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Many combinatorial problems can be efficiently solved for series—parallel multi-
graphs. However, the edge-coloring problem of finding the minimum number of
colors required for edge-coloring given graphs is one of a few well-known combina-
torial problems for which no efficient algorithms have been obtained for
series—parallel multigraphs. This paper gives a linear algorithm for the problem on
series—parallel multigraphs.  © 1996 Academic Press, Inc.

1. INTRODUCTION

This paper deals with the edge-coloring problem to find the minimum
number of colors required for edge-coloring a given graph G so that no
two adjacent edges are colored with the same color. The minimum number
is called the chromatic index of G, and denoted by x’'(G). It is known that
many combinatorial problems can be solved very efficiently, say in linear
time, for series—parallel graphs or partial k-trees [1, 2, 4, 5, 9]. Such a class
of problems has been characterized in terms of “forbidden graphs” or
“extended monadic logic of second order” [1, 2, 4, 5, 9]. The edge-coloring
problem does not belong to such a class of “maximum (or minimum)
subgraph problems,” and is indeed one of the ‘“edge-covering problems”
which, as mentioned in [4], do not appear to be solvable in linear time for
partial k-trees. Furthermore the edge-coloring problem is one of a few
well-known problems for which no efficient algorithms of low complexity
order have been obtained even for series—parallel multigraphs. For
series—parallel simple graphs, which have no multiple edges, the edge-col-
oring problem is known to be solvable in time O(n?), where n is the
number of vertices in a graph [10]. Systo, referring to [10], conjectured that
there existed a linear algorithm to solve the edge-coloring problem for
series-parallel multigraphs, which may have multiple edges [8]. Very re-
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cently, Bodlaender gave a polynomial-time algorithm of high complexity
order to solve the edge-coloring problem for series—parallel (simple)
graphs or partial k-trees [3]. His algorithm runs in time O(nA®) for
series—parallel multigraphs. Note that the maximum degree A is not
bounded in general. On the other hand, recently Seymour [7] and
Marcotte [6] have shown that a kind of a “min—max formula” holds for the
chromatic index x'(G) of a series—parallel multigraph G and a trivial
lower bound on x'(G). Using the formula, one can find the chromatic
index y'(G) of G in polynomial time, say in time O(nA3%).

In this paper we give a linear algorithm to find the chromatic index
x '(G) for any series—parallel multigraph G. Thus the complexity is greatly
improved. Our algorithm is not based on the min—max formula above, but
uses a number of new ideas specific to series—parallel multigraphs as well
as a general technique employed by Bodlaender for partial k-trees. Our
algorithms for series—parallel multigraphs can easily be extended to the
case of partial 2-trees. Note that every 2-connected component of a partial
2-tree is a series—parallel simple graph.

The paper is organized as follows. Section 2 includes basic definitions
and notations. Section 3 gives a simple algorithm which computes y'(G) of
a given series—parallel multigraph G in time O(nA®). Section 4 improves
the time complexity to linear time. Finally we conclude in Section 5 with a
discussion of the results and some related works. Early versions of this
paper were presented in [13, 14].

2. DEFINITIONS

In this section we give some basic definitions. We denote by G = (V, E)
a graph with vertex set 1V and edge set E. The set of vertices and the set of
edges of G are often denoted by V(G) and E(G), respectively. A (two-
terminal) series—parallel multigraph is defined recursively as follows:

1. A graph G of a single edge is a series—parallel multigraph. The
ends v, and v, of the edge are called the ferminals of G and denoted by
v(G) and v(G).

2. Let G, be a series—parallel multigraph with terminals v(G,) and
v(G,), and let G, be a series-parallel multigraph with terminals v(G,)
and v,(G,).

(@ A graph G obtained from G, and G, by identifying vertex
v(G,) with vertex v(G,) is a series—parallel multigraph whose terminals
are v(G) = v(G,) and v,(G) = v(G,). Such a connection is called a
series connection, and G is denoted by G = G, - G,.
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(b) A graph G obtained from G, and G, by identifying v,(G,)
with v(G,) and v(G,) with v,(G,) is a series—parallel multigraph whose
terminals are v(G) = v(G,) = v(G,) and v(G) = v(G,) = v(G,). Such
a connection is called a parallel connection, and G is denoted by G =
G,lIG,. (See Fig. 1.)

A series—parallel multigraph G can be represented by a “binary decom-
position tree” [9]. Figure 2 illustrates a series—parallel multigraph G and
its binary decomposition tree 7',. Labels s and p attached to internal nodes
in T, indicate series and parallel connections, respectively, and nodes
labeled s and p are called s- and p-nodes, respectively. A node u of tree T,
corresponds to a subgraph of G, which is denoted by G,. Especially, every
leaf of 7, represents a subgraph of G induced by two vertices, that is, a
set of multiple edges. The set of multiple edges joining vertices u and v is
denoted by E(u, v).

The terminals v,(G) and v,(G) of G are often denoted simply by v, and
v,. We denote by d(v) the degree of vertex v € IV in G. The maximum
degree of G is denoted by A. Let d(G) =d(vy) + d(v,), 8,G) =
min{d(v,), d(vp)}, and A, (G) = max{d(v,), d(v,)}.

An edge-coloring of G is an assignment of colors to the edges in G such
that no two adjacent edges have the same color. Figure 3 depicts an
edge-coloring of a graph G in Fig. 2a. The chromatic index x'(G) of a
graph G is the minimum number of colors used by any edge-coloring of G.
The number of colors used by an edge-coloring ¢ is denoted by #¢, the
color assigned to edge e € E is denoted by ¢(e), and for a set 4 c E of
edges, ¢(A) denotes the set of colors assigned to the edges in 4. Denote
by ¢(v) the set of colors assigned to the edges incident with vertex v € V.
Let SCo) = o(vy) — ¢(v), T(@) = ¢(v) — @(vy), R(@) = o(vy) N ¢(vy),
and Q(¢) = ¢(E) — (¢(vy)) U ¢o(v). Let s(¢) =I1S(p)l, t(¢)=|T(e)l,
r(p) = |R(p)l, and g(¢) = |Q(¢)|. These symbols are illustrated in Fig. 4.
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v,Gg) v G)N
=vs(G )
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=v:Gy)
:U'(G2)

vs@G) 4
=vsG 1

Fic. 1. Series (a) and parallel (b) connections.
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Fic. 2. (a) A series—parallel graph G and (b) its binary decomposition tree T},.

Clearly the following equations hold:

#o=s(¢) +1(¢) +r(e) +q(¢);
d(vy) =s(¢) +r(e);
d(v,) =t(e) +r(¢); and
d(G) =s(¢) + (o) + 2r( ).

The edge-coloring ¢ of a graph G in Fig. 3 satisfies s(¢) = 1, t(¢) = 1,
r(@) =3, and g(¢) = 1.

One can observe that x'(G) of a series—parallel multigraph G cannot
be computed directly from x'(G,) and x'(G,) when G = G,|IG,, al-
though x'(G) can be computed directly from x'(G,) and x'(G,) when
G = G, - G, (see Lemma 4.4(c)). So we introduce a new invariant x'(G, )
of G to compute x'(G) by a dynamic programming algorithm. For every
nonnegative integer i, x'(G,i) is defined to be the minimum number of
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Fic. 3. Edge-coloring ¢ with #¢ = 6 and r(¢) = 3.
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FiG. 4. lllustration for symbols.

colors used by an edge-coloring of G such that exactly i common colors
appear at both v, and v,; that is,

min{#¢|¢ is an edge-coloring of G with r(¢) = i}
x'(G,i) = if G has such a coloring;
0 otherwise.

Define i,,(G) and i, (G) as follows:

max
imin(G) = min{i|G has a coloring ¢ with r(¢) =i},  and
imax(G) = max{i|G has a coloring ¢ with r(¢) = i}.

Any coloring ¢ of G satisfies r(¢) > |E(vg, v)|, and a trivial coloring ¢
assigning a distinct color to every edge satisfies r(¢) = |E(v,, v,)|. There-
fore i.,;,(G) = |E(v,, v)l. Clearly i,,,(G) < §,(G) and

X'(G) = min{ x'(G,)linn(G) < i < inn(G)}.

For the graph G depicted in Fig. 2a, x'(G,0) = «, x'(G,1) =7, x'(G,2)
=6, x'(G,3 =6, x'(G,H) =17, x'(G,5 =, i (G)=1, i, (G) =4,
and consequently x'(G) = 6.

For an edge-coloring ¢ of a series—parallel multigraph G such that
G =G,lG, or G=G,-G,, let ¢, and ¢, be restrictions of ¢ to E(G,)
and E(G,), respectively; that is, ¢, is an edge-coloring of G, such that
o,(e) = ¢(e) for e € E(G,) and ¢, is an edge-coloring of G, such that
e,(e) = ¢(e) for e € E(G,). We denote by d,(v) the degree of vertex v in
G,i=1or2

3. SIMPLE ALGORITHM
In this section we present a simple algorithm to solve the edge-coloring

problem for series—parallel multigraphs G, although it is not a linear
algorithm. Our idea is to compute x'(G, ) recursively for all integers i,
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Imin(G) <@ < i, (G). We will show in Lemmas 3.3 and 3.5 that if G =
GG, or G = G,- G, then x'(G,i) for i, i,,,(G) <i < i,,(G), together
with i.,;,(G) and i,,,(G), can be computed from the counterparts of G,
and G,. We first have the following lemma.

LeEmMmA 3.1.  Let G be a series—parallel multigraph. Then
@ x'(GD)=<x'(Gi+D+1ifi >in(G), and
()  x'(G,i) # @ for every i,i,(G) <i < i, (G).

Proof. (@) If x'(G,i+ 1) =, then the inequality trivially holds.
Therefore one may assume that y'(G,i + 1) #+ . Let ¢ be a coloring of
G such that #¢ = x'(G,i + 1) and r(¢) = i + 1. Since r(¢) — |E(vg, )|
=G+ —i,,(G) =1, there is an edge whose color is in R(¢) and
which is incident with v, but not incident with v,. By assigning a new color
to the edge one can construct a coloring ¢’ of G such that #¢' = #¢ + 1
=x'(G,i+1+1 and r(¢") =r(p)—1=1i Therefore x'(G,i) <
x'(G,i+1)+1

(b) The claim immediately follows from (a). Q.E.D.
Using Lemma 3.1, we have the following lemma.
LeEmMMA 3.2. Let G = G,IIG,, and let i; and i, be integers such that
inin(G1) < iy < i (GY) and i, (G,) < i, < i, (G,). Let
ho(iy,ip) = min{64(G),d(G,) — iy +i,,d(G,) — iy + iy}, and
ap(i iy, i) = max{ x'(Gy.11), x'(G,.1,),d(G) — i}.
Then G has a coloring ¢ such that r(¢) =i, r(@,) =i, and r(@,) =i, if

and only if iy + i, < i < h(iy,i,). Furthermore any such coloring ¢ satisfies
#p > ap(i, i;,i,), and indeed G has such a coloring ¢ with #¢ = ozp(i, iy, ip).

Proof. (a) Necessity. Let ¢ be any coloring of G such that r(¢) =i,
r(e,) = i;, and r(¢,) = i,. Then clearly

#o > max{ x'(Gy.iy), x'(Gy.i,),d(G) — i} = ay(i, iy, 1,).
R(p) is a union of four disjoint subsets as follows (see Fig. 5):

R(¢) =R(¢;) UR(p,) UA U B;
A=58(¢) NT(9,); and
B=T(¢;) NS(¢,).
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FiG. 5. lllustration for symbols a and b.

Obviously
|A| < min{d,(v,) —i,,d,(v,) —i,}  and
|Bl < min{d,(v,) — iy, d,(vs) — i,}.
Therefore we have
i +i, <i<iy+i, +min{d(v) — iy, d,(v) — i)}
+ min{d,(v,) — iy, d,(vs) — i,}.
One can easily observe
hy(iy, i) =iy + i, + min{d,(v) — iy, dy(v,) — iy}
+ min{d,(v,) — iy, d,(vs) — i,}.

Hence i) + i, <i < h,(iy, i,).

(b) Sufficiency. Let i be an arbitrary integer such that i; +i, <i <
h,(i;,i,). We shall construct a coloring ¢ of G such that r(¢) =i,
(@) =iy, r(@,) = i,, and #¢ = a,(i,i;,1,). By Lemma 3.1(b), G, has a
coloring m such that #n = x'(G,,i;) and r(n) = i,. Similarly G, has a
coloring ¢ such that #y = x'(G,,i,) and r() =i,. One may assume
w.l.o.g. that the colors used by n are different from those by ¢, i.e.,
n(E(G,) N ¢(E(G,)) = ¢. Consider an edge-coloring ¢ of G which is
an extension of the two colorings n and ¢, that is,

n(e) ifeeE(G));

o) =\ y(e) ifecEG,).

Then r(¢,) =i, and r(e,) =1i,, but r(¢) =i; +i, and #¢ = x'(G,,i;)
+ x'(G,,i,). Therefore we shall alter the coloring¢: we shall increase
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r(¢) from i, + i, to i and decrease #¢ from x'(G, i) + x'(G,,i,) to
ay(i, iy, iy).
We first increase r(¢) to i by renaming i — (i; + i,) of s colors. Let

a=min{i — iy — iy, dy(vy) — iy, dy(v,) — ip),  and
b=i—i —i,—a.
Then we have
i=i, +i,+a+b,
0 <a < min{d,(v,) — i;,d,(v,) —i,}, and

0 < b <min{d,(v,) — iy, dy(vs) — i,}).

We rename a + b colors of the coloring : replace any a colors in T(i)
with a colors in S(n), and replace any b colors in S(i) with b colors in
T(n). Then |S(n) N T(Y)| = a, |T(n) N S()| = b, and hence the coloring
¢ extended from 7 and this altered ¢ satisfies r(¢) =i, +i, +a + b =1i.

We finally decrease #¢ to «,(i, iy, i,) = max{ x'(G,, iy),
x'(G,,i,), d(G) — i} without changing r(¢). One may assume w.l.0.g. that
x'(Gy, i) = x'(G,,i,). Then it suffices to consider the following two
cases.

Case 1. x'(G,i;) = d(G) —i. In this case a,(i,iy,i,) = x'(Gy, i),
and consequently we alter ¢ so that (E(G,)) c n(E(G,)) and hence
#¢ = x'(G,, i,). Clearly the following four equations hold:

d(Gy) = 2i; +s(m) +t(n),
d(Gy) = 2i, +s() +1(¢),
d(G) =d(G,) +d(G,), and
x'(Gy.iy) =iy +s(m) +t(n) +q(n).
These four equations together with the two equations x'(Gy,i;) = d(G)
—iandi=i +i,+a+bimply
q(m) =i, + (s(¢) = b) + (1(¢) — a).

Therefore we can rename some more colors of ¢ as follows: replace all
the i, colors in R(y), the remaining s(i) — b colors in S(¢), and the
remaining #(i) — a colors in T(¢) with colors in Q(n). We finally replace
all the colors in Q(y) with colors in G; which have not been used yet for
G,. This can be done since x'(Gy, i) > x'(G,,i,). Then the coloring ¢
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extended from x and this altered ¢ satisfies #¢ = x'(G,, i), r(¢) =1,
(o) =i, and r(g,) = i,.

Case 2. x'(Gy,i;) <d(G) —i. Inthiscase a,(i,i,i,) = d(G) — i, and
consequently we alter n and ¢ so that  and ¢, and hence ¢, use only the
d(G) — i colors in S(n) U T(n) UR(M) U S U T() U RWY), as fol-
lows. Since d(G) —i> x'(G,,i;), we have g(n) <i, + (s(y) —b) +
(t() — a) similarly as above. Therefore we can replace all the colors in
Q(n) with any g(n) colors among the i, colors in R(¢) plus the remaining
s(y) — b colors in S(i) plus the remaining ¢() — a colors in T(y). Since
d(G) —i > x'(G,,iy)), q(¢) <i; + (t(n) — b) + (s(n) — a). Therefore we
can replace all the colors in Q(¢) with any () colors among the i;
colors in R(n) plus the remaining s(n) —a colors in S(n) plus the
remaining t(n) — b colors in T(n). Then the coloring ¢ extended from
these altered n and i satisfies #¢ = d(G) — i, r(¢) =i, r(¢,) = i;, and
() = i,. Q.E.D.

Lemma 3.2 immediately implies the following lemma.
LeEMMA 3.3. Let G = G,||G,; then the following hold.:
(@ imin(G) = imin(Gl) + imin(GZ);

(B i (G) = Min{8,(G), d(G)) — ini(G)) + i (G,), d(G,) —
imin(GZ) + imax(Gl)}; and

(©) forevery i, i (G) <i < i, (G),

X'(G.i) = min ay(i i i),

1,1y

where the minimum is taken over all i, and i, such that

imin(Gl) =< il < imaX(Gl)’
imin(GZ) =< i2 =< imax(GZ)! and

g iy <i<hp(iy,iy).

Proof. (@) Since i.;,(G) = |E(v,, v, the equation clearly holds.
(b) By Lemma 3.2 i,,(G) = max, ; h,(i,i,), where i, and i, run
over all integers such that i.,,(G,) <i; < i, (G, and i,,,(G,) <i, <
iax(G,). Therefore the claimed equation holds.

(c) The claimed equation immediately follows from Lemma 3.2.
Q.E.D.
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Similarly we have the following two lemmas for the case G = G, - G,.

LEMMA 34. Let G = G,-G,, v = v{G,) = v(G,), and let i, and i, be
integers such that i, (G,) <i; <i,.,(G)) and i, (G,) <i, < iy, (G,).
Let

hy(iy,i,) = min{8,(G),d(G) — iy — i,}, and
ay(i,iy, i) = max{ x'(Gy,i;), x'(Ga.ip),
d(v),d(G) —i,d(v) —i; —i, + 1,
d(G)) —iy +i, —1,d(G,) —i, +i, — i}.
Then G has a coloring ¢ such that r(¢) =i, r(¢)) =iy, and r(¢,) =i, if

and only if 0 <i<hyi,,i,). Furthermore any such coloring ¢ satisfies
#o > ali, iy, i,), and indeed G has such a coloring ¢ with #¢ = (i, i, i,).

Proof. Given in Appendix.
Lemma 3.4 immediately implies the following lemma.
LEmmA 3.5. Let G = G, - G,, then the following hold:

(@  iyin(G) =0,
(B) i (G) = Min{8,(G), d(G) — iin(G,) — inin(G,)); and
(©) foreveryi, ini(G) <i < i, (G),
x'(G,i) = min ay(i, iy, i),
where the minimum is taken over all i, and i, such that
imin(Gl) = il = imax(G1)7
imin(GZ) = i2 = imax(G2)7 and

i< hy(iy,i,).

By Lemmas 3.3 and 3.5 we obtain the following straightforward algo-
rithm. Let 7, be a binary decomposition tree of a series—parallel multi-
graph G, and let u be a node in 7,. Then the following procedure
Color(G,) computes i,i,(G,), in(G,) and x'(G,, i) for all i, i,(G,) <i
< imax(G,). We first call procedure Color(G,) for the root r of T, and
then compute the chromatic index x'(G) = min{ x'(G,, Dli ,;,(G,) <i <
Imax(G)}, where G = G,.

1 Procedure Color(G,);

{G, is the subgraph of G corresponding to node u of T}
2 begin
3 if u is a leaf node then begin
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4 let m be the number of multiple edges in G,;
5 imin(Gu) = imax(Gu) =m,
6 x' (G, ,m)=m
7 end
8 elseif u is a p-node of T, then begin
9 let v, and v, be the children of node u in 7,;  {G, = G, |G, }
10 Color(G,); Color(G,);
11 compute i,.(G,), i,.(G,) and all x'(G,,i) by using
Lemma 3.3
12 end
13 else begin
14 let v, and v, be the children of node u in 7,; {G, =G, -G, )}
15 Color(G,); Color(G, );
16 compute i,,(G,), ina(G,) and all x'(G,, i) by
using Lemma 3.5
17 end
18 end;

The variables i, i;, and i, range from 0 to at most A. Therefore Lines 11
and 16 in the algorithm above can be done in time O(A®). If G' = (V, E")
is an underlying simple graph of the series—parallel multigraph G = (V, E),
then |E'| < 2n — 3. Therefore T, contains 2n — 3 leaves and hence
4n — 7 nodes in total where n = |V/|. Consequently the recursive calls
occur at most 4n — 7 times during the execution of Color(G,). Thus the
total running time of the algorithm is O(nA®). An early version [13] of this
paper improved the complexity to O(nA).

4. LINEAR ALGORITHM

In Section 3 we have shown that y'(G, ) for all i and hence x'(G) can
be computed in O(nA®) time. In this section we improve the time complex-
ity to linear time; that is, we give an O(|E]) time sequential algorithm to
decide the chromatic index yx'(G) of a series—parallel multigraph G =
(V, E). Although we will not give the details, the algorithm can be
modified so that it actually finds an edge-coloring of G using x'(G)
colors.

The first idea behind the linear algorithm is to observe that x'(G,i) is a
convex and “‘unit-staircase” function with respect to i as illustrated in Fig.
6. That is, the following two lemmas hold.

LEMMA 4.1. Let G be a series—parallel multigraph. Then | x'(G,i) —
X'(G i+ D <lifi, (G)<i<i (G



EDGE-COLORING SERIES—PARALLEL MULTIGRAPHS 185
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Fic. 6. [lllustration for functions x'(G, i), ipin(G, j), and i, (G, j).

Proof. By Lemma 3.1, x'(G,i) < x'(G,i + 1) + 1. Therefore it suf-
fices to prove that x'(G,i + 1) < x'(G,i) + 1. Let ¢ be a coloring of G
such that #¢ = x'(G,i) and r(¢) =i. Since x'(G,i + 1) # o, S(¢) # ¢
and T(¢) #+ ¢. Suppose that there exist two nonadjacent edges (v, v,) and
(v, v,) such that (v, v))) € S(¢), o((vy,v,)) € T(p), and v, # v,. Then,
recoloring these two edges with the same new color, one can construct a
coloring ¢’ such that #¢' < #¢ + 1 and r(¢’) =i + 1, and hence x'(G,
i +1) < x'(G,i) + 1. Thus we may assume that all the edges whose colors
are in S(¢) U T(¢) and which are incident with v, or v, share a single
common vertex, say v. Let E, = {(v,,u) € Elu #+ v,v} and E, = {(v,,w)
€ Elw # v,v}. Then clearly R(¢) = ¢(E, U E, U E(v,,v,)) and ¢(E, U
E) N o(E(vg, v)) = ¢. On the other hand, any coloring w of G satisfies
R(w) € w(E, U E; U E(v,,v), and G has a coloring u with r(n) =i + 1,
and hence i + 1 <|E, U E, U E(v,,v)|. Therefore ¢(E,) N ¢(E,) # ¢;
otherwise, ¢(E,), ¢(E,), and ¢(E(v,, v,)) are pairwise disjoint and hence
i =r(p) =|E, U E, U E(v, v, a contradiction. Hence there exists a pair
of edges e; = (v, x) € E; and e, = (v,, y) € E, such that ¢(e;) = ¢(e,).
Let e; = (v, v) and e, = (v, v) be a pair of edges such that ¢(e;) € S(¢)
and ¢(e,) € T(¢). Let ¢, = ¢(e,), k =1, 2,3, and 4. Note that ¢, = c,.
Let ¢, be a new color. We can construct from ¢ a coloring ¢’ of G such
that #¢' < ¢ + 1 and r(¢’) =i + 1 as follows:

Co if e =e;,e,;
Cy if e=e,,e;;

e'(e) =1{c if e=(x,y)and ¢(e) = c,; Q.E.D.
Co ife=(z,y),z#xand ¢(e) =c,;

¢(e) otherwise.
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LEMMA 4.2. Let G be a series—parallel multigraph, and let I and h be
integers. Then for any integer i such thatl <i < h

x'(G,i) <max{ x'(G,l), x'(G, h)}.

Proof. Suppose for a contradiction that the lemma does not hold for a
series—parallel multigraph G and some integers / and 4. We may assume
that the number of edges in G is minimum among such graphs and that
h — [ is minimum among such integers for G. Obviously h —1[ > 2.
Furthermore, from Lemma 4.1 and the minimality of 2 — /, one can know
that x'(G,i) > x'(G,]) = x'(G,h) # » for all i,l<i<h. Let j=
x'(G,D) = x'(G, h). Clearly G has at least two edges, and hence either
G = G,lG, or G = G, -G, for series—parallel multigraphs G, and G,.
We give a proof only for the case G = G, |G, since the proof for the case
G = G, -G, is similar.

Since x'(G, h) = j, by Lemma 3.3(c) there exist two integers i, and i,
such that i, + i, < h < h,(i;, i) and j = a,(h, i, i) =
max{ x'(G,,i,), x'(G,,i,), d(G) — h}. Clearly

j=x'(G,1)=2d(G) —1>=d(G) —h + 2, (1)
and hence j = max{ x'(Gy, i), x'(G,,i,)}. We now claim that
i +i, = h. (2)
Otherwise, i, +i, <h — 1 < h,(i;,i,) and hence by Lemma 3.3(c) and (1)
X'(G,h—1) <ay(h—1,i,i,)
max{ x'(Gy,i1), x'(G,.1,),d(G) — (h — 1)}
=]

contradicting the fact that x'(G,i) >j forall i,] <i < h.

Since x'(G, 1) = j, by Lemma 3.3(c) there exist two integers i; and 7,
such that i + i, < [ < kG, i) and j = a,(, i}, i) =
max{ x'(G,, i), x'(G,,i,),d(G) = I}. Since i, +i,=h>=1+2>i +
i + 2, either i, > i} or i, >i,. Assume without loss of generality that
i, > i}, and choose if such that i =i, — 1, then i, > if > i}. Clearly
x'(G i) <jand x'(G,i}) <j. By the assumption the lemma holds for
the subgraph G, of G. Therefore x'(G,,i¥) < max{ x (G, iy), x (G, i)}
<j.Since if +i, =h — 1 <hy(i;, i,) — 1 <h,Gf,i,), by Lemma 3.3(c)

X'(G.h — 1)

IA

ap(h = 1,i%,iy)

= maX{X,(Gl’iik)’ x'(Gy,i,),d(G) — (h — 1)}
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Since x' (G, if) <j, x'(G,,i,) <j and d(G) — (h — 1) <j, we have
x'(G,h — 1) <j, contradicting the fact that x'(G,i) >j for all i, [ <i
< h. Q.E.D.

Since x'(G, i) is a convex function, one can consider a kind of inverse
functions of x'(G, i), which are called i;,(G,j) and i,,(G,j) and de-
fined for an integer j as follows:

‘ ‘ min{il x'(G,i) <j} ifj = x'(G),
i (;7 =
Frin(G ) { Foo otherwise

and

. . max{i| x'(G,i) <j} ifj=x'(G),
inax(GLJ) = { Oo{ x'( ) <j} J X( )
- otherwise.
Then i,;,(G) = min{i,,; (G, )Ij = 0} and i,,,,(G) = max{i,.,(G, )Ij = 0}.
Furthermore x'(G,i) <j if and only if i,;,(G,j) <i <i,,(G, ). See
Fig. 6.

The second idea behind the linear algorithm is to recursively compute
x'(G) by using i.,;,(G,j) and i, (G, ) in place of x'(G,i). By Lemma
4.1, if x'(G,i) # = then x'(G,i) < x'(G) + 8,(G). Therefore it suffices
to compute i.,,(G,j) and i.,(G,j) only for j such that x'(G) <j <
x'(G) + 64(G). Define a min—max triple set (G) as follows:

T(G) ={(Jrimin(G )1 imax(G. ) X'(G) <) < x'(G) + 84(G)}.

Then one can compute x'(G) from I(G) in O(84,(G)) time since x'(G) =
min{jl(j, iin(G, ), ina(G, j)) € FAG)}.

The third idea is that 97{G) can be computed directly from (G,) and
I(G,) when G =G,-G, or G,|G,. When one computes (G) from
J(G,) and 9(G,), one needs to know x '(G), since j ranges from x'(G) to
x'(G) + 64(G). One can indeed compute 9(G) and x'(G) from I(G,)
and 9(G,) as shown in Lemmas 4.3 and 4.4.

LEMMA 4.3. Let G = GG, and j = x'(G); then the following (a)—(c)
hold:

(a) imin(G'j) = max{imin(Glﬁj) + imin(G27j)’ d(G) _j};

(b) imax(Gl J) = min{ast(G)' d(Gl) - imin(Gll ]) + imax(GZ’ ]), d(Gz)
- imin(GZIj) + imax(Gllj)}; and

©) x'(G) =min{x = b,lx > d(G,) — i, (Gy, X) + ii(G,, X), x =
d(G,) — inu(G,, x) + i,i,(Gy, )}, where b, = max{A (G),
x' (G, x'(G,)} is a trivial lower bound on x'(G).
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Proof. (a) Lemma 3.3(c) implies
imin(G.j) = min{ili, + i, <i < hy(iy,i,) and ap(i, iy, i) <j},
I, 12

where the minimum is taken over all integers i; and i, such that
imin(Gl’j) = il = imax(Gllj) and (3)
imin(GZ’j) Siz Simax((;le)' (4)

Clearly (i, i,,1,) <j if and only if the three equations d(G) —j <1, (3)
and (4) hold. Therefore

imin(G,J) = min{i > d(G) —jliy + i, <i < hy(iy, i)}, (5)

l1,1p

where i; and i, run over the same ranges above. It suffices to consider the
following three cases.

Case 1. d(G) —j <inn(Gy, J) + inin(G,, j). In this case by (5)
Inin(G, ) = imin(Gy, J) + inin(G,, j), and hence (a) holds.

Case 2. imin(Gll ]) + imin(sz J) =< d(G) - ] =< imax(Gll ]) +
Imax(G,, J). In this case there are two integers i; and i, satisfying (3), (4)
and i; + i, = d(G) — j. Therefore by (5) i,;,(G, j) = d(G) — j, and hence
(a) holds.

Case 3. i,,(G,j) +i,,(G,, j)<d(G)—j. Since j=> x'(G), by
Lemma 3.3(c) there exist integers i, i;, and i, satisfying the four equations
), ), ayli iy, iy) <j, and iy +i, <i<hy(iy,i,). Since a,(i,i;,i,) <
j,d(G) — j < i. Furthermore

il + i2 = imax(lej) + imax(GZ!j) < d(G) _j <i< hp(ilviZ)'

Therefore by (5) i,,;,,(G, j) = d(G) — j, and hence (a) holds.
(b) is similar to (a) above.
(c) By Lemma 3.3(c) we have

x'(G) = min {a,(i iy, ip)liy + i, <i < hy(iy,i,)}.

Since (i, iy,,) is non-increasing with respect to i for fixed i, and i,, the
minimum above is attained when i = h(i;, i,). Therefore

X'(G) = min a,(hy(iy,iy) . iy, iy) = min{xlx > a,(hy(iy,i,),iy,1,)}.
i1,1p I,1y
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By the definition of «, we have

x'(G) = Eniin {xlx = x'(Gy,iy), x 2 x'(Gy,iy), x > d(G) — hy(iy,iy)}.

The minimum above is taken over all integers i, and i, such that
Imin(Gy) < i) < in (G and i,,(G,) < i, < i,(G,). Obviously
x' (G i) <x#o if and only if x'(G)) <x and i,;,(G,x) <i; <
Imax(G1, X). Similarly x'(G,,i,) <x # « if and only if x'(G,) <x and
Imin(G,, X) < iy <i.,(G,, x). Thus we have
x'(G) = min{xlx > x'(Gy), x = x'(G,), x = d(G) — hy(iy,i5)}
iy,0,

where the minimum is taken over all integers i; and i, such that
Imin(Gy, %) < i) <ipa(Gp,x) and i,(G,, x) <i, <i,,(G,,x). There-
fore by the definition of 4, and d(G) — 8,(G) = Ay(G) = d(G)/2, we
have

X,(G) = min{x = b2|x = d(Gl) - imax(Gl!x) + imin(Gva)v
X = d(GZ) - imax(szx) + imin(Gl’ x)}
Q.E.D
For the case G = G, - G, we have Lemma 4.4

LEMMA 4.4, LetG = G, G,, v = v(G,) = v(G,), andj > x'(G), then
the following (a)—(c) hold:

(a) imin(ij) = max{j, d(G), d(Gl) - imax(Gl! ]) + imin(GZ' ])’
d(Gz) - imax(GZ!j) + imin(Gllj)} _j;

(b) imax(Gl ]) = min{‘sst(G)v d(G) — imin(Gll ]) - imin(GZ! ])1] -
d() + i (G, ) + i (G, )}, and

© x'(G)=ma{ x' (G, x'(G,),d)}.
Proof. (a) Lemma 3.5(c) implies
imin(G1j) = mm {l|0 <i< hs(iliiz) and as(i7 il!iz) Sj}’

I1,1y
where the minimum is taken over all integers i, and i, such that
imin(Gl’j) = il = imax(lej) and (6)
imin(GZ’j) Siz Simax(Gle)' (7)

The definition of «, implies that «/(i,i,,i,) <j if and only if the four
equations (6), (7), d(v) < j, and
max{d(G) —i,d(v) —iy —i, +i,d(Gy) —i; +i, —i,d(G,)

—iy+ i, — i} <]
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hold. Therefore

imin(G,J) = min{i > 0li < hy(iy,iy),i <j—d(v) +i,+i,,i >d(G) —],

i>d(Gy) — iy +i,—j,i >2d(G,) —i, +i; —j}.
We now claim that
hy(iy, iy) = max{d(G) —j,d(G,) =i, +i, —j, d(G,) —i, + 1, —j}.
(8)
We first prove
hy(iy, i) 2 d(G) =], (9
that is,
j = d(G) = hyiy, i) = max{d(G) — 8,(G),iy +i,}.  (10)

Note that h(i,,i,) = min{8,(G),d(G) — i, —i,}. Clearly j> x'(G) >
A(G) =d(G) — 84G), and j > d(v) =i, +i,. Thus we have verified
(10) and hence (9). We next prove

hy(iy, ip) 2d(Gy) =iy +ip —J, (11)
that is,
jzmax{d(Gy) — iy + i, — 84(G), dy(v) —d(vy) + 26} (12)

Since 8,(G) = min{d(v,), d(vp)} and d(G,) = d(v,) + d,(v), we shall prove
that

j=max{dy(v) — iy +i,,d(G,) —iy +i, —d(vy),di(v) —d(vy) + 2i,}.
(13)

Clearly j > d(v) > dy(v) + i,. Since j > x'(G,,i;) = d(G,) — i, and i, —
d(v) <0, we have j>d(G,) —i, +i,—d(v,). Similarly we have j >
d(v) +i,) + G, —dw)) =d(v) —d) + 2i,. Thus we have verified
(13) and hence (11). As in the proof of (11), one can prove that

hy(iy, i) 2d(Gy) — i, +i; — . (14)

The three equations (9), (11), and (14) immediately imply (8).
As above, one can easily verify that

j—d(v) +i, +1i,
> max{d(G) —j,d(G,) — i, +i, —j,d(G,) —i, +i; —j}. (15)
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Obviously the following equation holds for any c,, ¢,, X, and x,, such
that xin < Xpa
min  {ili >¢; —x,i > ¢, +x}
Xmin =X =<Xmax

Cl"rCz

v €1~ Xmax C2 +xmin}- (16)
By (8), (15), (16), and j > x'(G) > d(v) we have
imin(G,Jj) = min{i = 0li > d(G) —j,

l1, 12

= max{

i>d(Gy) —i, +i,—j,i>=d(G,) —i2+i1—j}

d(G) +d(G,)
2

d(Gl) - imax(Glﬁj) + imin(G27j) _jl

d(Gy) — ing(Gorj) + imn(Girr ) —j}

max{o, d(G) —j,

d(G) +d(v)
—2 I

d(Gl) - imax(Glﬁj) + imin(G27j) _jl
4(Gy) = ina(Gor ) + (G ) —j}
d . .
(G) —j N d(v) —j
2 2
d(Gl) - imax(Glﬁj) + imin(G27j) _j,
d(GZ) - imax(GZIj) + imin(Gl’j) _]}
maX{O'd(G) _j'd(Gl) - imax(Gllj) + imin(GZIj) _j!
d(GZ) - imax(G21j) + imin(Gllj) _]}
max{j, d(G)! d(Gl) - imax(lej) + imin(szj)'
d(Gz) - imax(GZ!j) + imin(Gllj)} _j-
(b) is similar to (a) above.
(¢) Trivially x'(G) = max{ x'(G,), x'(G,), d(v)}. Therefore we shall

prove that x'(G) < max{ x'(G)), x'(G,), d(v)}. Let  and ¢ be colorings
of G, and G,, respectively, such that #n = x(G,), #J = x'(G,) and

max{o, d(G) —j,

= max{O,d(G) —J.
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n(E(G)) N ¢y(E(G,)) = ¢. Let ¢ be a coloring of G extended from 7
and . Then #¢ = x'(G,) + x'(G,). Therefore we shall decrease #¢ to
max{ x '(G,), x'(G,), d(v)}. One can assume w.l.o.g. that x'(G,) > x'(G,).
Therefore it suffices to consider the following two cases.

Case 1. x'(G,) = d(v).

Clearly x'(G)) =s(n) + t(n) + r(n) + g(n) and d(v) = t(n) + r(n) +
s(f) + r(if). Therefore in this case s(n) + g(n) = s(y) + r(y). Since
X' (G) = x'(G,), #n — (s() + r()) = t() + q(3f). By the two equa-
tions above one can alter ¢ so that ¢ uses only colors in n(E(G,)) as
follows:

(i) replace the s(¢) + r() colors in S(i) U R(¢) with any s(if)
+ () colors in S(n) U O(x), and

(ii) replace the t(y) + g(¢) colors in T(if) U O(y) with any ¢(y)
+ g() colors among the remaining #n — (s(y) + r(¢)) colors in
n(E(G))).
The extension ¢ of n and this altered ¢ is a coloring of G using #n
colors. Hence x'(G) < #n = x'(G)).

Case 2. x'(G,) <d(v).
Since d(v) > x'(G,) > x(G,), we have

t(n) +r(m) >u(¢) +q(¥) and

s() +r(¢) > s(n) +q(n).
By the equations above one can alter n and ¢ so that their extension ¢
uses only the d(v) colors in T(n) U R(n) U S(y) U R(y) as follows:

(i) replace the #() + g(y) colors in T(y) U Q(y) with any ()
+ q(y) colors in T(n) U R(n), and

(ii) replace the s(n) + g(n) colors in S(n) U Q(n) with any s(n) +
g(n) colors in S(i) U R(y).

The extension ¢ of these altered n and ¢ is a coloring of G using d(v)
colors. Hence x'(G) < d(v). Q.E.D.

From these lemmas we have the following lemma. In the analysis of
time-complexity we assume that the degrees of terminals of a series—paral-
lel multigraph G and its components G, and G, are known, because the
bookkeeping operations to compute them take linear time in total.

LEmmMAa45. IfG = G, G, or G = G,|lG,, then one can compute 7(G)
from I(G,) and I(G,) in time O(54,(G)).

Proof. Lemmas 4.3 and 4.4 imply that i.,,(G, j) and i,,(G, j) can be
computed in O(1) time for a fixed integer j. Therefore i.;,(G, ) and
ima(G, ) for all j, x'(G) <j < x'(G) + §,(G), can be computed in
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0(8,(G)) time. Hence 9(G) can be computed in O(8,(G)) time if x'(G)
is known. Thus we shall show that y'(G) can be computed in O(8,(G))
time.

If G =G;-G,, then by Lemma 4.4(c) x'(G) can be computed in O(1)
time. If G = G,lIG,, then by Lemma 4.3(c) one can compute x'(G) in
0(8,(G)) time because it suffices to take the minimum only for x such
that b, < x < b, + max{8,4(G,), 84(G,)}. Note that by Lemma 4.1
[min(Gy x) and i, (G;, x), i = 1,2, are constants for all x > x'(G,) +
54(G)); that is, i,,;,(G;, x) = i,;(G,) and i,,/(G,, x) = i,.,(G,). (See Fig.
6. Q.E.D.

The three ideas above are not sufficient to provide a linear algorithm.
The fourth idea is to process all the components connected in parallel
together. That is, when G = G,||G,l|l--- IIG,, we do not compute
TG, GG, ..., (G IG,|l--- |IG,) sequentially in this order, but
compute Z(G) directly from 91G,), 9(G,), ...,9(G,). Note that 5,(G,) +
84(G G, + -+ +8,(G,lIG,lI-+- IIG,) may become O(n?). Thus we do not
consider an ordinary binary decomposition tree T, of a series—parallel
multigraph G, but consider a ‘“reduced (non-binary) decomposition tree”
T,.q in which there is no edge joining two p-nodes. 7,4 can be obtained
from T, by contracting every edge joining two p-nodes. Figure 7 illustrates
such a reduced decomposition tree 7,,4 of a series—parallel multigraph in
Fig. 2a. We have the following Lemma 4.6. Since it is rather straightfor-
ward to prove Lemma 4.6 by induction on k using Lemma 4.3, the proof is
omitted in this paper.

LEMMA 46. If G = GlIG,ll- |G, and j = x'(G), then
imin( G, J) = max{sum(j),d(G) —j},
Imax(G, J) = min{8,(G),d(G) — sum(j) + m(j)}, and
x'(G) = min{x > b||lx > sum(x) — m(x)},

PN
NEUWAN

@) @pv,) ©y0,)

©,v,) ©,v,)

Fic. 7. Reduced decomposition tree T .4.
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where
k
sum(x) = Y imin(G,, x),
p=1
m(x) = lgqpigk{imm(c;p,x) +ina(G,. x) —d(G,)},  and

by

max{A(G), x'(G1), x'(G3).-.-. x'(Gy)}.

From this lemma we have the following lemma.

LEMMA 4.7. If G = GlIG,ll-- lIG,,, then one can compute 5(G) from
TG, TG,), ..., 7(G,) in O(S54(G)) time.

Proof. By Lemma 4.6 one can compute i.,,(G, j) and i,,,,(G, j) for a
fixed j in time O(k). Therefore a straightforward method takes O(k §,(G))
time to compute 9(G). However, we can compute Z(G) in time O(8,(G))
as follows.

Trivially, b, < x'(G). Clearly imin(Gp, x) and imax(Gp, x) are constants
forall x > x'(G,)) + 8,(G,); that is, i,i,(G,, x) = i,;,(G,) and i, (G, x)
= imaG,). Let by =max,_,_{x'(G) + 8,(G,)}; then i..(G,, x),
imax(G,, X), and hence sum(x), m(x) are all constants for all x > by,
Therefore one needs to compute sum(x) and m(x) only for x, b, < x < b,.
The following algorithm computes sum(x) for all x, b, <x < by, in time
total O(5,(G)). Note that b, — b, < 8,(G).

begin
sum(b)) = L% _1iin(G,, b))
K=A{pll <p <k, b <x'(G)+ G}
{if p €K then i;,(G,, x) and i, (G,, x)
may not be constants for current x = b}
for x =b, + 1to b, do
begin
sum(x) == sum(x — 1);
for each p € K do
begin
sum(x) = sum(x) — iyio(G,, x — 1 + i,(G,, x);
{update sum(x)}
if x> )(’(Gp) + 85t(Gp) then K :== K — {p}
end
end
end;

Since each p, 1 < p <k, is contained in the set K at most §,(G,) times
during the execution of the first for-loop, the algorithm takes time
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O(XZ;_184(G,)) < O(8,(G)). Similarly one can compute all m(x), b, <x
< b, total in time O(8,(G)). Using these values sum(x) and m(x) and
three equations in Lemma 4.6, one can compute 7(G) in O(8,(G)) time.

Q.E.D.

From the lemmas above we can obtain the following algorithm and
theorem. One can compute the chromatic index x'(G) of G by calling
procedure Chromatic-Index(G,) for the root r of the reduced decomposi-
tion tree T,4.

Procedure Chromatic-Index(G,);
begin
if u is a leaf node then 9(G,) = {(m, m, m)} where m is the
number of multiple edges in G,
else if u is a p-node of 7,4 then begin
let vy, v,,...,0, be the children of node u;
(G, =G, G, }
for each i, 1 <i < k, do Chromatic-Index(G, );
Compute S(G,) from (G, ),9(G, ), ..., 7(G, )
end
else begin
let v, and v, be the children of node u; G,=6G, -G}
Chromatic-Index(G, ); Chromatic-Index(G,, ),
Compute 5(G,) from (G, ) and S(G, )
end;
x'(G,) = min{jl(j, imin(Gys ), Ima Gyr ) € TG}
end;

THEOREM 4.8.  The chromatic index x'(G) of a series-parallel multigraph
G = (V, E) can be decided on O(|E)) time.

Proof.  The correctness of the algorithm above is an immediate conse-
guence of Lemmas 4.4 and 4.6 above. Therefore we prove only the claim
on the time complexity. Obviously one can compute x'(G) from J(G) in
0(84(G)) time. So it suffices to prove that (G) can be computed in
O(E(G)) time. If [V(G)| =2 then clearly one can compute I(G) in
O(|E) time, say in c|E| time units. By Lemma 4.7 there is a constant c,,
such that 7(G) can be computed from J(G,), 7(G,),...,I(G,) in ¢, 5,(G)
time units when G = G,l|G,|l--- l|G,. Similarly, by Lemma 4.5 there is a
constant ¢, such that (G) can be computed from 9(G,) and J(G,) in
¢, 84(G) time units when G = G, - G,. Let ¢’ = max{c,, ¢} and ¢" = ¢ +
3c¢’. Denote by 7,(G) the running time of the algorithm to compute 7(G)
when either [V(G)| = 2 or G = G,lIG,|l--- ||G,, and denote by T,(G) the
running time of the algorithm to compute Z(G) when either [V(G)| = 2 or
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G = G, - G,. We claim that the following two equations hold:
T,(G) < c"|E(G)| — 2¢' A4(G), and (17)
T(G) < ¢"[E(G)| = 2¢" Ay(G) — ¢'84(G). (18)

We prove (17) and (18) by induction on the number of vertices in G.
Clearly (17) and (18) hold when [V(G)| = 2. Assuming that Eq. (17) and
(18) hold for G,,G,,...,G,, we prove (17) and (18) for G. If G =
GG, G, then

T(G) = T(Gy) + Ti(G,) + -+ +T(Gy) + ¢'84(G)
< c"|E(G)] = 2¢" A4(G) — ¢'84(G) + ¢'84(G)
= ¢"|E(G)| — 2¢' Ay(G).
If G=G,-G,, then
T.(G) < max{T,(G,), T,(G,)} + max{T,(G,). T,(G,)} + ¢'84(G)

< "E(G)| = 2¢" Ay(G,) — 2¢' Ay(G,) + ¢'84(G)

<c"|E(G)| = 2¢'d(vy) — 2¢'d(vy) + ¢'84(G)

="|E(G)| — 2¢' A4(G) — ¢'84(G). Q.E.D.

Remark. The algorithm Chromatic-Index above decides the chromatic
index x'(G) of a given series—parallel multigraph G. One can derive, from
the algorithm, an algorithm which actually finds an edge-coloring of G
using x'(G) colors. The edge-coloring algorithm runs in three passes as
follows. In the first pass the algorithm decides y'(G) by traversing the
reduced decomposition tree 7,4 of the series—parallel multigraphs G from
leaves to the root. In the second pass, traversing 7,,4 from the root to
leaves, the algorithm decides an appropriate integer i, for every node n,
of Ti.4 s0 that an edge-coloring ¢,, with r(¢,) =i, and #¢, = x'(G,, i),
of the subgraph G, of G corresponding to node n, can be constructed
from edge-colorings ¢, , @, ..., ¢, of the subgraphs corresponding to the
children n, ,n, ,...,n, of n,suchthat r(¢,) =i, and #¢, = x'(G,,i,)
for 1 <1 < k. Note that the integer i, must be i,;,(G, x"(G)) when n, is
the root of T4 and that each node n, preserves a min—-max triple set
J(G,). In the third pass, traversing T4 from leaves to the root with
modifying edge-colorings of subgraphs of G as described in the proofs of
Lemmas 3.2 and 3.4, the algorithm actually constructs an edge-coloring ¢
of G such that r(¢) = i,,;,(G, x'(G)) and #¢ = x'(G). Clearly the first
and second passes can be done total in linear time. On the other hand, the
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third pass can be done total in time O(|Ellog|E]). Note that one can
construct an edge-coloring of a graph G, from those of the two subgraphs
G, and G, by modifying the edge-coloring of a smaller one in time
O(min{|E, |, |E,[}) where G, = G, - G, or G,lG,, G, = (V}, E}) and G, =
(V,, E,). Thus such an edge-coloring algorithm runs in time O(|Ellog| E).
Furthermore one can implement the edge-coloring algorithm so that it
takes time O(A|V]) [13].

5. CONCLUSION

In this paper we have given a linear and practical algorithm for the
edge-coloring problem on series—parallel multigraphs G = (V, E). The
complexity is optimal within a constant factor, and the constant is small.
This algorithm can be implemented as an NC parallel algorithm, which
takes O(log n) parallel time with O(n A /log n) processors where n = |V]
[14].

Our algorithm solves a single particular problem, that is, the edge-color-
ing problem. However, the methods which we developed in this paper
appear to be useful for many other problems, especially for the “edge-par-
tition problem with respect to property 7" which asks that the edge set of
a given graph be partitioned into a minimum number of subsets such that
the subgraph induced by each subset satisfies the property . For the
edge-coloring problem, 7 is indeed a matching.

Zhou, Nakano, and Nishizeki recently obtained a linear algorithm for
the edge-coloring problem on partial k-trees with bounded k [11, 12].
However, the algorithm does not work for series—parallel multigraphs.
Note that a partial 2-tree has no multiple edges and hence a series—paral-
lel multigraph is not always a partial 2-tree. The complexity of the
algorithm is optimal within a constant factor, but the constant 22k +1 jg
huge even for k = 2.

APPENDIX. PROOF OF LEMMA 3.4

(a) Necessity. Let ¢ be a coloring of G such that r(¢) =i, r(¢;) = i,
and r(¢,) = i,. Clearly R(¢) = ¢(vy) N ¢(vy), |e(v )l = d(v,), and |e(v,)]
= d(v,). Therefore i < min{d(v,), d(v)} = 6,(G). All the i, colors in
R(p,) (c ¢(v,)) are different from all the i, colors in R(¢,) (€ ¢(v,))
since they appear at vertex v. Therefore R(¢) C (¢(v,) — R(¢,)) U (o(v,)
— R(¢,)), and hence i <d(v,) —i; +d(v) —i, = d(G) —i; —i,. Thus
we have proved that 0 < i < min{8,(G), d(G) — i; — i,} = h (i}, i,).

We now prove that #¢ > «a(i, i1, i,). Clearly #¢ is not less than the first
four terms of ag #¢ > x'(Gy, i), x'(G,,i,),dv),d(G) —i. We then
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show that #¢ is not less than the fifth term d(v) — i, — i, + i. Clearly
o(E) 2 T(p) U S(p,) U R(p), and the three sets T(¢,), S(¢,), and
R(¢) are pairwise disjoint. Therefore #¢ > t(¢,) + s(¢,) + i. Obviously
d(v) = d(v) +d,(v) = (t(e)) + i) + (s(p,) + i,). These two equations
immediately imply that

#o>d(v) — iy — i, +i.

We next prove that #¢ is not less than the sixth term d(G,) — i, + i, — i.
Clearly ¢(E) 2 S(¢,) U T(¢,) U R(¢,) U (R(¢,) — R(¢)), and the four
sets S(¢,), T(¢,), R(¢;) and (R(¢,) — R(¢)) are pairwise disjoint. There-
fore #¢ > s(¢@) + t(@)) + i; + (i, — i). Obviously d(G,) = s(¢,) +
t(¢,) + 2i;. These two equations immediately imply

#o>d(G,) — iy +i, — 1.

Similarly one can prove that #¢ is not less than the seventh term
d(G,) — i, + i, — i. Thus we have proved that #¢ > «a/(i,i;,i,).

(b) Sufficiency. Let i be an arbitrary integer such that 0 < i < h(iy, i,).
We shall construct a coloring ¢ of G such that r(¢) =i, r(¢,) = i;, and
r(¢,) = i,. The set R(¢) for any coloring ¢ can be partitioned into three
subsets as follows (see Fig. 8):

R(¢) =AUBUC,

A=S8(¢1) NR(¢z),
B =R(¢) NT(¢,), and

C=58(¢) NT(¢g,).

Then r(¢) =a + b + ¢ where a =|Al|, b =|B|, and ¢ = |C|. By Lemma
3.1(b) G, has a coloring n such that #n = x'(G,,i;) and r(n) =i,.
Similarly, G, has a coloring ¢ such that #¢ = x'(G,,i,) and r(y) = i,.
One may assume w.lo.g. that n(E(G,)) N #(E(G,)) = ¢. Consider a
coloring ¢ of G which is an extension of n and . Then r(¢,) =i, and
r(e,) = i,, but r(¢) = 0 and #¢ = x'(G,,i,) + x'(G,,i,). Therefore we
shall alter the coloring ¢ to increase y(¢) from 0 to i and decrease #¢
from x'(G., i) + x'(G,,i,) to ai, i, i,).

o
()
@
-~

Fic. 8. lllustration for symbols a, b, and c.
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The seven terms in the equation defining «,(i, i;, ,) satisfy

x'(Gy,iy) =s(m) +1(n) + iy +q(n), (A1)
X'(Gy,ip) =s() +t() +i +q(¢), (A2)

d(v) =t(n) +i; +s(y) +i,. (A3)

d(G) —i=s(n) +i, +t(¢) +i, — 1, (A4)

d(v) —i,—i, +i=t(n) +s(¢¥) +1i, (Ab)
d(Gy) — iy +i,—i=s(n) +t(n) +i, +i, — i, and (AS6)
d(G,) —i,+i, —i=s(¢¥) +t(y) +i, +i; —1i. (A7)

Although (i, i,,,) is equal to one of the seven terms, we give a proof
only for the case «y(i,i,,i,) = x'(G,,iy). Furthermore there are two
subcases, ¢(n) <i, and g¢(n) >i,, but we give a proof for the first
subcase. The proofs for the other cases are omitted since they are similar
to the case above.

We first alter ¢ to increase r(¢) to i. Substituting (A1) and (A4) to
x'(G,,i;) = d(G) — i and using g(n) < i,, we have i > () — t(n). Let

a = min{i, s(n).iy.i — t() + ()}, (A8)
b =min{i —a,i;,t(y)}, and (A9)
c=i—a—b. (A10)

Then clearly i = a + b + c and a, b, ¢ = 0. Furthermore we claim that the
following two equations hold:

a+c<s(n), and (A11)
b+c<t(y). (A12)
One can verify (Al11) as follows. Clearly
i < hy(iy,i,) = min{84(G),s(n) + t(¢)}

= mins(m) + iy, 1($) + iy, s(n) + ()} (A13)
By (A9) and (A10) we have
a+c=i—-b>b
=i—min{i —a,i;, t(y)}
=max{a,i —i;,i —t(P)}. (Al4)

By (A8), (A13), and (A14) we have
a+c<max{a,(s(n) +i)) — iy, (s(m) +1(¢)) —1(¢)}
max{a, s(n)}

=s(m).
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Thus we have verified (A11). Similarly one can verify (A12). By (A8)-(A12)
we can rename i = a + b + c colors of the coloring ¢ as follows: replace
any a colors in R(y) and any ¢ colors in T(i) with a + ¢ colors in S(n),
and replace any b colors among the remaining colors in T(y) with b
colors in R(n). The resulting coloring ¢ of G extended from n and this
altered ¢ satisfies r(¢) = i.

We finally alter the coloring ¢ above to decrease #¢ to a(i,i;,i,) = #n
without changing r(¢). We claim that the following three inequalities
hold:

q(n) =i, — a, (ALS)
t(n) =t(¢y) —(b+c), and (Al6)
s(n) —(a+c¢)+q(n) — (i —a) zs(¢). (ALT)

We now verify (A15). By (A8) we have
i, —a=max{i, —i,i, —s(n),0,i, —i + () —t(n)}. (A18)

Since ay(i, iy, i,) = x'(G,, i), x'(G,,i;) = d(G) — i. Substitute (A1) and
(Ad) into x'(G,,i,) > d(G) — i; then we have

q(n) =iy — i +1() — t(n). (A19)

Similarly, using (A1), (A3), and (A6), we have
q(m) 2 i, —s(n), and (A20)
q(n) =i, —i. (A21)

From (A18)-(A21) we have g(n) > i, — a. Thus we have verified (A15).
Similarly one can verify (A16) and (A17). By the inequalities (A15)—(A17),
we can alter n and ¢ so that » and ¢, and hence their extension ¢, use
only the #n colors in n(E(G,)) as follows:

(1) replace the i, — a remaining colors in R(¢) with colors in Q(n);

(2) replace the remaining () — (b + ¢) colors in T(y) with colors in
T(n);

(3) replace the colors in S(i) with s(i) colors among the remaining
s(n) — (a + ¢) colors in S(n) plus the remaining g(n) — (i, — a) colors in
Q(n); and finally

(4) replace the colors in Q(y) with colors in  which have not been
used yet for G,.

Note that (4) above can be done since #m > #¢. Then the resulting
coloring ¢ satisfies #¢ = #n = a/(i,i;,i,) and r(¢) = i. Q.E.D.
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