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Delayed Block Transfer Function
in the Frequency Domain

Hiroshi Kanai, Member, IEEE, Toyohiko Hori, Noriyoshi Chubachi, Member, IEEE, and Takahiko Ono

Abstract— When the impulse response of a transfer system is
long, it is difficult for the standard cross spectrum method to
obtain an accurate estimate of the transfer function by applying
the fast Fourier transform (FFT) with a finite length window. The
bias error in the estimate is large especially around the resonant
frequency of the transfer system. In this paper, therefore, we
propose an alternative new method to obtain an accurate estimate
of the transfer function. The delayed block transfer function is
introduced to detect the components that are correlated to the
signal in the input window but leak from the output window.
Based on these transfer functions, the total characteristics of the
transfer system are estimated accurately. In the latter half of the
paper, we derive the theoretical expressions for the bias errors in
the transfer functions estimated by the proposed and the standard
methods. By thoroughly comparing the resultant expressions,
the superiority and the usefulness of the proposed method are
theoretically confirmed. Finally, the simulation experiments show
the advantages of the proposed method.

I. INTRODUCTION

HERE has been a dramatic increase in spectrum estima-

tion research activities, especially in the past two decades,
since the digital fast Fourier transform (FFT) algorithm was
introduced about 25 years ago [1]. The FFT has expanded the
role of spectral estimation from research novelty to practical
use. Although there are many disadvantages of such FFT-based
results, the FFT is most commonly applied to unknown signals
in many practical fields before using other parametric tech-
niques because the expanded orthonormal functions employed
in the FFT are predetermined and are independent of the signal.
Bingham et al. [4] discussed the computationally fastest
way to estimate the power spectrum of a time series from
the FFT performed directly on the weighted data set. Welch
[5] proposed a method for the application of the FFT to
the estimation of power spectra, which involves sectioning
the records, taking modified periodgrams of these sections,
and averaging these modified periodgrams. The weighted
overlapped segment averaging is advocated by Nuttall and
Carter [37], [41] to give stability and to minimize the impact
of window sidelobes. Other references to the FFT and its
application for power spectrum estimation may be found in
Richards [2], Cochran et al. [3], Jenkins and Watt [6], Bertram
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[8], Glisson et al. [9], Cooley et al. [10], [11], Oppenheim and
Shafer [19], Yuen [29], and Amin [56].

In the power spectrum estimation, leakage effects arising
in the frequency domain due to the time domain windowing
can be reduced by the selection of windows with nonuniform
weighting. Bertram [12] provided a definitive description
of the leakage problem. Harris [30] and Nuttall [43] have
provided a good summary of the merits of various win-
dows. Nuttall and Carter [46] presented a spectrum estimation
method based on lag weighting. Other references include [16],
[26], [39], [40], and [53].

As an application of these FFT-based spectrum estimation
methods, the coherence function has been developed for a
linear measure of causality in the transfer function between
a pair of signals. Carter, Knapp, and Nuttall [17], [23] pro-
posed the standard method to estimate the cross spectrum and
the coherence function by partitioning the two signals into
overlapping segments and computing the power spectrum of
each segment via the FFT. The resultant power spectra are
then averaged to reduce the bias and variance of the resulting
estimates. The coherence function is effective in many fields
as pointed out by Carter and Knapp [20], and it has been
applied to system identification [17], measuring SNR and
linear-to-nonlinear power ratio [17], and determining signal
time delay [17], [18], [44]. Knapp and Carter [25] developed
a maximum likelihood estimator (MLE) for determining time
delay between signals based on the cross correlation, which
is identical to one proposed by Hannan and Thomson [15]. A
MLE for coherence is derived by Mohnkern [57]. Chan et al.
[38] proposed a regression approach of the coherence function
by solving the discrete Wiener-Hopt equation. Youn ez al. [45],
{47] introduced an adaptive approach based on Widrow’s LMS
algorithm into the estimation of the coherence function for
nonstationary signals. A tutorial review of work in coherence
and time delay estimation was presented by Carter [50], [55].
Other references for the estimation of the coherence function
or the cross spectrum using the FFT and their applications are
found in Jenkins and Watt [6], Carter et al. [18], Talbot [22],
Blake [28], Piersol [31], Seybert et al. [34], Barret [35], Chan
[48], Cadzow [51], Cusani [58], and Mansour et al. [59]. The
error analyses for their estimates are provided by Benignus
{71, Bendat [33], Walker [42], Schmidt [49], Mathews et al.
[52], and Gish et al. [54].

For the multiple input/output cases, Bendat {24], [27] pro-
vided methods to estimate the transfer function and the co-
herence function. Other references for the coherence function,
partial coherence, and system identification are found in Jenk-
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ins and Watt [6], Bendat and Piersol [13], [36], Dodd et al.
[21], and Romberg [32].

In the standard method established by these enormous
studies in literature, a transfer function is estimated by the
ratio of the averaged cross spectrum between the input and
output to the averaged input power spectrum. If a time window
employed in the FFT is not long enough compared to the
length of the transfer system response, however, a bias error
due to the insufficiency of the time window length is generated.
The cause of the bias error is that the signal in the output
window does not contain the whole response to the signal
in the input window and contains an extraneous response to
the preceding input signal. As the system () (quality factor)
increases, the bias error in the transfer function estimates gets
large especially around the resonant frequencies if the window
length is kept constant.

A method to determine the window length based on the
allowable bias error limit was investigated by Ono et al
[60]. A coherence function obtained from the signals in the
input window and delayed output window (called a delayed
block coherence function ) is proposed for the detection of a
missing signal in the output that is coherent to the input [60].
Based on the theoretical consideration for the delayed block
coherence function, a method to estimate the damping factor of
a transfer system was presented in [61]. From the estimate of
the damping factor, an optimum window length is determined
from the allowable bias error limit. It is, however, still difficult
to determine an accurate estimate of the transfer function with
a long impulse response by these studies.

In this paper, after pointing out these problems in Section
II, we propose in Section III a new method to accurately
estimate the transfer function when the transfer system has a
long impulse response. By thoroughly comparing the accuracy
between the estimates obtained by the proposed method and
the standard cross spectrum method, we derive theoretical
expressions for the estimates of the transfer function in Section
IV. From these expressions, the superiority and the usefulness
of the proposed method are theoretically and experimentally
confirmed in Sections V and VI, respectively.

II. THE STANDARD ESTIMATION METHOD AND ITS PROBLEMS

Let us consider a single input/single output system with
extraneous noise at the output point only as shown in Fig. 1.
Let us assume that the input measurement z(t) is essentially
noise-free, whereas the output measurement y(¢) consists of
the sum of the ideal linear response z(t) to z(t) and the noise
component n(t). Using the discrete expression obtained by
sampling each signal at an interval 7, the resultant output
measurement is given by

y(n) = z(n) +n(n)
= h(n) *z(n) + n(n) (N

where * indicates a convolution operation, and h(n) is an
impulse response of the transfer system, which should be
estimated below. Let us assume that the input signal z(n)
and the measurement noise n(n) are stationary white noise
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Fig. 1. Signal transmission system model employed in this paper.

and mutually uncorrelated. Let the average power of z(n) and
n(n) be o2 and o2, respectively.

By applying an M N-point discrete Fourier transform to the
input signal z(n) and the output signal y(n), both of which
are windowed, where each window has M N points in length,
(1) is written as

Y(k) = H(k)X (k) + N(k) @

where k is an integer representing discrete frequencies, and
the discrete spectrum X (k) is given by

MN-1 kn
X(k) = Z z(n) exp( - j27rm). 3
n=0

The least squares estimate, which we denote by I/Ia\u(k)
of the transfer function H (k) in (2) is obtained by the cross
spectrum method [13], [36] such as

7 o = EXTR)Y(R)]

Han(k) = ETX T (k=0,1,.... MN = 1) (4

where FE[-] and * denote the ensemble average and a com-
plex conjugate, respectively. For each frequency, the estimate
I/Ia\n(k) minimizes the average power E[|N(k){?] of the noise
component n(n).

If the system response is long compared with the window
length, however, the estimate H,y (k) in (4) does not give
accurate results. This is due to the following: The estimate
l/{a\“(k) of (4) is obtained, assuming that the impulse response
to every input pulse in a block is dropped at the end of the
block as shown in Fig. 2(a). For example, the responses to the
impulses £(0), (M N/2), and z(MN — 1) are estimated so
that they have, respectively M N-point, M N/2-point, and 1-
point in length. These relations between z(n) and y(n) cannot
be expressed by a linear system. In the least square estimate of
]ﬁ(k) in (4), the nonlinear transfer system is approximated
by a linear system. As a result, the bias error in the transfer
function estimate H,j (k) becomes larger around the resonant
frequencies as the impulse response of the transfer system
becomes longer. This bias error is caused even for the case
of SNR = oo and for the case where the average number in
(4) is infinite.

III. A NEwW METHOD OF ESTIMATING
THE TRANSFER FUNCTION

From a different point of view, let us consider the reason the
bias error happens in the transfer function, which is estimated
by the standard method as follows: Let us divide the input
signal z(n) and the output signal y(n) in a section with M N
points in length into two blocks (z1(n) and z9(n)) and (y1(n)
and y»(n)), respectively, where each has MN/2 points in
length as shown in Fig. 2(b). Using the spectra X1(k), Ya2(k),
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Fig. 2. (a) Impulse response is dropped at the end of the block in the standard
method. (b) Illustration explaining the cause of the bias error in the estimates
obtained by the standard method.

Y1(k), and Y(k) of these block signals, the averaged cross
spectrum E[X*(k)Y (k)] in the numerator of (4) is described
by

EX"(R)Y (k)] = E[X{(k)Y1(k)] + E[X](k)Y2(k)]

+ EX3 (MY (R)] + B3 (R)Ya (k).
From the causality, the third term E[Xj(k)Y1(k)] becomes
zero. Let Hy(k) and H; (k) be the transfer functions from one
input block to the output block signal with the same timing
and the one-block delayed signal, respectively. Thus, the cross
spectrum E[X*(k)Y (k)] is given by
(k)] = E[|X (k)[*]{Ho(k) + Ho(k) + Hy(k)}

# B{X(K)P){Ho(k) + Hy(h)}

E[X* (k)Y

that is, bias error is caused in the cross spectrum estimated in
(4). From this simple example, it is found that it is significant
to divide the input and output signals into short blocks and
estimate the cross spectrum separately for each combination
between the input blocks and the output blocks and then sum
up the resultant transfer functions to obtain the total transfer
function. In this section, based on the principle, a new method
is proposed to decrease the bias error in H,); (k) of (4) and
estimate an alternative transfer function I/I;c(k) ranging from
k=0to MN — 1 as described below.

Let us divide the M N-point length signal into M blocks,
where each of consists of N consecutive samples, as shown in
Fig. 3(a). Each block is identified by the block index. When
the system response is long, the transmission system in Fig. 1
is represented by a multiple input/output system as shown in
Fig. 3(b). Let an indexed H;(k) be the transfer function (called
the delayed block transfer function) from the input signal to
the i-block-delayed-output signal, and let h;(n) be the impulse
response of H;(k). The output signal y,,(n) in the mth block
is the sum of the responses to each input signal in the preceding
blocks and the measurement noise signal n,,,(n) in mth block
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~
~
~
~
~
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Fig. 3. When the impulse response is long, the signal transmission system

model of single input/single output in Figs.1 and 3(a) is also described by the
multiple input/single output transfer system as shown in Fig. 3(b).

such as

= Zaxm_i(n) * hi(n) + np(n) ©)

=0

or by its expression in the frequency domain

Yon(E) = 3 Hal)) X —i(K) + Non ()
1=0

—szm ) + Now (k) )

1=

where X, (k), Yi(k), and N, (k) are, respectively, the spec-
tra of the zero-padded M N -length signals z/,(n), y,,(n), and
n! (n) of the original N-length signals z.,(n), ym(n), and

m
nm(n) in the mth block, where each is obtained as

() = {

From Fig. 3(b), the spectrum Z,,_; m (k) of the response of
H;(k) to Zm;m_;(n) is defined as follows:

Zm—im(k) = Hy(k)Xm—i(k). 8)

The noise term N,,(k) in (6) can be rewritten as

ZH@ Xm—i(k).

The expectations of the product of N, (k) and its complex
conjugate N (k) give the average noise power Py (k) at the

ifn=01,...,N—1;

ifn=NN+1,...,MN -1 ™

Non(k) =
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kth frequency such as

Py(k) = E[INn(k)P?]
|]—ZH(k —i(R)Y,5 ()]
=" H(R)E[X;, (k)Y (k)]
=0
+ 3 SN Hik)H (k) E[Xon—i (k)X (k)]
i=0 ;=0

where Py (k) is independent of the block index number
since the signal n(n) is assumed to be stationary. The least
square estimate of the transfer function is obtained as that
which minimizes Py (k) over all possible choice of {H;(k)}.
By setting the partial derivatives of Py (k) with respect to
{H}(k)} equal to zero

E[X_ (k)Y (k)] =

ZH(k

where j = 0,1,...,00. Since it is assumed that the input
signals z,,(n) and x,,/(n) are mutually uncorrelated for m #
m’, (9) reduces to

X i(W)X5 ;(R)] )

m—j

XG5 (k)Y (B)] = Hy (B)E[| X, (R)]-

m]

Thus
E[X;, _(k)Yn(k)]

[ X (F)7] (10

Hi(k) =
where ¢ = 0,1,..., 00. This gives the least square estimate of
the delayed block transfer function from an input signal z,, (n)
in a block to the i-block delayed output signal ¥y, ().

A method to obtain the estimate of the total transfer system
from the resultant delayed block transfer functions is described
below. To begin with, let us consider the relation between the
spectrum V;(k) of the ith block signal v;(n), which consists of
N points in length, and the spectrum V (k) of the signal v(n),
which consists of M blocks (= M N-point length), which are
described as follows:

By applying the M N-point FFT to the M-block length
signal

v(in+ Ni) =v;(n), n=0,1,....N -1

i=0.1,...,M -1 (11
the resultant spectrum V (k) is
MN-1
Vi(k) = T;) 1)(n)exp( ]QWMN)
le wg 1 - , kn
= —J)2r
n=iN b ! MN
M—~1N-1 .
k(n 4+ Ni)
= N 2 .
Z Z v(n + L)exp< PN

i=0 n=0
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Using the relation (11), V (k) is

_Mil{ AZ_IUZ n)exp( jZﬂ—)}exp(—jQw;\cj).

i=0

V(k)

The term in the {-} brackets of this equation is equal to the
spectrum V;(k), (k = 0,1,..., M N — 1), which is obtained
by applying the M N-point FFT to the M N-point zero-padded
signal v;(n) defined by

vi(n) = {'(l;r;("),

Using the spectrum V;(k), the total spectrum V (k) for the
M N-point signal v(n) is described by

M-1 ki
= ; Vi(k) exp(—jQwM> .

In the relation of (13), by replacing V;(k) and V(k), respec-
tively, by the delayed block transfer function H;(k) and the
total transfer function Hyx(k), the estimate is given by

ifn=0,1,...
ifn=N,N+1,...

SN —1;

My -1 1D

(13)

M-1 ki
k j2m —
ZH )exp( j 7TM>

(k=0,1,...

ku (k) =

,MN —1).
(14)

Thus, the estimate fl;(k) of the total transfer function is
obtained from the M spectrum estimates {H;(k)} of the
delayed block transfer function in (10).

IV. THEORETICAL DERIVATIONS FOR
THE TRANSFER FUNCTION ESTIMATES

To confirm the accuracy improvement in the estimate of
ku(k) in (14), the estimates of Ha"(k) in (4) and ku(k)
in (14) and their bias errors are theoretically derived in this
section. To begin with, the characteristics of the true transfer
function are defined in Section IV-A. Then, after deriving
the theoretical expression for the expectations of the cross
spectrum and power spectrum in Section IV-B, the estimates
of ITI:H(k) and I/Ib\k(lc) are theoretically derived in Sections
IV-C and D, respectively.

A. Definition of the Characteristics of a Transfer Function

Let us assume that the transfer system is a rational transfer
function of order P and the impulse response hA(n) is described
by

h(n) (15)

P
= Z Cip
=1

where {p;} are the poles of the transfer system (|p;| < 1), and
{C;} are the complex coefficients. By defining

z0 = exp( JQWMIN) (16)
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the M N-point Fourier transform of the impulse response h(n)
is obtained by

MN-1
Z h n)exp( ]ZWMN)
MN-1
—ZCz > ()"
=1 n=0
P kYMN

= ZCi—l——(m—z(_)k——' an
i=1

1—-1pizg

If the length of the FFT increases to the infinite, that is,
M — oo, the true transfer function Hu(k) of H(k) in (17)
is given by

(18)

B. Theoretical Derivations for the Cross Spectrum

Let Fom(k; q) denote the kth spectrum of the signal h(n +
mN — q) in the mth block of the response of the transfer
system to the impulse §(n — ¢) at a time ¢ in the Oth block
as shown in Fig. 4(a). For the case of m > 1, by applying
the M N-point FFT to the zero-padded impulse response
K(n+ mN - q)

K (n+mN — q)

_fh(n+mN-¢q), ifn=0,1,....N -1,
0, ifn=N,N+1,.... MN -1

and substituting (15) into the resultant spectrum, the spectrum
Fo(k; q) is given by

P
mN — 1- izk N
Fom(k; q) = ZCiPi N q~1£pp_;(;. (for m > 1).
i=1 K
(19)

For the case of m = 0, by applying the M N-point FFT to the
zero-padded (N — g)-length impulse response h'(n — q)

v _ oy Jhn—q), ifn=qq+1,...,
W(n q)—{O, otherwise

N -1;

the spectrum Fyo{k; g) is obtained by

>

where the derivations of these spectrum Fpy,,(k;q) and
Fyo(k; q) in (19) and (20) are described in Appendix A.

Let zom(n) (m = 0,1, ...) denote the N-point signal in the
mith block of the response of the transfer system to the input
signal zo(n) in the Oth block as shown in Fig. 4(b). Using the
expression for the Fy,,(k;q) of (19) and (20), the M N-point

N-
Pzzo) !

k b
— Pi%g

Foo(k;q) = (for m = 0) (20)
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BLOCK

INDEX 0 1 m m+l
6(n-q)

X(ll) i l ] 1 1 {
q TIME

() osocoact HILHLF?T‘MB mkew?‘i%&mawfu%m

h(n+mN-q)
T N-POINT
QL ZERO-PADDED h'(n+mN-q)
& fon

MN-POINT FFT
FOm(k;q)
(a)

Ixo(n)
L‘g aT"gLI

| 1 -+ ]

TIME

x(n)

z(..)mma,ﬁﬂigl FTHTQL[M&Q?T??qnxwun%m
M zom (n)

o N-POINT
B ZERIO-PILDDED Z'om(n)
otltay f —t p

i MN-POINT FFT
Zom(K)
®

Fig. 4. (a) Fom(k; g)denotes the M N-point spectrum of the zero-padded
signal h/(n+mN —q) in the mth block of the response of the transfer system
to the impulse 8(n — ¢) at a time ¢ in the Oth block; (b) Zo (k) denotes the
M N-point spectrum of the N-point signal 20»(n) in the mth block of the
response of the transfer system to the input signal xo(n) in the Oth block.

spectrum Zo, (k) of zom(n) is obtained by
N-1

> 20(a) Fom(k; )

g=0
By substituting (19) and (20) into (21)

Zom (k) = 21N

where m = 0,1,2,....
N-1

zmchWq

q=0

=ZC le

— (piz§)"
1 —piz(’)“

'V N-1

> o

q=0

Zom(k) =

pzzo
1- plzo
(m > 1), (22)
P
1- izk N-q
Z(k) = 3 wola) 3 Crae Lm 222

Pizg

(23)

Letting Go., (k) be the expectations of the cross spectrum be-
tween Xg(k)and Zo,, (k) in (22) and (23), Gom (k) is given by
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Gom (k) = E[Xg(k)ng(k)]
1= (piz)N 1= (izb) N N
ZC ' ky—1 Pt
1 —pzzo 1— (piz§)~
(m > 1)
(24)
and for the case of m = 0
Goo(k) = E[X;( )Zoo(k)]
1— (pizb)™
= N?02(k [ 0 :
)Zlﬂhzﬁ N{1 = (pizg) '} )’
(m=0) 25)

where these derivations of the cross spectrum G, (k) and
Goo(k) in (24) and (25) are described in Appendix B.

On the other hand, the expectations of the power spectrum
obtained by the M N-point FFT of the zero-padded input sig-
nal z(n), which consists originally of N points, is calculated
by

E[IX (k)]
N b AVl kg
-E{Zxo(n exp(]27r MN)ZIO(Q) exp(—]?ﬂm)}
=0 =0
~ = . k(g—n)
— Z Z Elzi(n)zo(q ]exp(—ﬂww),
n=0 ¢=0

Since E[zf(n)zo(q)] = 026(n — q), the expectations of the
power spectrum is

N-1

E[X (k)] = No2(k) 3 1
n=0

= N%2(k). (26)

From the ratio of the average cross spectrum Gy, (k) in

(24) or Ggo(k) in (25) to the average power spectrum of x(n)

in (26), the estimates ?I\Z(k) in (10) for the delayed transfer

function are obtained by

Goi(k)

Hi(k) = N2o2(k)’

fori=0,1,2,... 27)

C. Transfer Function Estimates I-/Ia\u(k) for the Standard
Cross Spectrum Method

As shown previously in (4), ﬁa\n(k) denotes the estimate
of the transfer function obtained by applying the M N-point
FFT to the M-block signals z(n) and y(n), where each block
consists of N points. The estimate }7:11(};) is rewritten by

EX* (k)Y (k)]

Hah) = =grxmn

(4)
As described in Appendix C, the signals z(n) and y(n)
are divided into M-block signals z,(n) and y;(n) (@ =
0,1,2,...,M — 1), respectively. Using the power spectrum
| Xi(k)|? and the cross spectrum G;_;(k) = E[X}(k)Yi(k)]
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of the spectrum X;(k) and Y;(k) of the resultant signals z;(n)
and y;(n), the estimate H,;;(k) in (4) is described as follows:

M-1
— M —-m G, (k) . km
=y o —jor=—=1). (28
Han(k) 24 TM N%2(k) CXP( jam M> @
The term G, (k)/N?02(k) is equal to the H,,(k) in (10).

Thus, using the estimate H,,, (k) of the delayed block transfer
function, the transfer function estimate H,);(k) is obtained by

M-1

>

m=0

o~

H.u(k) =

MA;[mH;(k)eXp<—j2wkﬁm>. 9)

As described in Appendix C, by rearranging after substituting
H.,(k) in (27), the cross spectra Go,,,(k) in (24) and (25),
and zg in (16) into (29)
(k) = Zc N
all 1

NM . k)MNJ

1-(p Zo) v
30

piz§ [

Since the first term ZzP 1Clm of Han(k) is equal to
the true transfer function Ho. (k) in (18), the remaining term
shows the bias error AH,(k) in the estimate Hyy (k). Thus,

the bias error AHy (k) is given by

AH, (k)
= Fan(k) — HoolF)
£ C; 1 1~ (pizb)MN
L Ni—wd) M

(€)Y

D. Transfer Function Estimate ﬁ;(k) for the Proposed
Method
__Let us consider the theoretical derivation for the estimate
Hy (k) of the total transfer system in (14) using the definition
of the impulse response A(n) in (15) as follows:

By substituting H;(k) of (27) into (14) and using the
definition of zg in (16), the estimate Hyi(k) is obtained by

M-1

1
N2o2(R) {Goo Z Gom(k k"m}

By arranging after substituting the cross spectra Goo(k) of
(24) and Gy, (k) of (25) i/rEo this equation as described in
Appendix D, the estimate Hyi (k) of the total transfer system
obtained by the proposed method is given by

_ i (pizg) M DML — (pif) ™}
_;1 Pzzo|: N{1 — (piz§)~'} .

Hyi(k) =

Hy(k

(32)
Let us consider the physical meaning of Hyx(k). Let Ho(k)
be the transfer function estimate obtained by applying the
standard method to the N-point input and output signals. By
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Fig. 5. (a) Relation among the proposed method, the standard cross spectrum
method, and the Blackman—Tukey method; (b) theoretical ratio n(k;; ¢, N') of

Aﬁb\k(k‘) in (33) to AH,; (k) in (31) is always equal to or less than 1 for
various lengths N of each block.

substituting NV into M N of the segment length in I/{:“(k) of
(30), the transfer function estimate Ho(k) is given by

|: + = 11- (Pzzo)N
N1-(pizh)™!
The second term in the right-hand side shows the bias error.
In the estimate }m(k) of (30), which is given when the
window length N of E)(k) is increased to M N, the bias
error of H()(IC) is multiplied by M% < 1, that is,
the bias error is decreased in inverse proportion to the window
length. In the estimate ku( ) of (32), however, the bias
error of fI\o(k) is multiplied by exponentially decaying term
(p;zE)M-DN <« 1. Thus, a more accurate estimate of the
transfer function is obtained by the proposed method
As the same manner in (31), the first term Z

Ho(k) = Z Ci——

i lkziz[’;
of Hy (k) in (32) is equal to the true transfer function Ho (k)
in (18) and the remalm&term expresses the bias error
AHy(k) in the estimate Hyy (k). Therefore

Aku(k’) = ku(k) — Hyo (k)
B i C 1
C o l-pif N{1 - (pizh)=}
x (pizg) M ON {1~ (pizg)V}. (33)

If the number M of the blocks and the length N of each block
in (33) are substituted by 1 and M N, respectively, as shown in
the extreme left of Fig. 5(a), the proposed method coincides
with the standard cross spectrum method, /aﬂd in this case,
AHyp (k) in (33) coincides exactly with AH,(k) in (31).
Alternatively, when the number M of the blocks and the
length NV of each block in (33) are substituted by M N and 1,
respectively, as shown in the extreme right of Fig. 5(a), each
block consists of only one point, and the number of the blocks
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becomes equal to the number of total points of the signals. In
this case, the spectrum Y, (k) of mth block, which consists
of one-point signal y(m) is given by

—~

Yon(k

:MZ

y(n +m) j2m —— hn
m)exp| —j2m o

=y m).
Thus, the delayed block transfer function H;(k) in (10) is
obtained as
= E[X;,_i(k)Ym (k)]
) = = B ()
_ Bla(m — i)"y(m)]
E[|lz(m — i)|?]
= Ruy (i)

where E;,(z) denotes the estimates of the normalized correla-
tion function between z(n) and y(n + i). From (14), the total
transfer function, which is denoted by ITB\T(lc), is equal to
the M N-point Fourier transform of the correlation function
such as

def

HBT(k) = ku(k)|M«——MN Nel
MN-1
= Z R, (3) exp( j27['MN> (34
=0

which corresponds to the spectrum estimates obtained by the
Blackman-Tukey(B-T) method [19]. By substituting M N and
1 into M and N of (33), respectively, the bias error AH, BT(k)
in the estimate H BT(k) is given by

AHgr(k) = AHp(k)

M~—MN,N+~1

i k\MN -
(pizg)M N

{1_ p,zo) }
(35)

V. ACCURACY COMPARISON BASED ON
THE THEORETICALLY DERIVED EQUATIONS

By comparing the difference of the bias error between
AH, (k) in (31) and AHy(k) in (33), it is clear that
there is difference between them only in the third terms
(piz§)M-DN{1 — (piz§)N} in AHer(k) and {1 —
(pizE)MNY in AH,(k). When the actual length of the signal
involved in the zero-padded signal is equal to N, let us define
the ratio n(k;7, N) of Aku(k) to AHau( ) for each order
i of the impulse response C;p? of the poles in the transfer
system as follows:

def Aku (k:)

n(k;e, N
e = Tak)
1- (p,z )
(M—1)N 0
= M) zowN
MN(psz>MN (p,z ) N
REETTY co
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Fig. 6. (a) Examples of the impulse response h(n) in (15) employed in
Figs. 7 and 8; (b), (c) frequency characteristics Ho (k) of the signal in
Fig. 6(a) defined by (18). The order P of the rational transfer function is
equal to 1, (1 = 1,|p1]| = 0.90, and Zp; = 27—" The length M N is equal
to 64.

.
The first term N ESUTE which we denote by D(k:i)
iZg

hereafter, depends not on /N but on the total length M N of the
impulse response, which is assumed to be a constant value.

Since the bias error is large especially around the reso-
nant frequency, let us evaluate n(k;:, N) at and near the
resonant frequency as follows: At the resonant frequency
ki = MN/p;/2r of the ith pole, the complex term p;z&
becomes a real value, which we denote by a (0 < a < 1).
Thus, the ratio n(k; ¢, N) and D(k; ) become real at & = &;.
In this case, the ratio n(k;;i, N) at k = k; is given by

a= N -1

N (37

n(ki;i, N) = D(kisi)

where D(k;i) > 0. Since the partial derivation of a=" =
exp(—N Ina) with respect to N is equal o —a~V Ina, the

partial derivation of 7(k;;, N) with respect to N is given by

) a -1 ¢ Nla
D(ki;z){— T }

D(ks;i)a=N
- Nz

In(kisi, N)
ON

Il

(@™ —Ina™ —1).

Since the second term (a™ — Ina® — 1) is positive for
0 < a® < 1, the gradient w of n(k;;i, N) is positive
for 0 < a”¥ < 1. Thus, n(k;; 4, N) increases monotonically
as N becomes larger in the range of 1 < N < MN as
illustrated in Fig. 5(b). When NV is equal to M N, that is,
M =1, AE;C(]C) becomes equal to AI-T;“(k) as described
previously. In this case, n(k;é, N = M N) = 1. Therefore, the
bias error Aﬁ;(k) in the proposed method is always less than
or equal to Aﬁ.:“(k) in the standard cross spectrum method
at the resonant frequency, that is

AH,y(k) > AHu(k) > AHpr (k). (38)
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Fig. 7. Magnitude characteristics of the bias error in the estimate I-/I;c(k) by
the proposed method in (32) for different five combinations of the number M
of the blocks and the length i\r\ of a block. The dotted line shows the bias error
AH,y(k) in the estimate H,j)(k) of the standard cross spectrum method in
@BO):(@N=64M=1,0b)N=32M=2CN=16.M = 4; ()
N=8M=8 (€ N=1M =064

Fig. 6 shows an example of the impulse response h(n) in
(15) and its frequency characteristics Hoo (k) in (18) for the
case where the order P of the rational transfer function is
equal to 1, C; = 1, |p1| = 0.90, and /p; = Z*. The length
MN is equal to 64.

Figs. 7 and 8 show, respectively, the magnitude and phase
characteristics of the bias error AH,(k) of the proposed
method in (33) for five different combinations of M and N
under the condition that the total length M N is always equal
to 64. The dotted line shows the bias error AITI:u(k) of the
standard cross spectrum method in (31). The bias error in

—

H,u(k) is large especially at and near the resonant frequency
ki = 42 x MN.

In Figs. 7(a) and 8&(a), the bias error of ﬁ;(k:) coincides
with that of I—/Ia\“(k) because the number M of the block is
equal to | in these figures. As the number M of the blocks is
increased from top to bottom in Figs. 7 and 8, the estimation
accuracy is remarkably improved.

Figs. 9 and 10 show the characteristics of the bias error
Aﬁ;c(k;) as a function of the value of M, where the total
length MN is 64 and /p; = 2. The magnitude in Fig. 9
and the phase in Fig. 10 of the bias error are represented by
the values at the discrete frequency k; = 121;1 x MN ~9
and k; = 10, respectively. The dotted line shows the bias
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Fig. 8. Phase characteristics of the bias error in the estimate I-/Ia(k) by the
proposed method in (32) for different five combinations of the number M of
the/lﬂ\ocks and the length I\L_gf a block. The dotted line shows the bias error
AHy)i(k) in the estimate H,) (k) of the standard cross spectrum method in
@O (@ N=64M=1,b) N =32.M=2;(c) N =16.M = 4; (d)
N=8M=8€N=1M = 64.

error in the estimate I/{a\n(k) of the standard cross spectrum
method. For three different values of the magnitude of p;
(Ip1] = 0.95, |p1]| = 0.9, and |p1| = 0.5), the results are shown
in Figs. 9(a) and 10(a), Figs. 9(b) and 10(b), and Figs. 9(c) and
10(c), respectively. It is obvious that the bias error decreases
as the number M of the blocks becomes large. For the case of
M > 2, the bias error of the proposed method is significantly
less than that of the st/agda:d cross spectrum method, and the
resultant bias error A Hyi (k) of the proposed method is small
enough for the accurate estimation of the transfer function.

VI. COMPUTER SIMULATION EXPERIMENTS

In order to illustrate the advantage of the proposed method
to estimate the transfer function H (k) or its impulse response
h(n), we choose the example of the fourth order all-pole
transfer model Ho.(k), where poles are 0.996 exp(+27 -
65/360) and 0.997 exp(+27 - 80/360) as shown in Fig. 11(1-
b). The input signal z(n) in (1) is assumed to be white noise,
and the output signal y(n) is contaminated by measured white
noise n(n), which is uncorrelated with the driving series z(n).
The SNR equals 15 dB, and 32 768 points are generated for
each of the signals z(n) and y(n). The generated two signals
z(n) and y(n) are then divided into 128 sections, each of
which has length (M N) equal to 256 points. The true impulse
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Fig. 9. Relation between the number A of blocks used in the proposed
method and the magnitude of the bias error Aﬁb\k(k) in (33) at the resonant
frequency k; = Lh X MN = 9 under the condition that the total length
M N is always equal to 64. Lp; = IT" The dotted line shows the bias error in
the estimate H (k) of the standard cross spectrum method: (a) |p1| = 0.95;
®) [p1] = 0.9; © |p1| = 0.8.

7 1
VSTANDARD CROSS
SPECTRUM METHOD
e ]
e ]
& _r/16t, llml=o.9s|._(a)
Qw3
o
e
o 0 1
z 4
a-/32%, . (p11=0.9 |(b)
S a3 T 7 T T 1
o
T 0 =~ _
o
s, [eil=08 ()
1 2 4 8 16 32 64

THE NUMBER (M) OF BLOCKS

Fig. 10. Relation between the number M of blocks used in the proposed
method and the phase of the bias error AHpi (k) in (33) near the resonant
frequency k1 = 10 under the condition that the total signal length M N is
always equal to 64. Zp; = 27” The dotted line shows the bias error in the

estimate ﬁ;l(k) of the standard cross spectrum method: (a) |p1| = 0.95;
(b) |p1| = 0.9; (¢) |p1| = 0.8.

response hoo(n) of Ho (k) is shown for the same length in
Fig. 11(1-a). Assuming that the true length of the impulse
response is not known a a priori, the impulse response is
estimated for the length M N = 256 points in the following
experiments for both the standard method and for the proposed
method.
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Fig. 11. (1) Magnitude characteristics of the fourth-order all-pole transfer

model Hoc(k) employed in the computer simulation in Section VI and
its impulse response hoc(n); (2) transfer function estimate H,j (k) and

its impulse response h,j (k) obtained by the standard method described in
Section II.

Fig. 11(2) shows the transfer function estimates ﬁa\u(k) and
the impulse response estimate ﬁ;(n), which are obtained by
applying the standard method in Section II to the signals x(n)
and y(n) in each segment with length M N = 256, which
is divided above. The number of the nonoverlapping average
operation E[-] in (4) is equal to 128 times. As described
previously in Section II, the estimate ITI?H(k) is obtained so
that the impulse response to every input impulse in a segment
is truncated at the end of the segment. In the magnitude
of the transfer function estimate I?:H(k) in Fig. 11(2-b), a
spectrum zero appears due to the truncation. The resultant
impulse response estimate ﬁ;(n) in Fig. 11(2-a) converges
more rapidly than the true characteristic h.(n) in Fig. 11(1-
a). From these results, the true length of the impulse response
heo(n) cannot be estimated by the standard method.

Figs. 12 and 14 show the results obtained by the method
proposed in Section IIL. For the results in Figs. 12 and 14(1),
each segment with length M N = 128 is divided into nonover-
lapping 8 blocks, each of which has 32 points in length,
that is, in (7), (10), and (14), the number M of the blocks
and the length N of each block are 8 and 32, respectively.
Fig 12 shows the impulse response estimates hA,Z-(n).(z' =
0,1,2,...,8), which are obtained from the discrete Fourier
transform (DFT) of H; (k)-exp(—~j2r-ki/M) in the right-hand
side of (14). The impulse response l;-(n) shows the transfer
characteristics from the zero-padded input signal =/, (n) in the
mth block with length N to the zero-padded i-block delayed
output signal ;. ;(n). For the estimate ho(n) in Fig. 12(a),
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Fig. 12. Impulse response estimates a(n), G =0.1,..., 8), which are

obtained by applying DFT to the block transfer function estimates H; (k)
muitiplied by shift coefficients exp(—j2x - k2/M). In the proposed method
in Section III, each segment with length AfN = 128 is divided into
nonoverlapping 8 blocks, where each has 32 points in length (M = 8.
N = 32).

the lengths ¢ of the shortest and longest paths from the input
block to the output block are 0 and N — 1, respectively, as
shown in Fig. 13(a). However, for h;(n) in Fig. 12(b), the
lengths ¢ of the shortest and longest paths are 1 and 2N — 1,
respectively, as shown in Fig. 13(b). Thus, the duration time
of the resultant impulse response estimate is 2N — 1 for a(n)
ﬁ;(n), el ﬁ;(n) as shown in Figs. 12(b)-(i). For the estimates
}/L;(n) in Fig. 12(i), the later half of the estimates is shifted to
the beginning of the estimates due to the aliasing in the above
DFT operation of f{\z(k) -exp(—72x - ki/M).

Thus, by eliminating the beginning part of the estimate
ﬁg(n) and summing up the resultant estimates H;(k) -
exp(—j2n - ki/M) for ¢ = 0,1,...,8 in (14), the transfer
function estimates f{—b\k(k), and its impulse response I:I;(n)
is obtained as shown in Figs. 14(1-b) and (1-c), respectively.
The impulse response estimates—/;;;c(n) in Fig. 14(1-a) almost
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lii_% 14. (1) Transfer function estimate ﬁ;(k) and its impulse response
han (k) obtained by the proposed method described in Section TII (M = 8,
N = 32); (2) transfer function estimate Hpgr(k) and its impulse re-

sponse h:;r(k) obtained by the proposed method described in Section IV-D
(M =128 N = 1).

coincide with the true characteristics Ho(k) in Fig. 11(1-a)
except for the amplitude @(0) for the first point, which
is affected by the contaminated noise components. For the
same reason, the magnitude of the transfer function ﬁ;c(k)
in Fig. 14(1-b) has bias error, especially for the base part of
its resonant characteristics. These errors will decrease with
an increase in the average number. From these figures, the
estimates obtained by the standard method are improved by
the proposed method.

Fig. 14(2) shows the estimates Hpr(k) in (34) and its
impulse response f:;k(n), where each segment with length
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MN is divided into M N blocks, where each has one point in
length. These results almost coincide with those in Fig. 14(1).

VII. CONCLUDING REMARKS

This paper proposes a new method that accurately estimates
the transfer function of a transfer system with a long impulse
response. To begin with, a delayed block transfer function
was introduced to detect components that are correlated to the
signal in the input window but leaks from the output window.
The delayed block transfer function is defined as the transfer
function that is calculated by use of the input signal and the
output signal in the a delayed output window. Next, from the
resultant delayed block transfer functions, the total transfer
function is estimated, and the estimation accuracy is improved
by the proposed method.

We have also described the derivation of the thorough
theoretical expressions for the estimates of the transfer func-
tions obtained by the proposed and standard methods. By
comparing these expressions, the accuracy and the usefulness
of the proposed method was confirmed. From the computer
simulation experiments, the advantage of the proposed method
was also confirmed.

Two issues remain for further research as follows: In the the-
oretical derivations and the simulation experiments, the block
transfer functions are computed over contiguous nonoverlap-
ping blocks of the input and output signals, where each block
is cut off from the signals by using a a rectangular window. As
described in Section I, however, considerable work has been
done by Carter and Nuttall [37], [41] in applying Welch’s
approach [5] to the estimation of the spectra and cross spectra
when the data blocks are overlapping. Moreover, it is also
necessary to determine the optimum window applied to each
block when it is cut off from the original signal. These
important issues are currently under investigation. It is also
important to apply the proposed method to some practical
examples.

APPENDIX A

Derivations for the Spectrum Fgm(ki; q) in Section IV-B

The kth spectrum Fy,,,(k; q) of the signal h(n + mN — q)
in the mth block of the response of the transfer system to
the impulse 6(n — g) at a time g in the Oth block as shown
in Fig. 4(a) is obtained as follows: For the case of m > 1,
by applying the M N-point FFT to the zero-padded impulse
response h'(n + mN — q) defined by

R'(n+mN —q)
_ {h(n+mN—q), ifn=0,1,...,N - 1;
=10, ifn=NN+1,...,MN ~1
the spectrum Fy,,(k;q) is given by
N-1
Fom(k;q) = Z h(n+mN — q)zk*, (form > 1) (A.])
n=0

where zg = exp(—j2r /M N) as defined in (16). For the case
of m = 0, by applying the M N-point FFT to the zero-padded
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(N — g)-length impulse response h'(n — q)

o v Jhn—q), ifn=qq+1,...,N -1
Wn—q)= { 0, otherwise
the spectrum Fyo(k; g) is obtained by
Foo(k; q) = Zhn——qzo. (A.2)

By substituting h(n) defined in (15) into (A.1) and (A.2), the
spectra Fon, (k; g) and Fyo(k; ) are, respectively, described by

N-1 P
Fom(k;g) = > ) Copitmi—aghn
n=0 =1
P N-1
=> ™Y (piz)"
=1 n=
P ;
_ mN~q1 (piz(l)c>1\
- Z Cipi k
i=1 1 =pizg
(m > 1); (A.3)
N-1 P
Foo(ks; q) = Zcip? 2"
n=q =1
P N—-g—1
:ZCizgq z (pizf)?
i=1 n=0
P
1— ; kYN —q
- Z(le(’;q-———(p 070 (A
=1 1- Pizg

Equations (A.3) and (A.4) are used in (19) and (20), respec-
tively, in the text.

APPENDIX B

Derivations for the Cross SpectrumGy,,, (k) in Section 1V-B

The expectations G, (k) of the cross spectrum between the
spectrum Xo(k) of the input signal in the Oth block and the
spectrum Zy,,, (k) of the N-point signal in the mth block of
the response of the transfer system to the zo(n) in (22) and
(23) is given by

Gom (k)
= E[Xg(k)Zom (k)]

N-1 P 1= (pizk) N2k
=E [Z zh(n)zg ™" Z Cipszﬁ Z ’IO(Q)P;LI}

n=0 i=1 b

Elzg(n)zo( Q)]Zo "p; ¢
(B.1)

for the case of m > 1. Since the variance of the input signal

x(n) is assumed to be o2 as described in Section II,

Elzj(n)zo(@)] = 036(n - q)
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where
1, ifn=0;
b(n) = {0, otherwise.
Letting each spectrum component of X (k) have the power
o2
o2(k) = NI (B.2)
at the kth frequency
P
Go (k)—ZC le ([1120) Z(k)zszn -n
" =1 1- &
(piz )N 1—(pizb)™N
1= pizg (pizg)
(B.3)

For the case of m = 0, using (23), the cross spectrum Gog(k)
is given by

Goo(k)
= E[X{(k)Zoo(k)]
N-1
o e e B
n=0
P N-1N-1
—_ . * —kn kql (PzZ )N q
- ;CL n=0 ¢=0 E[Ig(n)_ro(q)]zo k 29 —l_jpth
L N-
= ZClN 2(k Z (piz[])c)N_n}
i=1 —

)y G (Pizg)V {1 — (pizg) N}
= Nag(k); 1—piz§ { - 1— (pizk)1 }
— N2-2(1 C; 1= ()N

N az(k)z 1—p;zf {1 N{I - (pizo(’)“)—l}}' (B.4)

Equations (B.3) and (B.4) are used in (24) and (25), respec-
tively, in the text.

APPENDIX C

Derivations for the Transfer Function Estimates ﬁ,:u(k) for
the Standard Cross Spectrum Method in Section IV-C

As shown in (4), }/Ia\“(k) denotes the estimate of the transfer
function obtained by applying the M N-point FFT to the M-
block signals z(n) and y(n), where each block consists of N
points. The estimate H,);(k) is rewritten by
EX* (k)Y (F)]

EIX(RP]
where M N-point length signals X (k) and Y (k) are obtained
from (13) by

Ha(k) = @)

M-1

ki
Z X; k)exp( ]27rjw)

Yi(k) exp(—j%r%)

gs

Y (k) =
=0

(C.1)
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and X;(k) and Y;(k) are spectra obtained by applying the
M N-point FFT to the zero-padded M N-point signals zj(n)
and y}(n), respectively, as defined in (12). Since the signals
{z:(n)} are mutually uncorrelated, the denominator of (4) is
calculated from (C.1) such as

E[IX (k)]
M-1 M-1
- FE X:(k) j2mki/M X(k)e~j27rkl/M
{3 mwerem {{ X e
M-1
= > E[IXi(k)]]
i=0
= MN?2(k) (€2)

where the definition of E[|X(k)|?] is different from that of
E[IX(k)[2] in (26).
On the other hand, the numerator of (4) is written by

X" (R)Y (k)]
. H J\;Z-Ol X:(k)e]'zﬂ-ki/M}{ A;E_:;l Vi) 2kl }]
-3 B ) (- iz ). €
=0 =0

Using the causality of the transfer system

E[X} (k)Y (k)] = 0 for i > [. (C4)

Since the input and output signals are assumed to be stationary,
the cross spectrum G_;(k) = E[X}(k)Yi(k)] between X;(k)
and Y;(k) in the right-hand side of (C.3) is given by

Gi-i(k) = E[X{ (k)Yi(K)]

= E[X;(k)Yi-i(K))- forl >i. (C.5)

Thus, the numerator of (4) is obtained by

M-1M-1 .
BIX Y (] = 3 3 GrsB)ep(-i2n )

=0 I=i
M-1M-1-i

Z Z Gm(k)exp( ]27r—)

(k) exp(—jZﬂ%rn).

= Z(M—m)G

m=0

(C.6)

By substituting (C.2) and (C.3) into (4)

T

M—-m Gn(k) o km
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The term Gy, (k)/N202(k) is equal to the H,.(k) in (10).
Thus, using the estimate H; (k) of the delayed block transfer
function, the transfer function estimate Hau(k) is obtained by

k
(k) = Z yz-m m(k)exp( jzwﬂ—'/[”-).(c.s;)

By rearranging after substituting }/I;(k) in (27) and 2 in
(16) into (C.8)

- 1 M1
Han(k) = W{Goo(k) + Z GOm(k)kaN}
m=1
p N
1 1-r
‘W;C"—1 kX[N+1—r—1

1—rM)(1 -
L A=
1—r-1

M mN
M } (C9)

where the cross spectra GOm(k) in (24) and Gyo(k) in (25) are
used, and 7 is deﬁned by p;z¥. Using the relation Zle ng" =

ﬂll—_;z);l - K”” , the last term Y M1 M=mpmN of (C.9)
is rearranged as follows
-1
Z M — mrmN
M
m=1
M-2 ] M-l
—_ N mN - N
=7 N - o > mr
m=0 m=1
_ TN 1-— ,r(M—l)N
1-7rN
1[N —rM=DNy (M — 1)rMN
M (1—rN)2 1—rN
v (M-1)N N
=M(1_TN)2{M(1—T ya—r")
— (1= rM=DNy L (M —1)(1 - ,’,N)T(M—I)N}
= _—TN__{(M_ 1) —MTN +7‘MN} (C.10)
M(1-rN)2 T

Using this result, the term in the square brackets [] in (C.9)
is rewritten as follows:

(C.1DH)

Since the term in the braces {-} of (C.11) is equal to (1 —
V)1 = rN¥M), the term [-] in (C.9) or (C.11) is rearranged as

(1 _ TNM)

= (C.12)

[]=N+
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Thus, the theoretical expression of ﬁ;(k) is summarized as
follows:

Ha(k)
_ B (Y ()
E[IX(k)?]
ZM ' M ' E[X] (k)Yi(k)] exp(_ﬂwk(l ))
E[\X( )P
N M-ompg . km
=2 THmw)eXp(-jzrﬁ)
= - L 1 1- (pi k)]\lN
- ;Cm[l VM TW}'(C‘B)

This expression is used in (30) of the text.
APPENDIX D

Derivations of the Transfer Function Estimateﬁ;(k)
for the Proposed Method in Section 1V-D

In this Appendix, the theoretical derivation for the estimate
HAbk(k) of the total transfer system in (14) is derived using the
definition of the impulse response in (15) as follows:

By substituting the estimates E(k) of (27) into (14) and
using the definition of zo in (16), the estimate I/I;(k) is
obtained by

e 1 M-1
Hyp(k) = W{GOO k) + Z Gom/(k)z ’””N}. (D.1)

m=1

Substituting the cross spectra Gog(k) of (24) and Gom (k) of
(25) into this equation

Huul8)
=2 G, {1 * N{ll'—(g;j;[’]“))‘l}}
i1 ZZ_IZI_D:C o {1(1@:20 {}1{1 o Z)O-)l }N}Z‘l’m
.
= % ; 2 (1- piz(’)“){ll— (pizg)~'}

X {N{l —(piz§) '} + 1= (pizg)™

M-1
{1 = @)V HI = (i) ™) 32 (pizé)“’m} .

m=1

(D.2)

Since the last term "M "1 (p;25)M™ in the last equation is

equal to
M-1 ;
. 1 — (p; 2B} (M—1N
z <piz(l)c)1wn — ( k)N (p ) ~ (D.3)
m=1 (1’230)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 42, NO. 7, JULY 1994

the term in the square brackets [] of (D.2) is rearranged as
follows:

[-]=N{1— ()"} +1 - (piz5)™
+{1 = (pizd) N Ywizb)V {1 = (pizg) M IN)
= N{1 — (p:zE) 7} + (piz§) MOV {1 — (pizf) ™}
(D.4)

Thus, the estimate .F/Ib\k(k) of the total transfer system obtained
by the proposed method is given by -

— N o km
Hyi (k) = Z Hop (k) exp *JQWW
m=0
_ Z Ci { (pizg) M DN{1 — (pizg)™}
— 1-piz§ N{L - (piz§) =1}

(D.5)

This expression is used in (32) of the text.
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