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Abstract. A rectangular drawing of a plane graph G is a drawing of
G such that each vertex is drawn as a point, each edge is drawn as a
horizontal or a vertical line segment, and the contour of each face is drawn
as a rectangle. A necessary and sufficient condition for the existence of
a rectangular drawing has been known only for the case where exactly
four vertices of degree 2 are designated as corners in a given plane graph
G. In this paper we establish a necessary and sufficient condition for the
existence of a rectangular drawing of G for the general case in which no
vertices are designated as corners. We also give a linear-time algorithm
to find a rectangular drawing of G if it exists.
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1 Introduction

Recently automatic drawings of graphs have created intense interest due to their
broad applications, and as a consequence, a number of drawing styles and corre-
sponding drawing algorithms have come out [DETT99]. Among different drawing
styles a “rectangular drawing” has attracted much attention due to its applica-
tions in VLSI floorplanning and architectural floorplanning [BS88, H93, H95,
KH97, KK84, L90, RNN98]. A rectangular drawing of a plane graph G is a
drawing of G in which each vertex is drawn as a point, each edge is drawn as
a horizontal or a vertical line segment, and the contour of each face is drawn
as a rectangle. Note that in a rectangular drawing of a plane graph G the con-
tour of the outer face of G is also drawn as a rectangle. Fig. [[(d) illustrates a
rectangular drawing of the graph in Fig. [{c). Clearly not every plane graph has
a rectangular drawing. For example the graph in Fig. [l(e) has no rectangular
drawing.
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Fig. 1. (a) Interconnection graph, (b) dual-like graph, (¢) good designation of
corners, (d) rectangular drawing, (e) bad designation of corners, and (f) 2-3
plane graph.

In a VLSI floorplanning problem, the interconnection among modules is usu-
ally represented by a plane graph, every inner face of which is triangulated.
Fig.[[(a) illustrates such an interconnection graph of 17 modules. The dual-like
graph of an interconnection graph is a cubic graph in which every vertex has
degree 3 [L90]. Fig. [(b) illustrates a dual-like graph of the graph in Fig. [(a),
which has 17 inner faces. Inserting four vertices a, b, c and d of degree 2 in ap-
propriate edges on the outer face contour of the dual-like graph as illustrated
in Fig. [{(c), one wishes to find a rectangular drawing of the resulting graph as
illustrated in Fig. l(d). If there is a rectangular drawing, it yields a floorplan of
modules. Each vertex of degree 2 is a corner of the rectangle corresponding to
the outer rectangle. Thomassen [T84] gave a necessary and sufficient condition
for such a plane graph with exactly four vertices of degree 2 to have a rectangu-
lar drawing. Linear-time algorithms are given in [BS88, H93, KH97, RNNO98] to
obtain a rectangular drawing of such a plane graph, if it exists. However, it has
not been known how to appropriately insert four vertices of degree 2 as corners.
If four vertices a, b, c and d of degree 2 are inserted in edges as in Fig.[I(e), then
the resulting graph has no rectangular drawing.
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In this paper we assume that four or more vertices of degree 2 have been
inserted to all edges that may be drawn as edges incident to corners in a rectan-
gular drawing; for example, insert one or two vertices of degree 2 to each edge
on the outer contour. Thus we consider a plane connected graph G in which
every vertex on the outer contour has degree 2 or 3, every vertex not on the
outer contour has degree 3, and there are four or more vertices of degree 2 on
the outer contour. We call such a graph a 2-3 plane graph. (See Fig. [[(f).) We do
not assume that four vertices of degree 2 are designated as corners in advance.
We give a necessary and sufficient condition for such a 2-3 plane graph G to have
a rectangular drawing, and give a linear-time algorithm to find appropriate four
vertices of degree 2 and obtain a rectangular drawing of G with these vertices
as corners.

The rest of the paper is organized as follows. Section 2 describes some defi-
nitions and presents preliminary results. Section 3 presents our main result on
rectangular drawing. Finally, Section 4 concludes with an open problem.

2 Preliminaries

In this section we give some definitions and present preliminary results.

Let G be a connected simple graph. We denote the set of vertices of G by
V(G), and the set of edges of G by E(G). The degree of a vertex v is the number
of neighbors of v in G. We denote the maximum degree of a graph G by A.

A graph is planar if it can be embedded in the plane so that no two edges
intersect geometrically except at a vertex to which they are both incident. A
plane graph is a planar graph with a fixed embedding. A plane graph divides the
plane into connected regions called faces. We regard the contour of a face as a
clockwise cycle formed by the edges on the boundary of the face. We denote the
contour of the outer face of graph G by C,(G). We call a vertex not on C,(G)
an inner vertex of G.

For a simple cycle C in a plane graph G, we denote by G(C) the plane
subgraph of G inside C' (including C). An edge of G which is incident to exactly
one vertex of a simple cycle C' and located outside C is called a leg of the cycle
C. The vertex of C' to which a leg is incident is called a leg-vertex of C. A simple
cycle C'in G is called a k-legged cycle of G if C has exactly k legs in G. A k-legged
cycle C' is a minimal k-legged cycle if G(C) does not contain any other k-legged
cycle of G. We say that cycles C' and C’ in a plane graph G are independent if
G(C) and G(C") have no common vertex. A set S of cycles is independent if any
pair of cycles in S are independent.

A rectangular drawing of a plane graph G is a drawing of G such that each
edge is drawn as a horizontal or a vertical line segment, and each face is drawn
as a rectangle. In a rectangular drawing of G, the contour C,(G) of the outer
face is drawn as a rectangle and hence has four convex corners. Such a corner is
called a corner of the rectangular drawing. Since a rectangular drawing D of G
has no bend and each edge is drawn as a horizontal or a vertical line segment,
only a vertex of degree 2 of G can be drawn as a corner of D. Therefore, a graph
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with less than four vertices of degree 2 on C,(G) has no rectangular drawing.
Thus we consider a 2-3 plane graph G in which four or more vertices on C,(G)
have degree 2 and all other vertices have degree 3. We call a vertex of degree 2
in G that is drawn as a corner of D a corner vertex.

The following result on rectangular drawings is known [T84, RNN9S].

Lemma 1. Let G be a 2-3 plane graph. Assume that four vertices of degree 2
are designated as corners. Then G has a rectangular drawing if and only if G
satisfies the following three conditions [T84]: (c1) G has no 1-legged cycles; (c2)
every 2-legged cycle in G contains at least two designated vertices; and (c3) every
3-legged cycle in G contains at least one designated vertex. Furthermore one can
check in linear time whether G satisfies the conditions above, and if G does then
one can find a rectangular drawing of G in linear time [RNN9S]. |

It is rather difficult to determine whether a 2-3 plane graph G has a rectangu-
lar drawing unless four vertices of degree 2 are designated as corners. Considering
all combinations of four vertices of degree 2 as corners and applying the algorithm
in Lemma [ for each of the combinations, one can determine whether G has a
rectangular drawing. Such a straightforward method requires time O(n®) since
there are O(n*) combinations, and one can determine in linear time whether G
has a rectangular drawing for each combination. In the next section we obtain
a necessary and sufficient condition for G to have a rectangular drawing for the
general case in which no vertices of degree 2 are designated as corners. The
condition leads to a linear-time algorithm.

3 Rectangular Drawings Without Designated Corners

The following theorem is our main result on rectangular drawings.

Theorem 2. A 2-3 plane graph G has a rectangular drawing if and only if G
satisfies the following four conditions:

(1) G has no 1-legged cycle;

(2) every 2-legged cycle in G contains at least two vertices of degree 2;

(8) every 3-legged cycle in G contains at least one vertex of degree 2; and

(4) if an independent set S of cycles in G consists of ca 2-legged cycles and cs
3-legged cycles, then 2co 4 c3 < 4. a

Before proving Theorem 2] we observe the following fact.

Fact 3 In any rectangular drawing D of G, every 2-legged cycle of G contains
at least two corners, every 3-legged cycle of G contains at least one corner, and
every cycle with four or more legs may contain no corner. O
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We now prove the necessity of Theorem
Necessity of Theorem [l Assume that G has a rectangular drawing D. Then
G has no 1-legged cycle, since the face surrounding a 1-legged cycle cannot be
drawn as a rectangle in D. By Fact Bl every 2-legged cycle in D contains at least
two corners and every 3-legged cycle in D contains at least one corner. Since a
corner is a vertex of degree 2, every 2-legged cycle in G must have at least two
vertices of degree 2 and every 3-legged cycle must have at least one vertex of
degree 2.

Let an independent set S consist of co 2-legged cycles and c3 3-legged cycles
in G. Then by Fact B] each of the ¢y 2-legged cycles in S contains at least two
corners, and each of the c3 3-legged cycle in S contains at least one corner. Since
all cycles in S are independent, they are vertex-disjoint each other. Therefore
there are at least 2co + ¢3 corners in D. Since there are exactly four corners in
D, we have 2¢co 4 c3 < 4. O

In the rest of this section we give a constructive proof for the sufficiency of
Theorem ] and show that the proof leads to a linear-time algorithm for finding
a rectangular drawing of G if it exists.

We first give some definitions. For a graph G and a set V' C V(G), G — V'
denotes a graph obtained from G by deleting all vertices in V'’ together with
all edges incident to them. For a plane graph G, we define a C,(G)-component
as follows. A subgraph F of G is a C,(G)-component if F' consists of a single
edge which is not in C,(G) and both ends of which are in C,(G). The graph
G — V(C,(@)) may have a connected component. Add to such a component all
edges of G, each joining a vertex in the component and a vertex in C,(G). The
resulting subgraph F' of G is a C,(G)-component, too. All these subgraphs F' of
G and only these are the C,(G)-components.

Let {v1,v2, -+, Up—1,Vp}, p > 3, be a set of three or more consecutive vertices
on C,(G) such that the degrees of the first vertex v; and the last vertex v, are
exactly three and the degrees of all intermediate vertices v2, v3, - - -, vp—1 are two.
Then we call the set {vs,vs,---,vp—1} a chain of G, and we call vertices v; and
vp the ends of the chain. Every vertex of degree 2 in G is contained in exactly
one chain. A chain in G corresponds to an edge of the dual-like graph of an
interconnection graph into which vertices of degree 2 have been inserted. Two
chains are consecutive if they have a common end. We now have the following
lemmas.

Lemma 4. Let G be a 2-3 plane graph, and let k be the number of vertices of
degree 3 on Co(G). If a Cy(G)-component F contains a cycle, then F contains
a cycle with k or less legs. O

Lemma 5. Assume that a 2-3 plane graph G satisfies the four conditions in
Theorem (2, and that G has at most three vertices of degree 3 on Co(G). Then G
has a rectangular drawing.
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Proof. If G is a cycle, then clearly G has a rectangular drawing. Therefore we
may assume that G has at least one vertex of degree 3 on C,(G). If G had exactly
one vertex of degree 3 on C,(G), then G would have a 1-legged cycle or a vertex
of degree 1, contrary to the assumption that G is a 2-3 plane graph satisfying
the conditions in Theorem 2l Thus G has either two or three vertices of degree
3 on C,(@G), and hence there are the following two cases to consider.

Case 1: G has exactly two vertices of degree 3 on C,(G).

In this case G has exactly one C,(G)-component F. We now claim that F is
a graph of a single edge. Otherwise, F' has a cycle, and then by Lemma [ F' has
a 2-legged cycle, but the 2-legged cycle contains no vertex of degree 2, contrary
to the assumption that G satisfies Condition (2).

Clearly the ends of the edge in F are the two vertices of degree 3 on C,(G).
Since G is a simple graph, the two vertices divide C,(G) into two chains of G.
Furthermore, G has two 2-legged cycles C; and Cs as indicated by dotted lines
in Fig.@(a). Since G satisfies Condition (2), each of C; and Cy contains at least
two vertices of degree 2. We arbitrarily choose two vertices of degree 2 on each
of C1 and C as corner vertices. Then we can find a rectangular drawing of G
as illustrated in Fig. 2(b).

G

(@) (b)

Fig. 2. Illustration for Case 1.

Case 2: G has exactly three vertices of degree 3 on C,(G).

In this case G has exactly one C,(G)-component F. The C,(G)-component F'
has no cycle; otherwise, by Lemma [l G would have a 2-legged or 3-legged cycle
containing no vertex of degree 2, contrary to the assumption that G satisfies
Conditions (2) and (3). Therefore, F' is a tree, and has exactly one vertex of
degree 3 not on C,(G). Thus G is a “subdivision” of a complete graph K4 of four
vertices, and has three 3-legged cycles C7, Cy and C as indicated by dotted lines
in Fig. Bla). Since G satisfies Condition (3), each 3-legged cycle contains at least
one vertex of degree 2. We choose four vertices of degree 2; one vertex of degree
2 on each of the three 3-legged cycles, and one vertex of degree 2 arbitrarily. We
then obtain a rectangular drawing D of G as illustrated in Fig. B(b). O

By Lemma [0 we may assume that G has four or more vertices of degree 3 on
C,(G). We now have the following lemmas.
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(b)

(a)

Fig. 3. Illustration for Case 2.

Lemma 6. Assume that a 2-3 plane graph G satisfies the four conditions in
Theorem [3, that G has four or more vertices of degree 8 on Co(G), and that
there is exactly one Co(G)-component. Then the following (a)-(d) hold:

(a) for any 2-legged cycle C, at most one chain of G is not on C;

(b) one can choose four vertices of degree 2 in a way that at most two of them
are chosen from any chain and at most three are chosen from any pair of
consecutive chains;

(¢) G has a 3-legged cycle; and

(d) if G has two or more independent 3-legged cycles, then the set of all minimal
3-legged cycles in G is independent. a

Lemma 7. If a 2-3 plane graph G has two or more C,(G)-components, then G
has a pair of independent 2-legged cycle. O

We are now ready to prove the following lemma.

Lemma 8. Assume that a 2-3 plane graph G satisfies the four conditions in
Theorem [3, and that C,(G) has four or more vertices of degree 3. Then G has
a rectangular drawing.

Proof. We shall consider the following two cases depending on the number of
C,(G)-components.
Case 1: G has exactly one C,(G)-component.

By Lemma [6l(c) G has a 3-legged cycle. We shall consider the following two
subcases depending on whether GG has a pair of independent 3-legged cycles or
not.

Subcase la: G has no pair of independent 3-legged cycle.

By Lemma[B(b) we can designate four vertices of degree 2 as corners in a way
that at most two of them are chosen from any chain and at most three are chosen
from any pair of consecutive chains of G. By Lemma [I] it suffices to show that
G satisfies the three conditions (c1)-(c3) regarding the four designated vertices.
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Since G satisfies Condition (1) in Theorem [ G has no 1-legged cycle and
hence satisfies (c1).

We now claim that G satisfies (c2), that is, any 2-legged cycle C' in G contains
at least two designated vertices. By Lemma [B(a) at most one chain of G is not
on C'. Since any chain contains at most two of the four designated vertices, C
must contain at least two of them.

We then claim that G satisfies (c3), that is, every 3-legged cycle C in G
has at least one designated vertex. By Condition (3) C has a vertex of degree
2. Therefore exactly two of the three legs of C lie on C,(G). Let = and y be
the leg-vertices of these two legs, respectively. Let P be the path on C,(G)
starting at = and ending at y without passing through any edge on C. Then
P contains at most two chains; otherwise, either G would have more than one
C,(G)-components or G would have a pair of independent 3-legged cycles, a
contradiction. Furthermore, if P contains exactly one chain then it contains at
most two designated vertices, and if P contains exactly two chains then they are
consecutive and contain at most three designated vertices. Hence, in either case,
C contains at least one of the four designated vertices.

Subcase 1b: G has a pair of independent 3-legged cycles.

Let M be the set of all minimal 3-legged cycles in G. By Lemma [B(d) M is
independent. Let k = |[M]|, then clearly 2 < k and k < 4 by Condition (4). For
each 3-legged cycle C,,, in M, we arbitrarily choose a vertex of degree 2 on C,,.
If k < 4, we arbitrarily choose 4 — k vertices of degree 2 on C,(G) which are not
chosen so far in a way that at most two vertices are chosen from any chain. This
can be done because G has four or more vertices of degree 2 and every 2-legged
cycle has two or more vertices of degree 2. Thus we have chosen exactly four
vertices of degree 2, and we regard them as the four designated corner vertices.
In Fig.[(a) four vertices a,b,c and d of degree 2 are chosen as the designated
corner vertices; vertices a,c and d are chosen on three independent minimal 3-
legged cycles indicated by dotted lines, whereas vertex b is chosen arbitrarily
on C,(G). By Lemma [ it suffices to show that G satisfies the conditions (c1)-
(c3) regarding the four designated vertices. We can indeed prove that G satisfies
Conditions (c1)-(c3) regarding the four designated vertices. The detail is omitted
in this extended abstract.

Case 2: G has two or more C,(G)-components.

In this case by Lemma [[] G has a pair of independent 2-legged cycles, C
and Cy. One may assume that both C; and Cy are minimal 2-legged cycles. By
Condition (4) at most two 2-legged cycles of G are independent. Therefore, for
any other 2-legged cycle C’'(#£ Cy,Cs), G(C’) contains either Cy or Cj.

Let k;, i = 1 and 2, be the number of all minimal (not always independent)
3-legged cycles in G(C;). Then we claim that k; < 2,4 =1 and 2. First consider
the case where C; has exactly three vertices of degree 3 on C,(G). Then G(C;)
has exactly two inner faces; otherwise, G(C;) would have a cycle which has 2
or 3 legs and has no vertex of degree 2, contrary to Condition (2) or (3). The
contours of the two faces are minimal 3-legged cycles, and there is no other
minimal 3-legged cycle in G(C;). Thus k; = 2. We next consider the case where
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Fig. 4. (a)lllustration for Case 1, and (b) illustration for Case 2.

C; has four or more vertices of degree 3 on C,(G). Then we can show, similarly
as in the proof of Lemma [Bl(d), that the set of all minimal 3-legged cycles of
G in G(C;) is independent. If k; > 3, then Condition (4) would not hold for
the independent set S of k; + 1 cycles: the k; 3-legged cycles in G(C;) and the
2-legged cycle Cj, j =1 or 2 and j # 7. Thus k; < 2.

We choose two vertices of degree 2 on each C;, 1 < i < 2, as follows. For
each of the k; minimal 3-legged cycle in G(C;), we arbitrarily choose exactly one
vertex of degree 2. If k; < 2, then we arbitrarily choose 2 — k; vertices of degree
2 in V(C;) which have not been chosen so far in a way that at most two vertices
are chosen from any chain. This can be done because by Condition (2) C; has at
least two vertices of degree 2. Thus we have chosen four vertices of degree 2, and
we regard them as the designated corner vertices for a rectangular drawing of
G. In Fig. @(b) G has a pair of independent 2-legged cycles C; and Cy, k1 = 2,
ko = 1, and four vertices a,b,c and d on C,(G) are chosen as the designated
vertices. Vertices a and d are chosen from the vertices on C7; each on a minimal
3-legged cycle in G(C1). Vertices b and ¢ are chosen from the vertices on Cs; ¢
is on the minimal 3-legged cycle in G(Cs), and b is an arbitrary vertex on Co
other than c.

By Lemma [ it suffices to show that G satisfies the conditions (c1)-(c3)
regarding the four designated vertices. We can indeed prove that G satisfies
Conditions (c1)-(c3) regarding the four designated vertices. The detail is omitted
in this extended abstract. |

Lemmas[f] and [§ immediately imply that G has a rectangular drawing if G
satisfies the conditions in Theorem 2l Thus we have constructively proved the
sufficiency of Theorem [2l

We immediately have the following corollary from Theorem [}

Corollary 9. A 2-3 plane graph G has a rectangular drawing if and only if G
satisfies the following six conditions:

(1) G has no 1-legged cycle;
(2) every 2-legged cycle in G has at least two vertices of degree 2;
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(3) every 3-legged cycle in G has a vertex of degree 2;
(4-1) at most two 2-legged cycles in G are independent of each other;
(4-2) at most four 3-legged cycles in G are independent of each other; and
(4-8) if G has a pair of independent 2-legged cycles Cy1 and Ca, then each of
G(C4) and G(C3) has at most two independent 3-legged cycles of G and
the set {C1,Ca,Cs} of cycles is not independent for any 3-legged cycle Cs
n G. m|

We now have the following theorem.

Theorem 10. Given a 2-3 plane graph G, one can determine in linear time
whether G has a rectangular drawing or not, and if G has, one can find a rect-
angular drawing of G in linear time. a

4 Conclusions

In this paper we established a necessary and sufficient condition for a 2-3 plane
graph G to have a rectangular drawing. We gave a linear-time algorithm to
determine whether G has a rectangular drawing, and find a rectangular drawing
of G if it exists. Thus, given a plane cubic graph G, we can determine in linear
time whether one can insert four vertices of degree 2 into some of the edges on
C,(G) so that the resulting plane graph G’ has a rectangular drawing or not, and
if G’ has, we can find a rectangular drawing of G’ in linear time. It is left as an
open problem to obtain an efficient algorithm for finding rectangular drawings
of plane graphs with the maximum degree A = 4.
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