency characteristics in the filter design.
As shown in Figs. 7(c-2) and 7(d-2), with filtering, some
peaks other than those at the wire positions were observed
such as at a depth of 29 mm. However, they were already
observed without filtering, as shown in Fig. 7(a-2). The
cause of this observation will be investigated in more detail
in the future.
To observe the improvement of the axial resolution by the

proposed filter ˆ ˆf R30, in more detail, the FWHM and its
improvement rate are shown in Table II. The envelopes

Fig. 10. (Color online) The envelope of the wire echo obtained by the
proposed filtering for each of , 40, 30, 20,h = ¥ and 10 dB.
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without and with filtering for the beams A and F are shown in
Fig. 8. As shown in Table II, the improvement in axial
resolution was nearly 50% for all beams, and the discrimina-
tion capability of wires was improved as shown in
Figs. 8(1-b) and 8(2-b).
3.3. Evaluation of the noise robustness of filter
To confirm the noise robustness of the proposed filter, the RF
signals received from the phantom in Sect. 3.2 were
contaminated with white noise generated on the computer.
The power of the noise was set such that the ratio h of the
squared average brightness of the shallower wire echoes
along the red dashed line in Fig. 7(a-1) to the power of the
noise was from 10 to 50 dB (intervals: 5 dB).
Figure 9 shows the FWHM of the wire echo for all ,h and

Fig. 10 shows the envelope of the wire echo for
, 40, 30, 20,h = ¥ and 10 dB. As in the underwater wire

experiment in Sect. 3.1, the FWHM decreased as the noise
superposition level increased, but for SNRs, the axial
resolution was improved compared to that without the filter.
Figures 11(a) and 11(b) show the results of the SNR

evaluation and the determined optimal truncated order,
respectively, for 30 dB.h = By comparing Figs. 11(a) and
11(b) for 30 dBh = to Figs. 6(b) and 6(c) for ,h = ¥ the
estimated SNR of Eq. (24) decreased as the power of the
noise increased, and the optimal truncated orders R̂d,r
decreased.
Figure 12 shows the B-mode images (a) without the

filter, (b) with the Wiener filter, and (c) with the proposed
filter for 30 dB,h = respectively. The FWHM of the
envelope of the wire, shown by the red arrow on each B-
mode image, is summarized in Table III, where the values
in parentheses show the improvement in the axial resolu-
tion from that without filtering. In the evaluation of the B-
mode images and quantitative evaluation by FWHM, it was
confirmed that the proposed filter increased the axial
resolution.
As shown in Table III, the improvement rates of the axial

resolution for the proposed filter decreased owing to the
lowering of the truncated order, which was associated with a
lower SNR; however, the improvement in axial resolution
was maintained at nearly 40%. However, when the Wiener
filter was applied, the improvement rates of the axial
resolution significantly decreased with a lower SNR, and
the rate was only 3% for 30 dB.h =

In this study, the optimal truncated order R̂d,r was
determined for each SNR ,r and the proposed filter was
optimized for each SNR targetr of the measurement target.
Therefore, this filter design can be applied to the low SNR
cases. On the other hand, although we designed the Wiener
filter considering the SNR of the target, the weighting control
parameter, which determined how much the SNR was
reflected in the filter design, was fixed to a constant value
because a method to determine the parameter had not yet
been established.
3.4. Discussion about depth dependence of the
proposed filter
Figure 13 shows the superimposition of the received RF
signals { ( )}y ndwire, acquired by placing a tungsten wire with a
diameter of 10 mm at a depth d in water and moving the wire
in the range from d 5 to 55 mm= at an interval of 1 mm.
The focus was set to a depth of 20 mm. The amplitudes of the
received signals { ( )}y ndwire, used in the filter design changed
in the depth direction due to the sound pressure character-
istics.
In the present paper, the filter was designed only for a

depth of d 30 mm= to focus on the evaluation of the noise
robustness of the proposed filter. Although the transfer
function of the ultrasonic transmission/reception system is
depth-dependent as shown in Fig. 13, the principle of the
proposed filter design can be extended and applied at
different depths.

4. Conclusions

In the present paper, we proposed a broadband filter based on
TSVD to improve the axial resolution of medical ultrasound
images. We proposed a logical method to determine the
truncated order of the singular values based on the SNR to
design a noise-robust filter. Basic experiments targeting wires
in water confirmed that the proposed method could be used to
design a noise-robust filter. Then, the usefulness of the
proposed filter was confirmed through an experiment using
a wire phantom as the measurement target. The axial
resolution of the proposed filter was improved by 36% on
average of the FWHM of the wires in the phantom compared
with our previously designed Wiener filter under high SNR
conditions. Furthermore, phantom evaluations under lower
SNR conditions demonstrated the robustness of the proposed
filter.

(a) (b)

Fig. 11. (Color online) (a) Results of the SNR evaluation and (b) the determined optimal truncated order at 30 dB.h =
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