
Total Colorings of Degenerated Graphs

Shuji Isobe, Xiao Zhou, and Takao Nishizeki

Graduate School of Information Sciences, Tohoku University,
Aoba-yama 05, Sendai, 980-8579, Japan.

{iso@nishizeki.,zhou@,nishi@}ecei.tohoku.ac.jp

Abstract. A total coloring of a graph G is a coloring of all elements of
G, i.e. vertices and edges, in such a way that no two adjacent or incident
elements receive the same color. A graph G is s-degenerated for a positive
integer s if G can be reduced to a trivial graph by successive removal
of vertices with degree ≤ s. We prove that an s-degenerated graph G
has a total coloring with ∆ + 1 colors if the maximum degree ∆ of G is
sufficiently large, say ∆ ≥ 4s + 3. Our proof yields an efficient algorithm
to find such a total coloring. We also give a linear-time algorithm to find
a total coloring of a graph G with the minimum number of colors if G is
a partial k-tree, i.e. the tree-width of G is bounded by a fixed integer k.

1 Introduction

We deal with a total coloring of a simple graph G, which has no multiple edges
or selfloops. A total coloring is a mixture of ordinary vertex-coloring and edge-
coloring. That is, a total coloring of G is an assignment of colors to its vertices
and edges so that no two adjacent vertices have the same color, no two adjacent
edges have the same color, and no edge has the same color as one of its ends
[14]. The minimum number of colors required for a total coloring of a graph G
is called the total chromatic number of G, and denoted by χt(G). Figure 1(a)
illustrates a total coloring of a graph G using χt(G) = 4 colors. Let ∆(G) be
the maximum degree of G, then clearly ∆(G) + 1 ≤ χt(G), and hence ∆(G) + 1
is a lower bound on χt(G). On the other hand, it is conjectured that an upper
bound χt(G) ≤ ∆(G) + 2 holds for any simple graph G. However, this “total
coloring conjecture” has not been verified [8,14]. The total coloring problem is
to find a total coloring of a given graph G with the minimum number χt(G) of
colors. Since the problem is NP-hard [11], it is very unlikely that there exists an
efficient algorithm to solve the problem for general graphs. However, there would
exist an efficient algorithm for a restricted class of graphs such as “s-degenerated
graphs” and “partial k-trees” defined below.

A graph is said to be s-degenerated for an integer s ≥ 1 if it can be reduced
to a trivial graph by successive removal of vertices with degree ≤ s. For example,
the graph in Fig. 1(a) is 2-degenerated, and every planar graph is 5-degenerated.
An s-degenerated graph has a favorable property on the vertex-coloring: let
χ(G) be the chromatic number of a graph G, that is, the minimum number of
colors required for a vertex-coloring of G, then clearly χ(G) ≤ s + 1 for any
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Fig. 1. (a) A total coloring of a graph G with χt(G) = 4 colors c1, c2, c3 and c4, and
(b) a semi-total coloring of G for U = V and F ⊆ E with χ(G; U, F ) = 3 colors c1, c2

and c3.

s-degenerated graph G [6,8,12]. Let χ′(G) be the chromatic index of G, that is,
the minimum number of colors required for an edge-coloring of G. Then clearly
∆(G) ≤ χ′(G), and hence ∆(G) is a lower bound on χ′(G). An s-degenerated
graph has a favorable property also on an edge-coloring: χ′(G) = ∆(G) if G is
an s-degenerated graph and ∆(G) ≥ 2s [13]. Thus there is a simple sufficient
condition on ∆(G), i.e. ∆(G) ≥ 2s, for the chromatic index χ′(G) of an s-
degenerated graph G to be equal to the trivial lower bound ∆(G). However,
it has not been known whether there is a simple sufficient condition on ∆(G)
for the total chromatic number χt(G) to be equal to the trivial lower bound
∆(G) + 1.

A graph with bounded tree-width k is called a partial k-tree; the formal
definition of partial k-trees will be given in Section 2. Any partial k-tree is k-
degenerated, but the converse is not always true. Many combinatorial problems
can be efficiently solved for partial k-trees with bounded k [1,2,4]. In particular,
both the vertex-coloring problem and the edge-coloring problem can be solved
in linear time for partial k-trees [2,15]. However, no efficient algorithm has been
known for the total coloring problem on partial k-trees. Although the total col-
oring problem can be solved in polynomial time for partial k-trees by a dynamic
programming algorithm, the time complexity O(n1+24(k+1)

) is very high [7].
In this paper, we first present a sufficient condition on ∆(G) for the total

chromatic number χt(G) of an s-degenerated graph G to be equal to the trivial
lower bound ∆(G) + 1: we prove our main theorem that χt(G) = ∆(G) + 1 if
∆(G) ≥ 4s + 3. The condition ∆(G) ≥ 4s + 3 for the total chromatic number
is simple and interesting, compared to Vizing’s condition ∆(G) ≥ 2s for the
chromatic index. Our proof immediately yields an efficient algorithm to find a
total coloring of G with χt(G) = ∆(G) + 1 colors in time O(sn2) if ∆(G) ≥
4s + 3, where n is the number of vertices in G. The complexity can be improved
to O(n log n) in particular if ∆(G) ≥ 6s + 1 and s = O(1). Hence the total
coloring problem can be solved in time O(n log n) for a fairly large class of
graphs including all planar graphs with sufficiently large maximum degree. We
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then show that one can find a total coloring of a given partial k-tree G with
χt(G) colors in linear time and hence the total coloring problem can be solved
in linear time for partial k-trees of bounded k.

2 Preliminaries

We denote by G = (V, E) a simple undirected graph with a vertex set V and an
edge set E. Let n = |V | throughout the paper. We denote by d(v, G) the degree
of a vertex v in G, and by ∆(G) the maximum degree of G. For a set F ⊆ E, we
denote by GF = (V, F ) the spanning subgraph of G induced by the edge set F .
A spanning subgraph of G is called a forest of G if each connected component is
a tree. A forest of G is called a linear forest of G if each connected component
is a single isolated vertex or a path. For example, GF = (V, F ) is a linear forest
of the graph G in Fig. 1(b) if F consists of the five edges drawn by solid lines.

One of the key ideas in the proof of our main theorem is to introduce a
“semi-total coloring,” which generalizes vertex-, edge- and total colorings. Let
C be a set of colors, let U be a subset of V , and let F be a subset of E. Then a
semi-total coloring of a graph G for U and F is a mapping f : U ∪ F → C such
that

(i) f(v) 6= f(w) if v, w ∈ U and (v, w) ∈ E;
(ii) f(e) 6= f(e′) if e, e′ ∈ F and e and e′ share a common end; and
(iii) f(v) 6= f(e) if v ∈ U , e ∈ F and e is incident to v.

The semi-total coloring is sometimes called a partial total coloring [14]. The
vertices in U = V − U and the edges in F = E − F are not colored by f . Figure
1(b) depicts a semi-total coloring of the graph G in Fig. 1(a) for U = V and F ,
where C = {c1, c2, c3} and all edges in F are drawn by solid lines.

The minimum number of colors required for a semi-total coloring of G for U
and F is called the semi-total chromatic number of G for U and F , and is denoted
by χ(G;U, F ). Then obviously ∆(GF ) + 1 ≤ χ(G;V, F ), where GF = (V, F ) is
a spanning subgraph of G. Clearly, a total coloring of G is a semi-total coloring
of G for U = V and F = E; a vertex-coloring of G is a semi-total coloring of G
for U = V and F = ∅; and an edge-coloring of G is a semi-total coloring of G
for U = ∅ and F = E.

Another idea is a “superimposing” of colorings. Suppose that g is a semi-total
coloring of a graph G = (V, E) for U = V and F ⊆ E, h is an edge-coloring of
GF = (V, E − F ), and g and h use no common color. Then, superimposing g on
h, one can obtain a total coloring f of G, and hence

χt(G) ≤ χ(G;V, F ) + χ′(GF ). (1)

Unfortunately, the total coloring f constructed from g and h may use more
than χt(G) colors even if g uses the minimum number χ(G;V, F ) of colors and
h uses the minimum number χ′(GF ) of colors, because the equality in Eq. (1)
does not always hold. For example, for the graph G in Fig. 1(b), χt(G) = 4,
χ(G;V, F ) = 3, χ′(GF ) = 2, and hence χt(G) < χ(G;V, F ) + χ′(GF ). However,
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we will show in Section 3 as the main theorem that if G is an s-degenerated
graph and ∆(G) ≥ 4s + 3 then there is a subset F ⊂ E such that the equality
in Eq. (1) holds and χ(G;V, F ) + χ′(GF ) = ∆(G) + 1, that is,

χt(G) = χ(G;V, F ) + χ′(GF ) = ∆(G) + 1. (2)

We will show in Section 4 that one can efficiently find a semi-total coloring g
of G for V and F with χ(G;V, F ) colors and an edge-coloring h of GF with
χ′(GF ) colors, and hence one can efficiently find a total coloring f of G with
χt(G) colors simply by superimposing g and h.

We now recursively define a k-tree: a graph G = (V, E) is a k-tree if it is a
complete graph of k vertices or it has a vertex v ∈ V of degree k whose neighbors
induce a clique of size k and the graph G−{v} obtained from G by deleting the
vertex v and all edges incident to v is again a k-tree. We then define a partial
k-tree: a graph is a partial k-tree if it is a subgraph of a k-tree [1,2,15]. The graph
in Fig. 1(a) is indeed a partial 3-tree. In this paper we assume that k = O(1).

For an integer s ≥ 1, a graph G is defined to be s-degenerated (or s-inductive)
if G can be reduced to a trivial graph by the successive removal of vertices having
degree at most s [6,8,16]. We do not assume that s = O(1). By the definition of an
s-degenerated graph G = (V, E), there exists a numbering ϕ : V → {1, 2, · · · , n}
such that any vertex v ∈ V has at most s neighbors numbered by ϕ with integers
larger than ϕ(v), that is,

|{x ∈ V : (v, x) ∈ E, ϕ(v) < ϕ(x)}| ≤ s.

Such a numbering ϕ is called an s-numbering of G. An s-numbering of any
s-degenerated graph G can be found in linear time [9].

For a vertex v in a graph G = (V, E) and a numbering ϕ : V → {1, 2, · · · , n},
we write

Efw
ϕ (v, G) = {(v, x) ∈ E : ϕ(v) < ϕ(x)};

Ebw
ϕ (v, G) = {(v, x) ∈ E : ϕ(v) > ϕ(x)};

dfw
ϕ (v, G) = |Efw

ϕ (v, G)|; and

dbw
ϕ (v, G) = |Ebw

ϕ (v, G)|.

The edges in Efw
ϕ (v, G) are called the forward edges of v, and those in Ebw

ϕ (v, G)
the backward edges of v. Clearly d(v, G) = dfw

ϕ (v, G) + dbw
ϕ (v, G). A graph G

is s-degenerated if and only if there is a numbering ϕ such that dfw
ϕ (v, G) ≤ s

for any vertex v ∈ V . An s-degenerated graph has the following two favorable
properties on colorings, which have been mentioned in Introduction.

Lemma 1. For any s-degenerated graph G, the following (a) and (b) hold:

(a) χ(G) ≤ s + 1 [6,8,9,12]; and
(b) if ∆(G) ≥ 2s, then χ′(G) = ∆(G) [13,16].
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3 Main Theorem

In this section we prove the following main theorem.

Theorem 1. If G is an s-degenerated graph and ∆(G) ≥ 4s + 3, then χt(G) =
∆(G) + 1.

A result by Borodin et al. on a “total list coloring” [3, Theorem 7] implies that
χt(G) = ∆(G) + 1 if G is an s-degenerated graph and ∆(G) ≥ 2s2. Theorem 1
is better than these results.

We show in the remainder of this section that there is a subset F ⊂ E
satisfying Eq. (2). F will be found as a union of s+1 edge-disjoint linear forests
of G.

We first show in the following lemma that G can be decomposed to s + 1
edge-disjoint forests.

Lemma 2. If G = (V, E) is an s-degenerated graph, then there exists a partition
{F1, F2, · · · , Fs+1} of E such that, for any index j ∈ {1, 2, · · · , s + 1},
(a) GFj is a forest; and
(b) d(v, GFj ) ≥ 3 if d(v, G) ≥ 4s + 3.

Proof. Let G = (V, E) be an s-degenerated graph, and let ϕ : V → {1, 2, · · · , n}
be an s-numbering of G.

We first find F1, F2, · · · , Fs+1. Construct a new graph G̃ = (Ṽ , Ẽ) from G as
follows: for any vertex v ∈ V ,

– let t =
⌈
dbw

ϕ (v, G)/(s + 1)
⌉
, and replace v with its t+1 copies vfw, v1

bw, v2
bw,

· · · , vt
bw;

– attach all forward edges in Efw
ϕ (v, G) to the copy vfw; and

– let {E1
bw, E2

bw, · · · , Et
bw} be any partition of the set Ebw

ϕ (v, G) of backward
edges such that

|Ei
bw|

{
= s + 1 if 1 ≤ i ≤ t − 1;
≤ s + 1 if i = t, (3)

and attach all edges in Ei
bw to the copy vi

bw for each i = 1, 2, · · · , t.
Clearly, G̃ is bipartite. Since ϕ is an s-numbering of G, d(vfw, G̃)=dfw

ϕ (v, G)≤
s for any vertex v ∈ V . By Eq. (3) d(vi

bw, G̃) ≤ s + 1 for any vertex v ∈ V and
any index i ∈ {1, 2, · · · , t}. Thus we have ∆(G̃) ≤ s + 1.

Since G̃ is bipartite and ∆(G̃) ≤ s+1, König’s theorem implies that χ′(G̃) =
∆(G̃) ≤ s + 1 [6,8], and hence G̃ has an edge-coloring f : Ẽ → C for a set
C = {c1, c2, · · · , cs+1} of s + 1 colors. For each color cj ∈ C, let F̃j be the color
class of cj , that is, F̃j = {e ∈ Ẽ : f(e) = cj}, and let Fj be the set of edges in
E corresponding to F̃j . Since f is an edge-coloring of G̃, {F̃1, F̃2, · · · , F̃s+1} is a
partition of Ẽ, and hence {F1, F2, · · · , Fs+1} is a partition of E. Thus we have
found F1, F2, · · · , Fs+1.
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We then prove that Fj found as above satisfies (a) and (b) for any index
j ∈ {1, 2, · · · , s + 1}.

(a) It suffices to prove that the s-numbering ϕ of G is indeed a 1-numbering
of GFj

, that is, dfw
ϕ (v, GFj

) ≤ 1 for any vertex v ∈ V . By the construction of G̃,
all forward edges of v in G are attached to the copy vfw in G̃. At most one of
them is colored with cj by f since f is an edge-coloring of G̃. Thus F̃j contains
at most one edge incident to vfw, and hence we have dfw

ϕ (v, GFj
) ≤ 1.

(b) Let v be any vertex in V with d(v, G) ≥ 4s + 3.
We first claim that d(vi

bw, G̃) = s+1 for each i ∈ {1, 2, 3}. By the construction
of G̃, d(vi

bw, G̃) = s + 1 if i ≤ ⌊
dbw

ϕ (v, G)/(s + 1)
⌋
. It therefore suffices to prove

that
⌊
dbw

ϕ (v, G)/(s + 1)
⌋ ≥ 3. Clearly, dfw

ϕ (v, G) ≤ s and d(v, G) = dfw
ϕ (v, G) +

dbw
ϕ (v, G). Hence we have⌊

dbw
ϕ (v, G)
s + 1

⌋
=

⌊
d(v, G) − dfw

ϕ (v, G)
s + 1

⌋
≥

⌊
4s + 3 − s

s + 1

⌋
= 3. (4)

Thus we have proved the claim.
We then prove that d(v, GFj ) ≥ 3. The edge-coloring f of G̃ uses exactly

s + 1 colors in C, and d(vi
bw, G̃) = s + 1 for each i ∈ {1, 2, 3}. Therefore exactly

one of the edges incident to vi
bw in G̃ is colored with cj ∈ C by f . We thus have

d(v, GFj
) ≥ 3. 2

One can construct a linear forest from a forest as in the following lemma.

Lemma 3. Let T = (V, F ) be a forest, let S = {v ∈ V : d(v, T ) ≥ 3}, and let
U be any subset of S. Then T has a linear forest TL = (V, L), L ⊆ F , such that
every vertex in U is an end of a path in TL, and every vertex in S − U is an
interior vertex of a path in TL, that is,

d(v, TL) =
{

1 if v ∈ U ; and
2 if v ∈ S − U.

(5)

Furthermore L can be found in linear time.

Sketchy Proof. Regard each tree in forest T as a rooted tree. Then one can
easily find a linear forest of the tree by the breadth-first search. 2

By Lemmas 2 and 3 one can find s + 1 linear forests GL1 , GL2 , · · · , GLs+1 of
G as in the following lemma.

Lemma 4. If G = (V, E) is an s-degenerated graph and ∆(G) ≥ 4s + 3, then
for any partition {U1, U2, · · · , Us+1} of V there exist mutually disjoint subsets
L1, L2, · · · , Ls+1 of E such that

(a) for each j ∈ {1, 2, · · · , s + 1}, GLj
is a linear forest, and

d(v, GLj
) ≤

{
1 if v ∈ Uj ;
2 if v ∈ V − Uj ;

(6)
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(b) ∆(GF ) = 2s + 1, where F = L1 ∪ L2 ∪ · · · ∪ Ls+1; and
(c) ∆(GF ) + ∆(GF ) = ∆(G), where F = E − F .

Proof. Let G = (V, E) be an s-degenerated graph, and let ∆(G) ≥ 4s + 3. We
find L1, L2, · · · , Ls+1 as follows.

We first construct a new graph G∗ = (V ∗, E∗) from G as follows: for each
vertex v ∈ V with d(v, G) < 4s + 3, add (4s + 3) − d(v, G) dummy vertices and
join each of them with v by a dummy edge. Clearly

d(v, G∗) =


d(v, G) if v ∈ V and d(v, G) ≥ 4s + 3;
4s + 3 if v ∈ V and d(v, G) < 4s + 3; and
1 if v ∈ V ∗ − V ,

(7)

and hence
V = {v ∈ V ∗ : d(v, G∗) ≥ 4s + 3}. (8)

Since ∆(G) ≥ 4s + 3,
∆(G∗) = ∆(G). (9)

We then find s + 1 forests of G∗. Since G is s-degenerated, G∗ is also s-
degenerated. Therefore, applying Lemma 2 to G∗, one can know that there exists
a partition {F1, F2, · · · , Fs+1} of E∗ such that, for any index j ∈ {1, 2, · · · , s+1},

(i) G∗
Fj

is a forest; and
(ii) d(v, G∗

Fj
) ≥ 3 if d(v, G∗) ≥ 4s + 3.

By (ii) and Eqs. (7) and (8) we have V = {v ∈ V ∗ : d(v, G∗
Fj

) ≥ 3}.
We then find s+1 linear forests of G∗. Let {U1, U2, · · · , Us+1} be any partition

of V . For each j ∈ {1, 2, · · · , s + 1}, apply Lemma 3 to T = G∗
Fj

, S = V = {v ∈
V ∗ : d(v, G∗

Fj
) ≥ 3} and U = Uj ⊆ V , then one can know that the forest G∗

Fj

has a linear forest G∗
L∗

j
= (V ∗, L∗

j ) such that

d(v, G∗
L∗

j
) =

{
1 if v ∈ Uj ; and
2 if v ∈ V − Uj .

(10)

Since L∗
j ⊆ Fj , 1 ≤ j ≤ s + 1, and F1, F2, · · · , Fs+1 are mutually disjoint with

each other, L∗
1, L

∗
2, · · · , L∗

s+1 are also mutually disjoint with each other.
We then find L1, L2, · · · , Ls+1 from L∗

1, L
∗
2, · · · , L∗

s+1; for each j ∈{1, 2, · · · , s+
1}, let Lj be the set of all non-dummy edges in L∗

j , that is, Lj = L∗
j ∩ E. Then

Lj ⊆ L∗
j . Furthermore, one can easily observe that

d(v, GLj )

{≤ d(v, G∗
L∗

j
) if v ∈ V ;

= d(v, G∗
L∗

j
) if v ∈ V and d(v, G) ≥ 4s + 3. (11)

Since L∗
1, L

∗
2, · · · , L∗

s+1 are mutually disjoint with each other, L1, L2, · · · , Ls+1
are also mutually disjoint with each other. Thus we have found L1, L2, · · · , Ls+1.

We shall prove that L1, L2, · · · , Ls+1 and F = L1 ∪ L2 ∪ · · · ∪ Ls+1 satisfy
(a)–(c).
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(a) Since Lj ⊆ L∗
j and G∗

L∗
j

is a linear forest of G∗, GLj
is a linear forest

of G. Let v be any vertex in V . If v ∈ Uj , then by Eqs. (10) and (11) we have
d(v, GLj

) ≤ d(v, G∗
L∗

j
) = 1. Similarly, if v ∈ V − Uj , then we have d(v, GLj

) ≤
d(v, G∗

L∗
j
) = 2.

(b) We first prove that ∆(GF ) ≤ 2s + 1. Let F ∗ = L∗
1 ∪ L∗

2 ∪ · · · ∪ L∗
s+1. Let

v be any vertex in V , and let j be the index such that v ∈ Uj . Then by Eq. (10)
we have

d(v, G∗
F ∗) = 2s + 1. (12)

Since F ⊆ F ∗, we have d(v, GF ) ≤ d(v, G∗
F ∗) = 2s + 1. Thus we have ∆(GF ) ≤

2s + 1.
We then prove that ∆(GF ) ≥ 2s + 1. Since ∆(G) ≥ 4s + 3, G has a vertex v

with d(v, G) ≥ 4s + 3. Since F = L1 ∪ L2 ∪ · · · ∪ Ls+1, we have

d(v, GF ) =
s+1∑
i=1

d(v, GLi
). (13)

By Eqs. (11), (12) and (13) we have d(v, GF ) = d(v, G∗
F ∗) = 2s + 1. We thus

have 2s + 1 ≤ ∆(GF ).
(c) Clearly, ∆(GF ) + ∆(GF ) ≥ ∆(G) for any set F ⊆ E. We shall therefore

prove that ∆(GF ) + ∆(GF ) ≤ ∆(G), that is, ∆(GF ) ≤ ∆(G) − ∆(GF ). Since
E ⊆ E∗ and F = F ∗ ∩ E,

E − F ⊆ E∗ − F ∗. (14)

For any vertex v ∈ V , by (b) above and Eqs. (9), (12) and (14) we have

d(v, GF ) = d(v, GE−F )
≤ d(v, G∗

E∗−F ∗)
= d(v, G∗) − d(v, G∗

F ∗)
≤ ∆(G∗) − (2s + 1)
= ∆(G) − ∆(GF ).

Thus we have ∆(GF ) ≤ ∆(G) − ∆(GF ). 2

By Lemma 1(a) any s-degenerated graph G has a vertex-coloring with s + 1
colors. Choose the set of color classes as the partition {U1, U2, · · · , Us+1} in
Lemma 4. Then there is a subset F ⊂ E satisfying Eq. (2), as shown in the
following theorem.

Theorem 2. If G = (V, E) is an s-degenerated graph and ∆(G) ≥ 4s + 3, then
there exists a subset F of E such that

(a) χ(G;V, F ) = ∆(GF ) + 1;
(b) χ′(GF ) = ∆(GF ), where F = E − F ;
(c) ∆(GF ) + ∆(GF ) = ∆(G); and
(d) χt(G) = χ(G;V, F ) + χ′(GF ) = ∆(G) + 1.
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Proof. Let G = (V, E) be an s-degenerated graph, and let ∆(G) ≥ 4s+3. Since
G is s-degenerated, by Lemma 1(a) χ(G) ≤ s + 1 and hence G has a vertex-
coloring f : V → C for a set C = {c1, c2, · · · , cs+1} of s + 1 colors. For each
color cj ∈ C, let Uj be the color class of cj , that is, Uj = {v ∈ V : f(v) = cj}.
Then {U1, U2, · · · , Us+1} is a partition of V and each of U1, U2, · · · , Us+1 is an
independent set of G. By Lemma 4 for the partition {U1, U2, · · · , Us+1} there
exist mutually disjoint subsets L1, L2, · · · , Ls+1 of E satisfying the conditions
(a)–(c) in Lemma 4. Since the condition (c) in Theorem 2 is the same as (c) in
Lemma 4, we shall show that F = L1 ∪ L2 ∪ · · · ∪ Ls+1 satisfies the conditions
(a), (b) and (d) in Theorem 2.

(a) Clearly, χ(G;V, F ) ≥ ∆(GF ) + 1 for any set F ⊆ E. Therefore it suffices
to prove that χ(G;V, F ) ≤ ∆(GF ) + 1.

For each j ∈ {1, 2, · · · , s + 1}, we first construct a semi-total coloring gj

of G for Uj and Lj with two colors, as follows. Since GLj
is a linear forest by

Lemma 4(a), we have χ′(GLj
) = ∆(GLj

) ≤ 2 and hence GLj
has an edge-coloring

fj : Lj → Cj for a set Cj of two colors. Since |Cj | = 2 and d(v, GLj
) ≤ 1 for each

vertex v ∈ Uj by Eq. (6), there is a color cv ∈ Cj such that the edge-coloring
fj does not assign cv to any edge incindet to v. We then extend the mapping
fj : Lj → Cj to a mapping gj : Uj ∪ Lj → Cj , as follows:

gj(x) =
{

fj(x) for each edge x ∈ Lj ; and
cx for each vertex x ∈ Uj .

(15)

Then gj is a semi-total coloring of G for Uj and Lj , that is, gj satisfies the three
conditions (i), (ii) and (iii) on a semi-total coloring mentioned in Section 2, as
follows. Since Uj is an independent set of G, clearly gj satisfies the condition
(i) for U = Uj and F = Lj . Since fj is an edge-coloring of GLj , gj satisfies the
condition (ii). By Eq. (15) gj satisfies the condition (iii).

From g1, g2, · · · , gs+1 above we then construct a semi-total coloring g of G
for V and F with ∆(GF ) + 1 colors, as follows. One may assume that any
two of the semi-total colorings g1, g2, · · · , gs+1 use no common color, that is,
Cp ∩ Cq = ∅ for any p and q, 1 ≤ p < q ≤ s + 1. Superimpose g1, g2, · · · , gs+1,
and let g : V ∪F → C1 ∪C2 ∪ · · · ∪Cs+1 be the resulting coloring. Then one can
easily observe that g is a semi-total coloring of G for V and F . The semi-total
coloring g uses

∑s+1
i=1 |Ci| = 2(s+1) colors, and ∆(GF ) = 2s+1 by Lemma 4(b).

Therefore we have χ(G;V, F ) ≤ 2(s + 1) = ∆(GF ) + 1.
(b) Since G is s-degenerated, the subgraph GF of G is also s-degenerated.

Since ∆(G) ≥ 4s+3, by the conditions (b) and (c) in Lemma 4 we have ∆(GF ) =
∆(G) − ∆(GF ) ≥ (4s + 3) − (2s + 1) = 2s + 2 > 2s. Therefore, by Lemma 1(b)
we have χ′(GF ) = ∆(GF ).

(d) By (a), (b) and (c) we have χ(G;V, F )+χ′(GF ) = ∆(GF )+1+∆(GF ) =
∆(G) + 1. Thus we shall prove that χt(G) = χ(G;V, F ) + χ′(GF ).

By Eq. (1) χt(G) ≤ χ(G;V, F ) + χ′(GF ). Clearly χt(G) ≥ ∆(G) + 1 =
χ(G;V, F )+χ′(GF ). Thus we have χt(G) = χ(G;V, F )+χ′(GF ) = ∆(G)+1. 2

Theorem 2(d) implies Theorem 1.
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4 Algorithms

From the proofs of Lemmas 2–4 and Theorem 2, one can know that the following
algorithm correctly finds a total coloring of an s-degenerated graph G = (V, E)
with ∆(G) + 1 colors if ∆(G) ≥ 4s + 3.

[Total-Coloring Algorithm]

Step 1. Find a vertex-coloring of a given s-degenerated graph G with s + 1
colors, and let {U1, U2, · · · , Us+1} be the set of color classes.

Step 2. Construct a graph G∗ = (V ∗, E∗) from G by adding dummy vertices
and edges, as in the proof of Lemma 4.

Step 3. Construct a bipartite graph G̃∗ = (Ṽ ∗, Ẽ∗) from G∗ by splitting each
vertex in G∗, as in the proof of Lemma 2. Note that ∆(G̃∗) ≤ s + 1.

Step 4. Find an edge-coloring of the bipartite graph G̃∗ with s + 1 colors, and
let {F̃ ∗

1 , F̃ ∗
2 , · · · , F̃ ∗

s+1} be the set of color classes. Let {F1, F2, · · · , Fs+1} be
the partition of E∗ corresponding to {F̃ ∗

1 , F̃ ∗
2 , · · · , F̃ ∗

s+1}, where G∗
Fj

, 1 ≤
j ≤ s + 1, is a forest of G∗.

Step 5. From each forest G∗
Fj

of G∗, 1 ≤ j ≤ s + 1, find a linear forest G∗
L∗

j
of

G∗ such that

d(v, G∗
L∗

j
) =

{
1 if v ∈ Uj ;
2 if v ∈ V − Uj ,

as in the proof of Lemma 3, where Uj is a color class found in Step 1.
Step 6. From each linear forest G∗

L∗
j

of G∗, obtain a linear forest GLj of G such
that

d(v, GLj
) ≤

{
1 if v ∈ Uj ;
2 if v ∈ V − Uj ,

by deleting all dummy vertices and edges as in the proof of Lemma 4.
Step 7. For each j, find an edge-coloring fj of the linear forest GLj

with two
colors, and extend fj to a semi-total coloring gj of G for Uj and Lj as in the
proof of Theorem 2.

Step 8. Superimposing g1, g2, · · · , gs+1, obtain a semi-total coloring g of G for
V and F = L1 ∪ L2 ∪ · · · ∪ Ls+1 with ∆(GF ) + 1 colors, as in the proof of
Theorem 2.

Step 9. Find an edge-coloring h of GF with ∆(GF ) colors.
Step 10. Superimposing g and h, obtain a total coloring of G with ∆(G) + 1

colors.

We then show that all steps can be done in time O(sn2), using an algo-
rithm for edge-coloring bipartite graphs [5] and an algorithm for edge-coloring
s-degenerated graphs [15,16].

One can easily find the vertex-coloring of G in time O(sn) by a simple greedy
algorithm based on an s-numbering of G [6,8,9,12]. Note that G has at most sn
edges. Thus Step 1 can be done in time O(sn).
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By the construction of the graph G∗, we have |V ∗−V | = |E∗−E| ≤ (4s+3)n
and hence

|V ∗| ≤ n + (4s + 3)n = 4(s + 1)n, and
|E∗| ≤ sn + (4s + 3)n = (5s + 3)n.

Thus one can construct the graph G∗ in time O(sn), and hence Step 2 can be
done in time O(sn).

Clearly
|Ẽ∗| = |E∗| ≤ (5s + 3)n, and
|Ṽ ∗| ≤ 2|Ẽ∗| ≤ 2(5s + 3)n.

Therefore one can construct G̃∗ from G∗ in time O(sn). Thus Step 3 can be done
in time O(sn).

Since G̃∗ is bipartite and ∆(G̃∗) ≤ s + 1, one can find the edge-coloring of
G̃∗ in time O(|Ẽ∗| log ∆(G̃∗) = O(sn log s) [5]. Note that s ≤ n. Thus Step 4
can be done in time O(sn log n).

By Lemma 2, for each forest G∗
Fj

, 1 ≤ j ≤ s + 1, one can find the lin-
ear forest G∗

L∗
j

in time O(|V ∗|) = O(sn). Therefore the s + 1 linear forests

G∗
L∗

1
, G∗

L∗
2
, · · · , G∗

L∗
s+1

can be found in time O((s + 1)sn) = O(s2n). Thus Step 5

can be done in time O(s2n).
From each linear forest G∗

L∗
j
, 1 ≤ j ≤ s + 1, one can obtain the linear forest

GLj in time O(|L∗
j |) = O(sn) simply by deleting dummy vertices and edges.

Therefore one can obtain the s + 1 linear forests GL1 , GL2 , · · · , GLs+1 in time
O((s + 1)sn) = O(s2n). Thus Step 6 can be done in time O(s2n).

For each j, 1 ≤ j ≤ s+1, one can easily find an edge-coloring fj of the linear
forest GLj

with two colors in time O(|Lj |) = O(n), and can extend fj to the
semi-total coloring gj in time O(n). Therefore Step 7 can be done in time O(sn).

Superimposing g1, g2, · · · , gs+1, one can obtain the semi-total coloring g of G
for V and F in time O(sn). Thus Step 8 can be done in time O(sn).

Since GF is s-degenerated, one can find the edge-coloring h of GF in time
O(sn2) [10, 15 p.604, 16 p.8]. Therefore Step 9 can be done in time O(sn2).

Superimposing g and h, one can obtain a total coloring of G with
χt(G) = ∆(G) + 1 colors in time O(sn). Thus Step 10 can be done in time
O(sn).

Thus all Steps 1–10 above can be done in time O(sn2), and hence we have
the following theorem.

Theorem 3. A total coloring of an s-degenerated graph G using χt(G)=∆(G)+
1 colors can be found in time O(sn2) if ∆(G) ≥ 4s + 3.

The complexity O(sn2) can be improved as in the following two theorems.

Theorem 4. A total coloring of an s-degenerated graph G using χt(G)=∆(G)+
1 colors can be found in time O(n log n) if ∆(G) ≥ 6s + 1 and s = O(1).
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Sketchy Proof. Use an O(n log n) algorithm in [16] to find an edge-coloring of
GF . 2

Theorem 5. The total coloring problem can be solved in linear time for partial
k-trees G with bounded k.

Sketchy Proof. For the case where ∆(G) < 4k + 3, use the algorithm in [7]
to find a total coloring of G in time O(nχ24(k+1)

t ) = O(n). For the case where
∆(G) ≥ 4k + 3, use our algorithm to find a total coloring of G, but use a linear-
time algorithm in [15] to find an edge-coloring of GF in Step 9. 2
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