Question No. 1:  Electromagnetics (1/2)
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As shown in Fig.1(a), one infinitely long solid cylinder of radius a (cylinder 1) and another
infinitely long solid cylinder of radius b (cylinder 2) are located in parallel, separated by a distance d
(>>b>q) in vacuum. The origin O is set at a point on the central axis of cylinder 1. The direction
perpendicular to the central axis of cylinder 2 from the origin O is defined as the x axis and that along
the central axis of cylinder 1 is defined as the y axis. Moreover, the direction perpendicular to the x
and y axes is defined as the z axis. Cylinder 2 has an infinitely long cylindrical cavity with radius c
(< b/2) and center (x, z) = (d-c, 0). A point P is set on the x axis and the distance from the origin O is x.
In this problem, only consider the segment 0 < x < d. The permeability of the space both within and
outside cylinder 1 and cylinder 2 is uo.

(1) As shown in Fig.1(a), the direct currents /1 and I flow uniformly in cylinder 1 and cylinder 2
(except the cavity region) toward the negative and positive y direction, respectively. Find the

magnitude and direction of the magnetic flux density B which is formed at the point P by the



Question No. 1:  Electromagnetics (2/2)

(2)

2015 45 8
ME1 BHEY
(2EEB./ 2EH)

direct currents /; and b, respectively, using Ampere’s law. Then, sketch the superimposed
magnetic flux density B as a function of the distance x.

As shown in Fig.1(b), the direct currents /; and /> flow uniformly in cylinder 1 and cylinder 2
(except the cavity region) toward the positive y direction. A square coil is located in the x-y
plane at z = 0. Here, each side of the coil is parallel to either the x or y axis. The one side length
of the coil is s (<< d) and the center position of the coil in the x-axis direction is set at x = d/2.
A direct current I, flows in the coil. Find the magnitude and direction of the force F acting on

the coil, which is formed by the magnetic flux density generated by the direct currents /; and /.
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Cylinder 1 7 Cylinder 2 * Cylinder 1 7 Cylinder 2
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(1) In the circuit of Fig. 2 (a), express the impedance Z between the terminals A and B in the form
R+ jX.

(2) The characteristic impedance and propagation constant for a transmission line of length ¢ are Zg
and y, respectively. Express Z; and Z, using Z, , and £ to make the T-shape circuit of Fig. 2 (b)
equivalent to the transmission line.

(3) The inductance and capacitance per unit length for a lossless transmission line are Lo and Co,
respectively. This lossless transmission line is terminated with the circuit of Fig. 2 (a). Give the

circuit parameters Ry, L;, and C; in Fig. 2 (a) that do not produce a reflection wave.
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Consider z1,z2, -+ ,on € {0,1}, and let — denote the NOT operator. An n-variable logic
function f*(x1,z2, - ,Tyn) is defined as a dual function of f, if
f*($1,$2,' o 7:6?1) - f(ﬂ,fi : 7%)-

In addition, f is called self-dual if f*(z1,x2, -+ ,%n) = f(@1,%2, -+ ,Zn), and f is called self-
anti-dual if f*(z1,72, - ,%n) = f(z1,22, - ,2Zn). Regarding to dual functions, answer the
following questions.

(1) We define a 2-variable logic function F(z,y) such that F(z,y) = lifz # y, and F(z,y) =0
if x = y. Show that F(z,y) is self-anti-dual.

(2) We define a 3-variable logic function M (z,y, z) such that M(x,y,z) = 1 if the number of
1s among z,y and z is two or more, and M(z,y, z) = 0 otherwise. Show that M(z,y, z)
is self-dual.

(3) Enumerate all 2-variable self-dual logic functions.

(4) Show that fi €D f» is a self-anti-dual function if the n-variable logic functions fi and f2
are self-anti-dual, where € denotes the Exclusive-OR operator.
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(1) Fig. 4 13250 2 HBEHRAIZ 10, 12, 11, 5, 8, 6, 2, 15 ZIEIZHA L TH b 2 DTRBEAT 2R
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A binary tree that satisfies the following condition is called a binary search tree.
(Condition) For each node u, let x be the element of u, each element stored in the left
sub-tree of u is smaller than x, and each element stored in the right sub-tree of u is
greater than x.
Assume that the element x of each node is a unique integer. Answer the following questions.

(1) Fig. 4 shows a binary search tree T obtained by inserting integers 10, 12, 11, 5, 8, 6, 2, 15
to an empty binary search tree in this order. Show the values of elements (a), (b), (c) and

(d).

(2) Delete the node which stores the element 10 from T in Fig. 4, and show the obtained
binary search tree. For the elements (a), (b), (¢) and (d), you can use the concrete values you
give in question (1).

(3) Give an algorithm to delete a node p from a binary search tree.

(4) Describe an efficient algorithm to enumerate all elements of a binary search tree in
ascending order.
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In the motion of a particle in a central force potential V(r]), the energy E = —5—+V([r})
m

and the angular momentum [=r X p become constants of motion, i.e., their values remain
constant during motion. Here, m, r=(x,y,z),and p=(p,,p,,p,) are the mass, position
vector measured from the origin of the x—y—z Cartesian coordinate system, and momentum of
the particle, respectively. |r] is the length of r. Answer the following questions.

(1) Consider the motion of the particle in the potential defined by

0 [f>a - g
V(Ir])z (U >0,a> O) for an initial condition r=(0,-b,d) and
-U |r|<a
p=(0,p,,0). Here, b>a>d>0 and p,>0. The dotted line in Fig. 5(a) is a
schematic of the trajectory of the motion.
(a) Obtain the energy E and the angular momentum [ of the particle.
(b) Obtain the angles ¢« and f in Fig. 5(a).

(b) Consider the motion of the particle in the potential defined by V(r|)= o (6>0) for

I

an initial condition r=(0,-c,d) and p=(0,p,,0). Here, p,>0 and c is a
2

sufficiently large and positive number that we can assume V(|r|)/[—gﬁ’—):0 at
m

r=(0,—c,d). The dotted curve and dash—dot lines in Fig. 5(b) are schematics of the

trajectory of the motion and the asymptotes of the trajectory, respectively.

(a) Obtain the closest distance r,, between the center of the force and the trajectory in

Fig. 5(b).

(b) Show that the vector 2y [+6 ﬁ is a constant of motion.
m r

(c) Obtain the scattering angle 6 in Fig. 5(b).
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(1) o PEAMELIIETIEENT ME2ETRD L.

Q) o,0,=-0,0, G, k=x,y,z, jFHERE.
i k= J

G) (i-6F=1 7% L, [ FEMFHITHY, 6=(0, o, o.)ido, 0, 0. ZRIET
57 MATHD =l n, m)EEE n, n, n BRSETHEMARY PLTH

V,n-6=n0,+n,0,+n0, THD.

4) wOBRALFERE &:
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TIT,0IEEDERTHS. BL, 1THOREEBIIKROLIICERIND:

=1
exp(X)=2;X.

n=0 """
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G) (U)'(7-6)U, & (U,) (G -6)U, &5 VITFIOBEMEETEE. ZIT,

U,:exp{—in’éo-ﬁj (=1,2, 4=0 0 1), i, =0 0 O)THZ. AL, (U,)1EU,®
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Answer the following questions on the Pauli matrices o, = (1 ), o =( Olj’ and o, :(O ]

Here i denotes the imaginary unit.

(1) Find all the eigenvalues and the corresponding eigenvectors of the matrix o, .

(2) ShOW O']O'k=—0'k0'] (j)k:x)yaz?j#:k)'

(3) Show (ﬁ-&f:] . Here I is the identity matrix, 6=(c, o, o,)Iis the vector whose

) is the unit (identity) vector whose components, n,,

z

components are 0,,0,,0;, nz(nx n, n

ny, n., arereal, and n-6=n0,+n,0,+n.0..

(4) Prove the following relation:

wf2ref g nonfl)

where 6 is an arbitrary real number. Here the exponential function of the matrix is defined as

follows:

exp(X)=i—X” ,

|
=0 n!

where X is an arbitrary square matrix and X° denotes the identity matrix /.

(5) Express (U, )-1 (7, -6)U, and (U, )'] (7, -G)U, as a linear combination of the Pauli matrices,

where U,:exp(—i 6’) (1=1,2), =0 0 1),and %=1 0 0). Here (U,)" is the

inverse matrix of U, .



