Question No. 1:  Electrical engineering (1/2)
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Consider the electrical circuit shown in Fig. 1(a). The transfer function of this

circuit is G(s). Here, v,(t) and v,(t) are an input and output voltages in the

electrical circuit, respectively. Answer the following questions.

(a) Find the transfer function G(s).

(b) Derive the unit step response of the transfer function G(s) assuming that
R,=1Q, R, =3Q, C=05F, and L=0.5 H, and sketch the waveform

1

highlighting the key characteristics. Use e™' = 0.4, if necessary. Here, e is

the base of the natural logarithm.
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(2) The transfer function of an electrical circuit is given by

(3)

1
‘(O =GrDerD
Answer the following questions.
(a) Derive the gain |G(jw)| and phase 2G(jw) of the frequency transfer function
G(w).

(b) Sketch the Nyquist diagram of the frequency transfer function G(w).

Consider the feedback control system shown in Fig. 1(b). 7(t) and y(t) denote the
reference input and the controlled variable, respectively. Answer the following

questions.
(a) Derive the open—loop transfer function G(s) of the feedback control system.

(b) Find the range of values of K so that the feedback control system is stable.
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2(8) = cos(2mfct) (n—1/4)/fe<t<(n+1/4)/fDEZF
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Consider amplitude modulation using a modulation signal s(t) and a carrier wave cos(27 fct).
Let the amplitude modulation wave generated by these signals be gan (t) = {1+m-s(t)} cos(27 f.t).
Fig. 2 shows a rectifying detector by which the modulation wave gam(t) is demodulated. Here,

LPF stands for low pass filter, and m satisfies 0 < m < 1. Answer the following questions.

(1) What should be used for circuit elements A and B?

(2) The waveform gam(t) at node X in Fig. 2 is given by

gam() = {L+m- ()} q(0)
= {COS(Zcht) if (n— 1/4)/fe <t < (n+1/4)/f,

0 otherwise

(a) Sketch the waveform gan(t) when s(t) = cos(27 fmt) (0 < fm < fo).
="
4n? —1

; 1 2
(b) Expand ¢(t) to a Fourier series, and show that ¢(t) = — Z cos(4mn fet).
n=1

(3) Derive the output gam(t) of the LPF when the frequency band of the modulation signal
s(t) is limited to [~ fy, fm] and the bandwidth of the LPF is B(fn < B < fc).

(4) Derive the output v,(t) at node Y in Fig. 2.

I

Input Output
gam (1) EEE Vo (1)

@)
@)

Fig. 2
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() ZDOHBEROHNBAKEEFEKy (= Vo /Vi)%Z gm, ReBIUEHRAZH
WTERE.

Consider the amplifier circuit using an n—channel MOS field-effect transistor (n—channel
MOSFET), as shown in Fig. 3 (a). Answer the following questions on the transistor and

the amplifier circuit.

(1) Consider the operation principle of the transistor in Fig. 3 (a).

(a) Explain the reason why the electrical resistance is extremely high between the
gate (G) and source (S) electrodes in the transistor, by drawing the
cross—sectional transistor structure.

(b) Explain the reason why a current flows between the drain (D) and source
electrodes, when a positive voltage V¢ higher than the threshold voltage of the

transistor is applied to the gate electrode, by drawing the energy band diagram.
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(2) Consider the small-signal equivalent circuit for the amplifier circuit shown in Fig. 3
(a). Here, the voltages of Vi and Vv, are the small-signal alternating voltages at the
input and output terminals, respectively, and the output circuit is open.
Furthermore, the small-signal model shown in Fig. 3 (b) is used as the transistor
model, and the impedance of the coupling capacitor Cc¢ is small and is regarded as
zero for the frequency range used for the amplifier circuit.

(a) Draw the small-signal equivalent circuit for the amplifier circuit.

(b) Express V, in terms of the transconductance gm, the small-signal voltage Vs and
the resistance R 5.

(c) Express the open—circuit voltage gain Ky (= v, /vi) of the amplifier circuit in

terms of gm, R and the resistance R a.

Input Output
r\j)pu I uopu
" n-channel (!c \
+ MOSFET |D
B | L
1 __CD G : Rs
Vi« Ve Vo G D
o
Ve =" § Ra
V' Vas gm\/’GS

Fig. 3 (a) Fig. 3 (b)
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Consider a computer with a memory in which an integer is stored at each address, and

with an integer register A. Answer the following questions using the instructions in

Fig. 4(a).

(1

(2)

(3)

What is the value of the register A after executing the program (the sequence of
instructions) in Fig. 4(b)?

Write a program that computes the difference m—n of the integer m stored at the
address 80 of the memory and the integer n stored at the address 81 of the memory,
stores m—n to the address 82 of the memory if m-n=0, stores 0 to the address 82
of the memory if m-n<0, and stops the execution of the program. Do not change the
values of the memory other than that of the address 82.

Fig. 4(c) is a program that computes the division of the positive integer dividend
m stored at the address 80 of the memory and the positive integer divisor n stored
at the address 81 of the memory, stores the quotient to the address 82 of the memory,

stores the remainder to the address 83 of the memory, and stops the execution of

the program. Give appropriate integers for ‘ W |and | X L and appropriate

instructions for ‘ y | and ‘ z L in Fig. 4(c).
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LISl B
Instruction Operation

SET i AEER 1 RN D,
Store the integer 1 to A.

LDR 1 AEY O [ BHITHEMHSNLTODELZ A ITHENT D,
Store the value stored at the address 7 of the memory to A.

STR 1 AEY O I BHIC, ADEEZEMTS.
Store the value of A to the address 7 of the memory.

SUB 7 ADENS, AEVO [ BHIEMHSH TV OEZBEL, BRZ A
KT 5.
Subtract the value stored at the address 7 of the memory from the
value of A, and store the result to A.

INCR ADMEIZ 1 ZRL, MR%E AITHEMNTS.
Add 1 to the value of A, and store the result to A.

BLTZ A DFEDR 0 K7z bIL, ROMREAFT YT T 5.
If the value of A is less than 0, skip the next instruction.

BLA 1 REOMENOEZT 1 BEOMFIIY Y 7T 2 (LIEZLEHOMS
Z1EBLEZD).
Jump to the 7—th instruction counted from the initial instruction
(where the initial instruction is counted as the 1st).

HALT TRag 7 ADETEELTD.

Stop the execution of the program.

Fig. 4(a)
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SET 10
STR 80
INCR
SUB 80
BLTZ
BLA 8
LDR 80
HALT

Fig. 4(b)
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THL2EOARDITIRERIZ N, +ng 725,

(e1 —e2) F9e Loy AL, TOMREZINT NN & ng & T 5.

T3 2EORNFFTHMFERE ny —ng 72 5.

(ifz e; then ey else e3) F T ey 2FHlT 5. ZDFHEFERD 0 THNIX e ZFHAM L,
FHTRITNIL ez ZFHT 5.

e xiE, Fig.5(b) D 7B 7 LATERINIEHOTT, X f(1) IZHAE1 DT TIX
f(1) —»g(1,1) - g(0,2) —» 2
CFHEE f, BRE 2 DT T
F1) > g(1,1) »g(1-1,14+1) »1+1-»2
LEliENG., 20T T BT AUTOMICER L.
(1) RS 1 OF T f(2) B &LV f(3) ZFHiliE &. FHMHDOBES RE.

(2) BlE1 DT T, Re DFMETETINEZMEDEE % #addl(e) & B, FEBEITHL
#add1(f(n)) & n ZAWVWTEE.

(3) ¥BE 2 DT T f(2) 2FHli¥ L. FHEDERERE. THIT, TDLEXETINLMED
E#ZEEHZ K.

(4) B2 DT T, Re DFMAETETINZMEDEEK % #add2(e) £ BL. FEEHn WL
#add2(f(n)) & n ZFHWVWTERE.

(5) 3570 T LDTDR e T, #addl(e) > #add2(e) £725 L DVFET 1 E»ZHE
U, ZORIL%zRE.
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Consider the programming language whose syntax is given in Fig. 5 (a). Given a function
definition f(z1,...,zx) = e, we consider the following two strategies to evaluate a function call

f(61,~-~,€k)-

Strategy 1 Evaluate each e;, 1 < i < k, and let z; be its evaluation result. Then,
evaluate the function body e.

Strategy 2 Find the expression e’ obtained from the function body e by replacing
all occurrences of each variable z;, 1 <14 < k, by e; without evaluating
e1,...,ex. Then evaluate the expression €.

Under both strategies, other expressions are evaluated as follows.

n Its evaluation result is n.

(e1 + e2) Evaluate e; and eg, and let n; and ny be their results, respec-
tively. Then, the evaluation result of the whole expression
is 1 + na.

(e1 — e2) Evaluate e; and eg, and let n; and ns be their results, respec-
tively. Then, the evaluation result of the whole expression
is n1 — no.

(ifz e; then ey else e3) Evaluate e;. If its evaluation result is 0, evaluate ez, and
otherwise evaluate es.

For example, with the functions defined in the program given in Fig. 5 (b), the expression f(1)
will be evaluated under Strategy 1 as

f(1) - ¢(1,1) - 9(0,2) - 2,
and will be evaluated under Strategy 2 as
f(1)»g(1,1) »g(1-1,1+1) » 1412
Answer the following questions on this program.
(1) Evaluate f(2) and f(3) under Strategy 1. Show your working.

(2) Let #addl(e) be the number of addition operations performed in the evaluation of an
expression e under Strategy 1. Express #addl(f(n)) in terms of n for a non-negative
integer n.

(3) Evaluate f(2) under Strategy 2. Show your working. Also, show the number of addition
operations performed in this evaluation.
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(4) Let #add2(e) be the number of addition operations performed in the evaluation of an
expression e under Strategy 2. Express #add2(f(n)) in terms of n for a non-negative
integer n.

(5) Determine whether there exists an expression e with some program such that #add1(e) >
#add2(e). Justify your answer.
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7w 2'Z L/ program
p = dl e -dn

BA#EFE  function definition
dv= f(%i,..,0n) =8

R/ expression

en=n (BEEH / integer constant)
| = (Z# / variable)
| (e1—e2) (BHURHE  integer subtraction)
| (e1+e2) (BEINE / integer addition)
| flex,--.,en) (B3 function call)
| (ifz e; then ey else e3) (5K / conditional branching)

BES “f(z1,...,20) = € ITBWVT, e PICHRT 2EHOEERE {z1,...,2,} DHLEET
HHLTH.

For a function definition “f(z1,...,z,) = €”, the set of variables occurring in e must be a subset
of {z1,...,zn}.
Fig. 5 (a)
f@) = g(=1)
g(z,y) = (ifz z theny else g((z — 1), (y +y)))

Fig. 5(b)
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Fig. 6 D& 512, z =0 ] U THHTTICMZ IRTRT VY vV V (z) KRGS N
BEFOREEZEZS. ZOBFOIAXNVI—EAER, TXLVF—DENVLDO2LIEIZ
En=Hhw, (n=0,1,2,..) 2 L, TOEKLIIKET 5 ERREOHE S N KERIE %
Un(z) £ T 5. B2 OEGREBICHHRIZR L, Yo(z) (ZFEBEET, n B (FF) O
X (EEK (FEHK) ThHhB. UTORICEZ L. =KL, i 2EEEA, m2EFDE
g, h:% (WET5 2 o%8) L35, BECEL, @8

Lo =/ U (z) 2y (z)d
WX,

(1) BFHEBRE L, (2) CHD & EDETOMES (=z) DHFEEZ X, 2 T5. X, =
027BZLZrRYE.

(2) BEFHIKENREEK .

wwzzéwmm+m@n

TERINGREBIZD-T- &, EFOME 2 OHFHME X 23KD XK.

(3) %t =012 B} 2 BFOHEBMBEYL ¢, (z) THo7 L &, BRI ¢ IZ2B) HIKEIE
BV, (2,t) %, Yn(z) BETFw, ZAVWTRE.

(4) BZlt = 012 B 2 BT OEEBEELH (2) Dy(z) THho7 e &, BRIt IZBTS
BT ONE 2 DHIFHME X (t) 2K K.

(5) B (@) 2B \WT, KLt IcBIT2ETOEEE p DIIFFE P(t) 2K,
d

Pty =m—X(t
) =mLx()
LB ERE. 22T, BFEX
e M
p= h[H,:E] h(Hx TH)

EZHAVWTEW. HIZZONIN =TV THB.
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Consider the state of an electron bound in a downward-convex potential V' (z) symmetric
about z = 0, as shown in Fig. 6. Let the energy eigenvalues of the electron be E,, = Aw,
(n =0,1,2,...) in order of increasing energy and the normalized wave functions of the
corresponding eigenstates be ¢,(x). Each eigenstate is non-degenerate and ¢, (z) are
real functions; they are even (odd) functions when n is an even (odd) number. Answer

the following questions. In the following, m is the electron mass, h = oy (h: Planck
T

constant), ¢ is the imaginary unit. If necessary, use the symbol
o0
oo = [ nle)oti(2)da.

(1) Let X, be the expectation value of the position & (=z) of the electron staying in
its eigenstate ¥, (z). Show that X, = 0.

(2) Obtain the expectation value X of the position Z of the electron staying in the
state expressed by the wave function

1
T)=—F z)+ T)g.
() ﬂ{wo( )+ ¥1(2)}
(3) Assuming that the wave function of the electron at the time ¢ = 0 is 1, (), obtain
the wave function ¥, (z,t) at the time ¢ in terms of ¢, (z) and wy.

(4) Assuming that the wave function of the electron at the time ¢t = 0 is ¢(z) in
question (2), obtain the expectation value X (t) of the position & of the electron at
the time ¢.

(5) In question (4), obtain the expectation value P(t) of the momentum p of the electron
at the time ¢, and show that

d
P(t) =m—=X(?).
(6) = mZX(1)
Here, you may use the relation

p=—|H, 2 =—(Hi - &H),

>t

where H is the Hamiltonian of the system.
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BREHR z DR

iz

f@ = cosh(2)

BEZXD. E, C, C C RO C 13, UTOLICERIN-ESEK TH S (Fig. .

Ci:z=t (-R<t<R),
C,: z=R+it 0t
C3: z=—-t+mi (FR<t<R),

Cy: z=—-R+i(n—t) (0st<m).

7L, t IEATHTHY, | IIEHEAMTHS. RITR>0 2T ERTH L.
UTFToicEz k.

(D) f(z) PFATOIMZHRAE KD L.
@) WRHS 1=, 0 (0,0 [(Ddz DEERDE.

(3) fcg f(2)dz=e" fC1 f(2)dz L7257 L &Rt

@ lim_ 1., f(2)dz| =0 BT lim |fc4 f(2)dz| =0 L7252 L &mTE,

—+00

(6) EEMD

(o] elx
f_ « cosh(x) dx

DEERDE. EEL, x BEERTHS.
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Consider a function
iz

f@= cosh(z)

of a complex variable z. Here C;, C,, C5, and C(, are integral paths defined as follows
(Fig. 7),

C1:2=t (_RStSR),
C: z=R+it (0t <m),
C3: z=—t+mi (-R<t<R),

Cyt z=—-R+i(r—t) (0t <m).

Here t is a parameter, and i is the imaginary unit. R is a real number satisfying R > 0.

Answer the following questions.

(1) Find all the isolated singular points of f(z).

(2) Find the value of the complex integral [ = [ Cy+CoHCatCy f(2)dz.
(3) Show that fC3 f(2)dz=¢e™" fcl f(2)dz.

(4) Show that lim_ | I, f(z)dz| = 0 and Jim | I, f(z)dz| = 0.

(5) Find the value of the real definite integral

(o] x
f_m cosh(x) dx.

Here x is a real variable.
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z-plane

R + mi



