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series-parallel graphs. These include (i) the decision problem with respect to a property characterized by
a finite number of forbidden graphs, (i) the minimum edge (vertex) deletion problem with respect (o the
same property as above, and (iii) the generalized maiching problem. Consequently, the following problems,
among others, prove to be linear-time computable for the class of series-parallel graphs: (1) the minimum
veriex cover problem, (2) the maximum outerplanar (induced) subgraph problem, (3) the minimum
feedback vertex set problem, (4) the maximum (induced) line-subgraph problem, (5) the maximum
matching problem, and (6) the maximum disjoint triangle problem.

Categories and Subject Descriptors: F.2.2 [Analysis of Algorithms and Problem Complexity): Nonnumerical
Algorithms and Problems—computations on discrete structures, G.2.2 [Discrete Mathematics): Graph
Theory—graph algorithms
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1. Introduction

A large number of combinatorial problems defined on graphs are NP-complete, and
hence there is probably no polynomial-time algorithm for any of them [1}. A number
of such problems can be formulated as a “minimum edge (vertex) deletion problem”
with respect to some graph property Q [14, 15, 23]. The problem asks a minimum
number of edges (vertices) of a given graph whose deletion results in a graph
satisfying Q. Various other problems can be formulated as a “generalized matching
problem” in which one would like to find a maximum number of vertex-disjoint
copies of a fixed graph B contained in an input graph [13]. It should be noted that a
graph property Q can be often characterized by (possibly an infinite number of)
“forbidden (induced) subgraphs,” that is, a graph G satisfies Q if and only if G
contains none of the forbidden graphs as an (induced) subgraph [3, 11, 15).
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Some of the combinatorial problems which are NP-complete for general graphs
remain so even for a restricted class of graphs [7]. However, it has been shown by ad
hoc methods that polynomial-time algorithms are available for some combinatorial
problems on various special classes of graphs, such as planar graphs, regular graphs,
bipartite graphs, or series-parallel graphs [8].

In this paper we consider a special class of graphs, called series—parallel graphs,
which can be obtained from a certain graph by recursively applying series and
parallel connections. The class of such graphs, which is a well known model of
series-parallel electrical networks, is a restricted class of planar graphs. Many
practical problems defined on such graphs can be efficiently solved, for example,
resistance of electrical networks, reliability of systems, and scheduling [4, 16, 17].
The following question naturally arises: Do there exist polynomial-bounded algo-
rithms for all combinatorial problems defined on such a class of graphs? One can
easily see that not every combinatorial problem is polynomial-time computable even
if restricted to series-parallel graphs. However, we show in a unified manner that a
number of combinatorial problems are linear-time computable for series-parallel
graphs. Such a rather broad class of problems includes:

(i) the decision (i.e., yes-no) problem with respect to any property Q characterized
by a finite number of forbidden (induced or homeomorphic) subgraphs, in
which one would like to decide whether an input graph satisfies Q;

(ii) the minimum edge (vertex) deletion problem with respect to the same property
as above; and
(iii) the generalized matching problem.

Hence the following problems, among others, prove to be linear-time computable for
the class of series—parallel graphs: (1) the minimum vertex cover problem, (2) the
maximum outerplanar (induced) subgraph problem, (3) the minimum feedback
vertex set problem, (4) the maximum line-subgraph problem, (5) the maximum
matching problem, and (6) the maximum disjoint triangle problem. Some of these
problems have individually been shown to be polynomial-time computable for

the class of series-parallel graphs or some larger class containing all such graphs
[2,5,8,22].

2. Preliminary

Most of the graph-theoretical terms used in this paper are standard (see, e.g., [9]). We
therefore limit ourselves to defining the most commonly used terms and those that
may produce confusion.

A multigraph G = (V, E) consists of a finite set ¥ of vertices and a finite multiset
E of edges, each of which is a pair of distinct vertices. Throughout this paper we
simply call them graphs, since we consider only multigraphs. A graph G’ = (V’, E’)
is a subgraph of another G = (¥, E) if ¥’ is a subset of ¥ and E’ is a subset of E. If
V' =V, G’ is denoted by G' = G — E, where E,= E — E’. We write G’ C Gif G’ is
a subgraph of G. For any subset W of the vertices of a graph G, the induced subgraph
on W is the maximal subgraph of G with vertex set W and is denoted by G - V,,
where V, = V — W.

Two edges of a graph are series if they are incident to a vertex of degree 2 and are
parallel if they join the same pair of distinct vertices. A series-parallel graph is defined
recursively as follows [4].
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(2) (b)

F1G. 1. (a) Series connection of type 1. (b) Parallel connection.

Definition 1. A graph consisting of two vertices joined by two parallel edges is
series-parallel. If G is a series—parallel graph, then a graph obtained from G by
replacing any edge of G by series or parallel edges is series-parallel.

Definition 2. A graph G = (V, E) is called a two-terminal graph when two distinct
vertices of V are distinguished from the other vertices and also from each other; the
two distinct vertices are called the first terminal and the second terminal, respectively.
We write G = (¥, E, x, y) if x is the first terminal of G and y the second.

A two-terminal graph may have one or two virtual terminals, denoted by vu (i =
1, 2), which are necessarily isolated and distinguished from a usual terminal, They
play a special role in the connections or separations of the succeeding sections. When
we wish to discriminate a nonvirtual vertex from virtual one, we call it a real vertex.
An underlying graph of a two-terminal graph G is a graph consisting of all edges and
all real vertices of G.

We will introduce a two-terminal series—parallel graph, which is slightly different
from a series—parallel graph. We first define two kinds of connections of two-terminal
graphs, which are used to construct two-terminal series—parallel graphs, as follows.

Definition 3. Let H = (Vy, En, a, b) and K = (Vk, Ex, c, d) be two two-terminal
graphs having no vertex in common: Vg N Vg = @.

(a) H and X are series connectable (in type I) if the second terminal b of A and the
first terminal ¢ of X are both real. By a series connection (of type I) of two-
terminal graphs 4 and K, we mean the two-terminal graph G, obtained from H
and X by identifying b of H with ¢ of K as illustrated in Figure la. Note that the
resultant graph G, is regarded as a two-terminal graph with terminals g and d.

(b) H and X are parallel connectable if both a and c are either real or virtual and
both b and d are also either real or virtual. By a parallel connection of H and K
we mean the two-terminal graph G, obtained from H and X by identifying a
with ¢ and b with d. Figure 1b illustrates a parallel connection; the terminal
vertices of /1 are also the terminal vertices of the composite graph.

If a two-terminal graph G, (or G,) is obtained from two two-terminal graphs H
and K by a series connection of type I (or parallel connection), we write G, = H+ K
(or Gp = H//K) and say that H and K are series separations of type I of G, (or
parallel separations of Gy).

A two-terminal series-parallel (TTSP) graph is recursively defined as follows.
Definition 4 (Two-Terminal Series—Paralle! Graphs)

(i) A two-terminal graph consisting of two vertices joined by a single edge is TTSP
and is called a minimum series-parallel graph, denoted by Gin.
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FiG. 2. (a) A TTSP graph with terminals | and 2. (b) Its binary decomposition tree.

(i) If H and K are TTSP graphs, then the two-terminal graphs H + K and H//K are
TTSP.

It is known that every series-parallel graph is TTSP if one designates appropriate
vertices, for example, two ends of an edge, as the terminals [4]. Figure 2 illustrates a
TTSP graph and its binary decomposition tree, in which node label s or p indicates
series or parallel connection, respectively.

3. Decision Problems on TTSP Graphs

In this section we consider a decision (i.e., yes-no) problem with respect to property
Q for TTSP graphs, in which one would like to determine whether a given TTSP
graph satisfies Q or not. We show that whenever Q can be characterized by a finite
number of forbidden (induced) subgraphs, the decision problem is linear-time
computable.

Throughout this paper we often denote by Q itself the ser of all (two-terminal)
graphs satisfying property Q, so that G € Q if and only if G satisfies property Q. We
also denote “and” by A and “or” by V. On the basis of the recursive definition of a
TTSP graph we employ “divide and conquer” to solve our problems on TTSP
graphs. The requirements for the success and efficiency of the method are formulated
as follows.

LemMA 1. Let Q be a property defined on two-terminal graphs. The decision
problem with respect to Q is linear-time computable for TTSP graphs if there exists a
Jfinite set of properties P = {Qy, Qo, . . ., Q) such that

() QeP; .
(i) it is known whether Gmin € Q. or not for each property Q, € P; and
(iii) for each property Q, € P, there exist two sets of properties {Qn, Qunz, ..., Qu}
C P and {Qum, Quz, ..., Qu} C P such that for any two-terminal graph Gr
satisfying Gr = H+ K (or H//K),

Gre Q. iff i-\/‘(HEthAKEQIu‘),
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procedure TEST(G):
if G = Ghnin then determine Gmin € Q, for cach Q. € P
elseif G = H«X for H and K both having fewer edges than G
then TEST(H) and TEST(X), and determine G € Q- for each Q. € P by using
the solutions to A and X and condition (iii) of Lemma 1
elselet G = H//K for H and X both having fewer edges than G;
TEST(H), TEST(X), and determine G &€ Q, for each Q- € P by using the
solutions to / and X and condition (iii) of Lemma |

F16. 3. A decision algorithm.

where « denotes a series connection of type I and H and K are both two-terminal
graphs. (It should be noted that different sets of properties would be used for series
and for parallel connections.)

Proor. Let G = (¥, E, x, y) be a given TTSP graph. Consider an extended
decision problem in which one would like to determine for every Q, € P whether
G € Q- or not. Since Q € P by (i), the new problem includes the original one,
Therefore it is sufficient to verify that the extended decision problem is linear-time
computable. We will show that the recursive algorithm shown in F igure 3 solves this
problem in time linear in the number of edges of G.

First it should be noted that any TTSP graph G with e = |E| edges can be
constructed from e copies of the minimum series-parallel graph Gpin by a sequence
of series and parallel connections, and that such a sequence can be determined by
constructing a binary decomposition tree of G in O(e) time [10, 19, 21). That is, the
total amount of time required for series and parallel separations (i.e., the cost of
“divisions”) is O(e). Hence we shall verify that the other operations (i.e.,
“combinations” and “solving the problems on Gmin’s”) require at most O(e) time. Let
T(e) denote the total amount of time required for these operations to solve the
extended decision problem on G with e edges. By induction on e we prove that
T(e) = cie — c; for some constants ¢, and ¢;. If e = 1, that is, G = G, then condition
(ii) implies that one can determine in a constant time whether G € Q- forr=1,2,
.v.y k. Thus T(1) = ¢+ 1 — ¢, for appropriate constants ¢, and cp. If e = 2, then
G = H+K or H//K for two TTSP graphs H and K, both with fewer edges than G.
Condition (iii) implies that the solution to G can be obtained by combining the
solutions to H and X in a constant time. Note that both k and ¢ are constants
independent of the size e of the problem instance. Thus, if H has ey edges and K ex
edges, then

T(e) = T(ew) + T(ex) + ki,
where ex, ex = 1 and e = ey + ex. The inductive hypothesis implies that
T(en) < crey — ¢, and T(ex) < ciex — ca.

Therefore, by appropriately selecting ¢, and ¢, we have T(e) < cie — c;, which
completes the proof. O

We need some more definitions.

Definition 5. Let G = (¥, E) be a graph, and let x and »y be any distinct vertices
in V. A two-terminal graph Gr is a terminal-attached graph of G if G is one of the
following:

(i) Gr=(V, E, x, y),
(i) Gt = (VU {vu}, E, va, ),
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Fi1G. 4. Series connection of type II.

(ili) Gt = (VU (ve}, E, x, ve), and
(lV) GT = (VU {vlla vt2}’ E’ Ve1, sz),

where v;; and v, are virtual vertices.

Let Gr=(V, E, x, y) and Gr = (V', E’, x’, y’) be two-terminal graphs. G7 is a two-
terminal subgraph of Gr if (i) the underlying graph of Gt is a subgraph of the
underlying graph of G, (ii) x’ = x if x € V”, otherwise x’ is an isolated virtual
terminal v, and (iii) y’ = y if y € V’, otherwise y’ is an isolated virtual terminal ve.
If V' = V, then we write Gt = Gt — E, with E, = E — E’. If E’ contains all the edges
of E with both ends in V’, Gt is a two-terminal induced subgraph of Gr. If V. C ¥,
then Gt — V; denotes the induced subgraph G with vertex set ¥’ consisting of all
vertices in ¥ — V, together with v; (i = 1 or 2) if x (or y) € V,. We write again
Gt C Gt if G7 is a two-terminal subgraph of Gr.

Definition 6. Let H = (Vy, En, a, b) and K = (Vk, Ex,.c, d) be two two-terminal
graphs having no vertex in common: Vx N Vx = &. H and K are series connectable
in type II if both b and c are virtual. By a series connection of type I1, we mean the
two-terminal graph G, obtained from the union of A and K by deleting b and ¢, as
illustrated in Figure 4. That is,

G = (VuU Vg — {b, ¢}, Ex + Ex, a, d).
H and X are called series separations of type II of G..

If G; is a series connection of H and K, then we write, from now on, G; = H+K
regardless of whether it is type I or II.

Many kinds of graph properties Q can be characterized by forbidden (induced)
subgraphs [3]. That is, the set of graphs satisfying Q can be defined by a set of graphs
which they do not contain as (induced) subgraphs. We will show that if the set of
forbidden graphs is finite, then the decision problem with respect to such a property
Q is linear-time computable for series—parallel graphs.

Suppose that property Q is defined on graphs by a finite set of forbidden subgraphs
B = (B, B, ..., B;}. Thus G € Q if and only if G contains no members of B as a
subgraph. Since the algorithm in Lemma 1 works only on TTSP graphs, we shall
first reduce the decision problem defined on graphs to one on two-terminal graphs.
We define a set Br of forbidden two-terminal subgraphs as the set of all terminal-
attached graphs of graphs in B. It should be noted that the set Br is finite, since the
set B is finite. Associated with property Q on graphs, we define property Qr on two-
terminal graphs by Br: Qr is the set of all the two-termmal graphs that contain no
member of Br as a two-terminal subgraph.

LEMMA 2. Let Gr be any terminal-attached graph of a graph G. Then G € Q if and
anly gf GrE QT.

ProoF. Suppose Gt & Qr. Then there exists B/ € Br such that B/ C Gr. Let
B; € B be the underlying graph of the two-terminal graph B{ which consists of all
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the edges and real vertices of B/. Since B/ C G and G is the underlying graph of Gr,
the definition of a two-terminal subgraph implies B; C G, so that G & Q.

Conversely, suppose G & Q. Then there exists B; € B such that 8; C G. Since
Gt = (V, E, x, y) is a terminal-attached graph of G, Gt contains all the vertices and
edges of B;. Construct a terminal-attached graph B/ obtained from B; by designating
the terminals in the following way:

(1) If B; contains vertex x (or y), then designate it as the first (second) terminal of B;.
(ii) Otherwise add to B; an isolated virtual vertex va (ve2) designated as the first
(second) terminal.

Observe that B/ C Gt and B! € Bt. Hence Gr ﬁ Q'r. a

According to Lemma 2, it is sufficient to verify that the property Qr on two-
terminal graphs satisfies the requirements of Lemma 1. Let a set S consist of all two-
terminal graphs that either belong to Br or can be obtained from a two-terminal
graph in Br by a sequence of series (of type I and type II) and parallel separations.
Note that the set Br is finite and that any separation graph has not more vertices
than the original two-terminal graph. It hence follows that. set S is finite. We will
show intuitively that the set of all the properties defined by a subset of S satisfies the
requirements of Lemma 1. In what follows we write S = (S), S, ..., S.}.
Furthermore, we define S[7], o/(i), $:(i), 0:(J), and ¢;(J) fori =1, 2, ..., « and
ILJC({l,2,...,a} as follows:

sl = (spjen,

or(i) = {j:S; € S and S+ S, € S[I]},
¢:1({) = {j:S; € S and Si//S; € S[I]},
o) = U or(,

#i(7) = U 4:().

We need some more lemmas.

LeEMMA 3. Let Gr be a two-terminal graph such that Gr = H« K (or H//K) Sfor
some two-terminal graphs H and K, and let G7 be a two-terminal graph. Then G7 C Gr
if and only if there exist two-terminal graphs H' and K’ such that H' C H, K’ C K, and
Gr=H'*K' (or H'//K").

ProOF. We present the proof only for the necessity of the case in which Gt =
H + K, since the proof of the remaining case is analogous. Suppose G+ C Gr. Let a
set Vg consist of (i) all the vertices of G7 that belong to H, (ii) virtual terminal v,
(if any) in G7, and (iii) virtual terminal v, if either the series connection Gt of H and
K is of type Il or G does not contain the identified terminal of the series connection
Gr. Similarly, we define a set ¥k with respect to K. Since Gt = H» K, G’ is also a
series connection of two two-terminal graphs, say, H' and K’, having vertex sets V4
and V¥, respectively. Thus Gt = H’+K’. It should be noted that even if Gr is a
_series connection of type I, G+ may be a series connection of type II (if G4 does not
contain the identified terminal of the series connection Gr). Since all the edges and
real vertices of H' (or K’) belong to H(K), H' C Hand K' C K. O

It is sufficient to consider Gr in Lemma 3 as a series connection of type I only to
establish our claim of this section, but the result for the case in which Gr is of type
IT will be used in the succeeding sections. (In the succeeding lemmas, S is not a fixed
set but depends on property Q.)
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LeMMa 4. Let Gr = H+«K (or H//K) and S, € S. Then S, C Gr if and only if
there exist Sy, Sy € S such that S, = Sy» Sg (or Si//Ss) and Sy C H, S;C K.
Proor. Follows immediately from Lemma 3 and the definition of S. O

Let G be a two-terminal graph and / C (1, 2, ..., a}. We denote by S[7] C Gt
the proposition that G contains at least one member of set S[/] as a two-terminal
subgraph, and denote by S[I] € Gr the proposition that Gr contains no member of
S[7], where the proposition S[I]Z Gt is true if = @.

LemMa 5. Let Gs=H+K (of type I), Gp = H//K,and I C {1, 2, ..., a}. Then
we have

() SUTE Gs iff Macr, (ST L H) A (Slor(Is = N E K)), and
() SUT L Gp iff Vs, [(SI1E H) A (S[:(T, — NI K],

where

I, = {i:there exists S; € S such that S;* S; € S[I1},
» = {i:there exists S; € S such that Si//S; € S[I]}.

PROOF. We will establish only (i), since the proof for (ii) is similar. If I = &, our
claim follows immediately. Assume I 5= @ then it follows from Lemma 4 and the
definitions of S[7], 7., and o; that

S[I]c G iff  thereexist SfyCH and S,CK
such that Sy € S[L] and S, € S{a:(f)],

that is,
S[I]C G iff g [(Src H) A (S[er ()] C K)].

Taking the negation of both sides of the above, we have

SUIE G iff é). (S, H) V (Sler(N] L K)).

Transforming the right-hand side of the above to a disjunctive normal form, we have
SUTE G it [SIT1Z H) A (Sler(ds = D] € K)),
as desired. O

We are now ready to prove the following theorem.

THEOREM 1. Let Q be a property on graphs defined by a finite number of forbidden
subgraphs. Then the decision problem with respect to Q is linear-time computable for
every series-parallel graph.

PROOF. Let Gt be a terminal-attached graph obtained from a series—parallel
graph G by designating two ends of any edge of G as the terminal vertices, so that Gt
is TTSP. According to Lemma 2, the problem with respect to Q on a series—parallel
graph G can be reduced to the problem with respect to the property Qr on the TTSP
graph Gr. Therefore it suffices to show that there exists a set of properties associated
with Qr that satisfies the requirements (i)(iii) of Lemma 1. Consider the following
set P of properties on two-terminal graphs:

P={“S[IT":IC{1,2,...,a}},

where “S[7]” denotes the property defined by the set S[7] of forbidden two-terminal
subgraphs: a two-terminal graph satisfies property “S[/]” if it contains no member
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of S[/] as a two-terminal subgraph. We write P = {Q,, Q,, ..., Qx}, where k = 2°.
Note that set P is finite, since « is a constant. Then we have:

(1) The definition of S implies Br C S. Thus property Qr is identical with the
property “S[/]” with S[/] = Br, and hence Qr € P.
(i) Since «a is finite, one can determine in a constant time whether S[/]1Z Gmia for
every S(/].
(iii) It follows from Lemma 5 that for each Q, € P there exist sets of properties
{Qn1, Qnz, ..., Qun} CPand {Qr1, Quz, ..., Qx} C P such that

GreQ if  V[HEQ)AKEQW)]
for any Gr= H+*K (or H//K). O

Even if property Q is defined on graphs by a finite number of forbidden induced
subgraphs, we have results corresponding to Lemmas 2-5. Thus we have

THEOREM 2. Let Q be a property on graphs defined by a finite number of forbidden
induced subgraphs. Then the decision problem with respect to Q is linear-time comput-
able for every series-parallel graph.

4. Edge Deletion Problems

In this section we consider the minimum edge deletion problem with respect to a
property Q for series—parallel graphs, in which one would like to determine the
minimum number of edges of a given series—parallel graph whose deletion results in
a graph satisfying Q. We show that this problem is also linear-time computable if Q
can be defined by a finite number of forbidden (induced) subgraphs.

For a graph G = (V, E) (or two-terminal graph G = (¥, E, x, y)) and property Q
on (two-terminal) graphs, define L(G, Q) as follows: If there exists a subset E, of E
such that G — E; € Q, then L(G, Q) is the minimum cardinality of such a set Ej;
otherwise L(G, Q) is undefined (or ). The edge deletion problem asks L(G, Q) for
a given G and a fixed Q. Let Q, Qr, and P be defined as in the preceding section..
Then

LEMMA 6. Let G=(V, E) bea graph, and let Gy = (V', E’, x, y) be any terminal-
attached graph of G. Then L(G, Q) = L(Gr, Q7). ’

Proor. Foraset E, C E = E’, define a graph G’ by G’ = G — E, = (V, E — Ey),
and a two-terminal graph Gt by Gt = Gt — E, = (V', E — E,, x, ). Then Gris a
terminal-attached graph of G’. Therefore, by Lemma 2 G’ € Q if and only if
G’ € Qr. This implies L(G, Q) = L(Gr, Q). 0O

Lemma 6 implies that the minimum edge deletion problem on a graph can be
reduced to the same problem on a two-terminal graph.

LemMa 7. If Gr is a two-terminal graph such that Gr = H =K (of type I) (or
Gr = H//K) for two two-terminal graphs H and K, then for each Q, € P,

L(Gr, Q) = :’2.’:: [L(H, Qn) + L(K, Qu)].

Proor. We give a proof only for the case Gt = H K, since the proof for the case
Gt = H//K is similar. Note that Qr together with P satisfies the hypothesis of
Lemma I. Clearly, the edge set £ of Gt is the union of the edge sets of H and K. Let
E, be any subset of E, and let sets £’ and E” consist of all the edges of E, that belong
to A or K, respectively, so that £, = E” + E”. Consider the respective two-terminal
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subgraphs Gt = Gt — E,, H' = H — E’,and K’ = K — E” of Gr, H, and K. By
Lemma 3, Gt = H'+ K'. By condition (iii) of Lemma |, Gt € Q, if and only if there
exist properties Qui, Qu € P, 1 < i<, such that H' € Qu and K’ € Q. This implies

L(Gr, Q) = |E| = |E| +|E"|
= lrgmt [L(H, Qu) + L(X, Qu)]. a

We now have the following theorem.

THEOREM 3. Let Q be a property on graphs defined by a finite number of forbidden
(induced) subgraphs. Then the minimum edge deletion problem with respect to Q is
linear-time computable for every series-parallel graph.

5. Vertex Deletion Problems

In this section we consider the vertex deletion problems with respect to a property Q
for series~parallel graphs. For a graph G = (¥, E) and property Q on graphs, define
N(G, Q) as follows: If there exists ¥, C ¥ such that G — V, € Q, then N(G, Q) is the
minimum cardinality of such a set V,; otherwise N(G, Q) is undefined (or «). The
vertex deletion problem asks N(G, Q) for a given G and a fixed Q.

For a two-terminal graph G = (¥, E, x, y), we consider a vertex deletion problem
with the additional constraint that one or both of the terminals should be deleted.
For a property Q and m, n = 1 or 0, define N(G, Q, m, n) as follows: If there exists
V. C Vsuchthat (i) G— V, € Q, (i) x € V, iff m = 1, and (iii) y € V, iff n = 1, then
N(G, Q, m, n) is the minimum cardinality of such a set ¥;; otherwise: N(G, Q, m, n)
is undefined (or ). .

Let Q, Qr, and P be defined as in Section 3. Then we can reduce the problem on
an ordinal graph to that on a two-terminal graph as follows.

Lemma 8. Let G = (¥, E) be a graph, and let Gr = (V', E', x, y) be any terminal-

attached graph of G. Then
N(G, Q)= min N(Gr, Qr, m, n).
mne(0,1)

Proor. We now claim that if ¥, C ¥’ attains the minimum of the right-hand side
of the desired equation, then ¥, contains no virtual terminals, so ¥, C V. On the
contrary, suppose that G has a virtual terminal v; (i = 1 or 2) and ¥, contains it.
Then the two-terminal induced subgraph Gt = Gr — ¥, of Gr also contains v, by
the definition of a two-terminal subgraph. Therefore G4 = G — (Vs — {vu}), which
contradicts the minimality of V. :

Let ¥, be any subset of V. Consider an induced subgraph G’ = G — ¥, of G and
a two-terminal induced subgraph G4 = Gt — ¥, of Gr. Clearly G% is a terminal-
attached graph of G’. By Lemma 2, G’ € Q if and only if G+ € Qr. This implies the
desired equation. [ '

LemMma 9

() If Gr is a two-terminal graph such that Gr = H+ K (of type I) for two-terminal
graphs H and K, then for Q, € P,

N(Gr, Q,, m, n) = min,:lmin [N(H, Qui, m, 0) + N(K, Qu;, 0, n)],
=ist

min [N(H, Quiy m, 1) + N(X, Qu, 1, n)] — l]-

lsist
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(i6) If Gris a two-terminal graph such that Gr = H//K for two-terminal graphs H and
K, then

N(Gr, Q, m, n) = 1’:":: [N(H, Qui, m, n) + N(K, Qui, m, n)] — (m + n).

ProOF. We give a proof only for (i), since the proof for (ii) is similar. Let ¥, be
a subset of the vertex set of G such that Gr — V, € Q, and | V| = N(Gr, Q,, m, n),
and let sets ¥’ and V" consist of all the vertices of V, that belong to H and K,
respectively. Then we have ¥, = V" U V" and [ V' N V”| < | by the definition of a
series connection. Now consider the two-terminal subgraph Gt = Gt — V, of Gr.
We can verify, as in the proof of Lemma 3, that G% is a series connection of two two-
terminal graphs H’ and K’ such that ' C H and K’ C K where H' = H — V’ and
K= K — V”. Thus Gr = H'» K’, where « is of type II if ¥, contains the identified
terminal of A and K. Note that property Qr together with P satisfies conditions (i)-
(iii) of Lemma 1 even if » in condition (iii) means a series connection of type II.
Therefore there exist two properties Qui, Qu: € P, 1 </ <, such that H' =
H—-V €Quand K'=K — V" € Qu Thus if | /' N V”| = 0, then the identified
vertex of the series connection G- is contained neither in ¥” nor in ¥”, so we have

NG, Qrnm,n) = V| = [V'| +| V"]
= min [N(H, Qu;, m, 0) + N(X, Qu;, 0, n)).
Isist
If| /N V”| =1, then ¥’ contains the second terminal of H and ¥ the first terminal
of K, both of which are contracted into a single vertex in G, so we have

NGT, Qo mn)=|V,|=|V'|+|V"]| -1
= min [N(H, Qu, m, 1) + N(K, Qu;, 1, n)] — L.
1sist
We can similarly establish the converse inequality, so the desired equation fol-
lows. O

We now have the following theorem.

THEOREM 4. Let Q be a property on graphs defined by a finite number of forbidden
(induced) subgraphs. Then the minimum vertex deletion problem with respect to Q is
linear-time computable for every series-parallel graph.

6. Properties Characterized by Homeomorphic Subgraphs

There exist graph properties whose characterizations require an infinite number of
forbidden subgraphs, but some of them can be characterized by a finite number of
forbidden homeomorphic subgraphs. For example, planarity is characterized by two
forbidden homeomorphic subgraphs Ks and K33, while it requires an infinite number
of forbidden subgraphs, that is, all the graphs that are homeomorphic to K or Ka3,
if one characterizes it by forbidden subgraphs instead of homeomorphic subgraphs.

In this section we show that if property Q is defined by a finite number of
forbidden homeomorphic subgraphs, then the decision and minimum edge (vertex)
deletion problems are also linear-time computable.

We now present some more terminology. Let G, = (¥, E\) and G = (V, Ez) be
any two graphs. G is homeomorphic to G, if there exist mappings ¢ and 6—y from
E, onto a set of paths of G and & from V, into Vo—such that for each edge
(v, w) € Ej, path {((v, w)) has ends 6(v) and 8(w), and no two paths Y((vi, w1))
and y((v2, w2)) share a vertex except possibly an end of both paths. Next let G, =
(V. By, x4, p1) and G = (Va, Eb, x2, y2) be any two two-terminal graphs. G is two-
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terminal homeomorphic to G, if (i) the underlying graph of G is homeomorphic to
the underlying graph of G, (ii) xa (or y») is virtual if and only if x, (or y1) is virtual,
and (iii) the associated mapping @ satisfies 8(x1) = x2 and 8(y1) = y». For a two-
terminal graph G we denote by Hom(G) the set of all the two-terminal graphs that
are two-terminal homeomorphic to G.

Suppose that property Q is defined by a finite set of forbidden homeomorphic

subgraphs, say B = (B, Bs, ..., B,}; set Q consists of all the graphs that contain no
subgraph homeomorphic to any B;, i = 1, 2, ..., ¢. As in Section 5, let Br be the set
of all the terminal-attached graphs of By, By, .. ., By. Define a set B, of two-terminal

graphs as follows:

Bx =Bt U B U By U B,

where

Br the set of all two-terminal graphs obtained from any B; € B by two
operations: replace any edge (4, v) of B; by a new real terminal z together
with two edges (u, z) and (z, v); and designate either an arbitrary vertex of
B; different from z or a newly added isolated virtual vertex as the other
terminal;

Bn: the set of all the two-terminal graphs obtained from any B; € B by replacing

any two edges (u, v) and (¢, v") of B; by new real terminals x and y together
with edges (u, x), (x, v), (¢, y), and (y, v’); and

B the set of all the two-terminal graphs obtained from any B; € B by replacing
any edge (u, v) of B; by new real terminals x and y together with edges
(, %), (x, ), and (», ).

We now define property Qs on two-terminal graphs by the set B, of forbidden
two-terminal homeomorphic subgraphs: set Qx consists of all the two-terminal graphs
containing no two-terminal subgraphs that are two-terminal homeomorphic to any
member of B,. Then we have the following lemma.

LemMa 10. Let Gr= (V', E’, x, y) be a terminal-attached graph of a graph G =
(V, E). Then G € Q if and only if Gr € Qu. ’

See the appendix for the proof. :
The following result concerning Qs corresponds to Lemmas 6 and 8.

Lemma 11.  If Gy is a terminal-attached graph of a graph G = (V, E), then

(1) -L(G, Q) = L(Gr, Qu); and
(i) N(G, Q) = minmae(01) N(Gr, Qn, m, n).

PROOF. With the aid of Lemma 10 we can establish our claim as in the proof of
Lemmas 6 and 8. O '

The preceding Lemmas 10 and 11 imply that the decision problem and the
minimum edge (vertex) deletion problem, both with respect to property Q on
a graph, can be reduced to the same problems with respect to property Q» on a
two-terminal graph. In what follows we verify that Qs satisfies the requirement of
Lemma 1.

We now define a new series separation in terms of the connection associated with
the separation.

Definition 7. Let H = (Vu, Eny, x, z2) and X = (Vx, Ex, z\, y) be two-terminal
graphs. If both z, and z, are real vertices and the sum of degrees of z, in K'and z, in
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H is two, then a series connection of type I1I of H and K is a two-terminal graph G,
obtained from the union of A and X by identifying z, and z and replacing the two
series edges incident to the identified vertex by a single edge. (See Figure 5.) Then &
and K are called series separations of type I1I of G..

From now on we write G = H», K if H and X are series separations of G of type
L IL, or IIL :

We can now define the set S of forbidden two-terminal homeomorphic subgraphs
as the set of all the two-terminal graphs that are members of B, or can be obtained
from a member of Bx by a sequence of series and parallel separations of all the types.
We write S = {81, Sy, ..., Sa}. It should be noted that B, and hence S, are finite
sets. Fori=1,2,..., «and a subset / of {1, 2, ..., a}, define S[Z] and ¢,(i) as in
Section 3, and define o;(i) as follows:

or(i) = {j:S; € S and S;+, S; € S[I]}.

We write Hom(S,) C G if Gt contains at least one member of the set Hom(S,) as a
two-terminal subgraph. The following lemma corresponds to Lemma 4 of Section 3.

LemMa 12, Let Gr be a two-terminal graph such that Gy = H « K (or H//K) where
H = (Vu, En, a, b) and K = (V, Ex, ¢, d), and let S, € S. Then Hom(S,) C Gr if and
only if there exist Sy, Sy € S such that S, = Sy *, Sy (S4//Ss), Hom(Sy) C H, and
Hom(S,) C K.

ProoF. Left to the reader. [

Using the preceding lemma, we obtain the following result, where we write
Hom(S[7]) € G if Gs contains no member of set Hom(S[/]) as a two-terminal
subgraph.
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LeMMA 13.  Let G, and G, be two-terminal graphs such that Gs = H » K (of type I)
and G, = H//K,andlet I C (1,2, ..., a}. Then

() Hom(S[ID) & G, iff Vuer, [(Hom(S[I1 & H) A (Hom(S{ax(Ts — I)DE K)); and
(i) Hom(SUD) & G, iff Ve, [(Hom(S[ID) € H) A (Hom(S[él, - HNDE K)),

where

I, = {i:there exists S; € S such that Si +» S; € S[1]},
I, = {i:there exists S; € S such that Si//S; € S[I]}.

ProoF. With the aid of Lemma 12 we can establish our claim as in the proof of
Lemma 5. O

We now have the following theorem by Lemmas 1 and 10-13.

THEOREM 5. Let Q be a property on graphs defined by a finite number of forbidden
homeomorphic subgraphs. Then the decision problem and the minimum edge (vertex)
deletion problem, both with respect to Q, are linear-time computable for every series—
parallel graph. '

1. Generalized Matching Problem

In this section we consider the “generalized matching problem” in which, given an
instance graph G and a fixed graph B, one would like to determine the maximum
number of (vertex-) disjoint copies of B contained in G. Of course, a special case of
this problem is the maximum matching problem, in which B is K, the graph of a
single edge. Although there exists a polynomial-time algorithm to solve the maximum
matching problem [5, 6], the generalized matching problem is NP-complete if B
contains a component of at least three vertices [13]. We show that the generalized
matching problem is also linear-time computable for every series-parallel graphs
whenever B is a connected graph.

Suppose that B is a connected graph. We denote by M(G) the maximum number
of disjoint copies of B contained in a graph G. We first show that the generalized
matching problem which asks M(G) of a given graph G can be reduced to the same
problem on a two-terminal graph. Let By be the set of all the terminal-attached
graphs of B, and let S be the set of all the two-terminal graphs that are members of
Br or obtained from a member of Br by a sequence of the following separations:
series separations of types I and II, and parallel separations. We write S = {S,, S),

.+» Sa}, where So denotes a two-terminal graph consisting of only two isolated
virtual terminals with no edges, and S, denotes a terminal-attached graph of B
having two isolated virtual terminals (See Figure 6). Since B is connected, S; contains
at least one real terminal unless i = 0 or 1. We define S[7], o;(i), and ¢1(?) as in
Section 3 and simply write o (i) and ¢;() instead of ¢(;)(i) and ¢)(¥), respectively.
A two-terminal graph G, = (¥, Ey, x1, y1) is two-terminal isomorphic to a two-terminal
graph G = (Va, E3, x2, y») if there exists a one-to-one mapping m from ¥V, onto V»
such that (i) m(x)) = x, (ii) m(y) = y, and (iii) (v, w) € E\ iff (n(v), m(w)) € E,.
Two two-terminal graphs are said to be disjoint if they have no common real vertices.
If Gr is a two-terminal graph and Sy and S, are two-terminal graphs such that
Sy, S¢ € S and S, S, 5 S, then define M(Gr; Sp; Sg) as follows: If Gt contains two
disjoint two-terminal subgraphs of which one is two-terminal isomorphic to Sy and
the other to S, then M(Gr; Sy, S,) is the maximum cardinality of a set of disjoint
two-terminal subgraphs of Gt such that two of them are S; and S, above and all
the others are copies of Sy; otherwise M(Gr; S;, S,) is undefined (or —), That is,
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(a)

Y /// / FiG. 6. Two-terminal graphs (a) So and (b) S).
tl @ / ®Veo

(®)

Fic. 7. Possible arrangements of two-terminal
subgraphs S, Sg, and S)'s in a two-terminal graph with
terminals | and 2.

M(Gr; Sj, Sg) denotes the maximum number of disjoint subgraphs contained in-the
underlying graph of Gr, two of which are Sy and S, both containing a terminal of
Gr, and all the others of which are B’s containing no terminals of Gr (See Figure 7).
One or both of the parameters Sy and S, are possibly empty in M(Gr; Sy Sg). We
write simply M(Gr) if the parameters Sy and S, are both empty, or M(Gr; Sj) if the
parameter Sg is empty. The definition above implies that M(Gr; Sy, Sg) is necessarily
undefined if neither Sy nor S, contains a virtual terminal, while M(Gr; S)) is not
necessarily undefined even if Sy contains no virtual terminal.

We now show that the generalized matching problem on a two-terminal graph
Gr is included in an extended generalized matching problem which asks all
M(Gr; Sy, Sg)’s. The definition of S implies Br C S. Let Bt = Br — {51}; then we
have the following lemma.

LemMMmA 14, Let G=(V, E) be a graph, and let Gr= (V’, E’, x, y) be any terminal-
attached graph of G. Then we have

M(G) = max[M(Gr), éneaBJg M(Gr; Sp), Srgcgy M(Gr; Sy, Sg)]‘
=27 1 8=2T

PROOF. Suppose that {B), Bz, ..., B} is a collection of ¢ disjoint subgraphs of G,
each of which is isomorphic to B. With each B;, i = |, 2, ..., f, one can associate a
two-terminal subgraph B; of Gt as follows: If B; contains a vertex of G that is a
terminal of G, then designate it as a terminal of Bj; otherwise, add an isolated virtual
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terminal to B;. Then clearly the Bi (i= 1, 2, ..., t) are disjoint two-terminal subgraphs
of Gt. Note that each B}, i= 1,2, ..., , is two-terminal isomorphic to S, or a member
of Bt, and that every member of BT contains at least one real terminal. Hence at
most two of By, Bs, ..., B, are two-terminal isomorphic to a member of Bt. There
are three cases: either none of them, exactly one, or exactly two are isomorphic to a
member of Bt. Each case corresponds to one of the three terms of the right-hand
side of the desired equation. Thus we have the desired equation. 0O

The preceding lemma implies that the generalized matching problem on a graph
G can be reduced to an extended generalized matching problem on a two-terminal
graph Gt which asks M(Gr; Sy, Sg) for all S, Sy € B, S5 Sy # S1. We now show
that if Gt is a series or parallel connection of two two-terminal graphs A and X, then
the solution to Gt can be efficiently obtained from the solutions to H and X.

Lemma 15. Let Gt be a two-terminal graph such that Gr = H + K (of type I), and
let Sp, S € S and Sy, Sg # S1. Then we have

®
M(Gr) = max[M(H) + M(K),

max [M(H; S) + max M(K:Sr) — 1“;
ielj (=10

(i) M(Gr; Sy) is undefined (—) if Iy = O (i.e., Sy is not series separable); otherwise,

M(Gr, Sp) = max[max [M(H; S) + max M(K: S¢) — 1]',
iely i'Eopli)

max [M(H; Si, S;) + max M(K; Sy, S;) — 2”;
ieh i'€a(i)
Jjely j'gof )

(iiy M(Gr; S, Sg) is undefined (—) if Iy = & or I, = &, otherwise,

M(Gr; Sp, Sg) = max[me%x (M(H; Sp, Si) + .ma(x) M(K; Sg, S¢) — l],
H =310

max | M(H; Sg, Si) + max M(K; Sg, Si) - 1]»
ien L i'€ali)

max M(H‘, Si, Sj) + max M(K; Sz, Sj') - 2]],
i€ly i'€apld)
jely ~ J'Eog( )

where

I = {i:there exists S; € S such that S;# So, S1and Si* S; = 8},
Iy = {i:there exists S; € S such that Si* Sj = Sy},
I, = {i:there exists S; € S such that Si+S; = Sg}.

Proor. Left to the reader. O

LemMMA 16. Let Gr be a two-terminal graph such that Gr = H//K, and let Sy,
S¢ € S and Sy, S; # S\. Then we have
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() M(Gr) = M(H) + M(K),
(i) M(Gr; Sf) = maxier, [M(H; Si) + maxieqn M(K; S¢) — 1];
(ii) M(Gr; Sp, Sg) = maxier,jer, [M(H; Si, ;) + maxieq o, jeoen M(K; Siv, Sj) = 2],

where

Iy = {i:there exists S; € S such that Si//S; = Sy},
Iy = {i:there exists S; € S such that Si//S; = Sg).

Proor. Since B is connected, either ) C H or Si C X if S C G,. Noting this fact,
one can verify our claim. O

It should be noted that none of S;, S;, S, and S; is identical with S; in the right-
hand side of the equations of Lemmas 15 and 16.
We now have the following theorem by using the preceding two lemmas.

THEOREM 6. The generalized matching problem with respect to a connected graph
B is linear-time computable for every series-parallel graph.

8. Conclusion

In this paper we showed, in a unified manner, that if an input graph is restricted to
the class of series—parallel graphs, then there exist linear-time algorithms for many
combinatorial problems, including (i) decision problems, (ii) minimum edge (vertex)
deletion problems both with respect to properties characterized by a finite number of
forbidden (induced or homeomorphic) subgraphs, and (iii) generalized matching
problems. Consequently, the following problems, among others, proved to be linear-
time computable for the class of series—parallel graphs:

(1) the minimum vertex cover problem (equivalently, the maximum independent
vertex set problem);

(2) the maximum (induced) line-subgraph problem;

(3) the minimum edge (vertex) deletion problem with respect to property “without
cycles (or paths) of specified length » or any length < n”;

(4) the maximum outerplanar (induced) subgraph problem;

(5) the minimum feedback vertex set problem;

(6) the maximum ladder (induced) subgraph problem (K>3 and its dual are the
forbidden homeomorphic subgraphs of a ladder graph [20]);

(7) the minimum path cover problem (in which one would like to find a minimum
number of disjoint paths which contain all the vertices of a given graph);

(8) the maximum matching problem; and

(9) the maximum disjoint triangle problem.

Problems (1)~(3) can be formulated as a minimum edge (vertex) deletion problem
with respect to a property defined by a finite number of forbidden (induced)
subgraphs, and problems (4)-(7) by forbidden homeomorphic subgraphs, while
problems (8) and (9) are examples of the generalized matching problem.

Although there remain a number of combinatorial problems which can not be
treated systematically, it is easy to verify individually that the following problems are
linear-time computable for series-parallel graphs via an algorithm similar to one in
Lemma 1:

(1) the maximum cycle problem (consider two kinds of subgraphs in each decom-
posed subgraph: the maximum cycle and the longest path connecting the
terminals);
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(ii) the maximum Eulerlian (induced) subgraph problem (equivalently, the Chinese
Postman Problem);
(iii) the maximum bipartite (induced) subgraph problem (equivalently, the maximum
cut problem);
(iv) the dominating set problem [12];
(v) the minimum spanning tree problem; and
(vi) the Steiner tree problem.

Furthermore, our results may be generalized in the following directions:

(a) a maximum weight (induced) subgraph problem on series—parallel graphs with
weights on the edges or vertices;

(b) directed series—parallel graphs; and

(c) extended series—parallel graphs, for example, n-terminal series-parallel
graphs [18].

Finally, we add some remarks on our general techniques. All our algorithms run
in time linear on the size of an input graph but take time exponential on the size of
the collection of forbidden graphs (or the size of the fixed graph of the generalized
matching problem). This fact means that the direct application of our general
technique does not always yield an algorithm more practical than an ad hoc one for
a particular problem. '

Appendix. Proof of Lemma 10

Suppose Gr & Qx. Then Gr contains a two-terminal subgraph Gt which is two-
terminal homeomorphic to some B € B, under a mapping, say 6. Let G’ be the
underlying graph of GT. Define a graph B; as follows: If B € Br, then B; is the
underlying graph of Bj; and if B; € B; U By U By, then B; is the graph in B from
which B{ is formed. Then clearly B; € B. One can easily show that G’ is homeo-
morphic to B; under the mapping 6 or a restriction of 8. Clearly G’ C G, since
Gt C Gt. Hence G contains a subgraph homeomorphic to B; € B, so that G & Q.
For the converse, suppose that G Q. Then G contains a subgraph G’ which is
homeomorphic to some B; € B under a mapping 6. Construct a terminal-attached
graph G’ of G’ by designating its terminals as follows: If the terminal-attached graph
Gt of G contains a real terminal z (z = x, y) which is also contained in G’, then
designate z as a real terminal of GT; otherwise, add a new isolated virtual terminal
zto G’. Then, clearly, Gt C Gr. Now construct a two-terminal graph B; from B; as
follows. Suppose first that a terminal z of G7 is virtual; then add an isolated virtual
terminal z to B;. Suppose next that a terminal z of Gt is a real vertex. Then the
vertex z also exists in the underlying graph G’ of G7. Since G’ is homeomorphic to
Bi, in G, z is either (i) an end of a path mapped from an edge, say (4, v), of B;, or
(i) an internal vertex of the path. In case (i), designate the vertex ~'(z) as a terminal
of Bi. In case (ii), replace (u, v) of B; by a new terminal vertex z together with edges
(4, z) and (z, v) (or by two new terminal vertices x and y together with edges (, x),
(x, y), and (, v) if both terminal vertices of G7 are internal vertices of a single path
mapped from edge (v, v) of B;). Obviously Gt is two-terminal homeomorphic to the
resulting two-terminal graph B! under the mapping 8 or an extension of §. Further-
more, the definition of B, implies that B; € B,. Hence we have Gt & Qs O
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