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Question No. 1: Electromagnetics (1/2)
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Question No. 1: Electromagnetics (2/2)
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As shown in Fig. 1, an infinitely long rectilinear conductor is placed in vacuum on the z-axis. A current
I flows in the rectilinear conductor in the positive z direction. Also, a square loop conductor ABCD
with side length a is located in the xz-plane at a distance r (r > 0) from the z-axis. The side AD of
the loop conductor is parallel to the rectilinear conductor. Let the resistance of one side of the loop
conductor be R, and answer the following questions. Here, let p, be the permeability of vacuum, and
assume that the cross-sectional area of the conductors and the self-inductance of the loop conductor can
be ignored.
(1) Assume that I = kt . Answer the following questions. Here, k is a constant (k > 0), and t is the
time (t > 0).
(a) Find the mutual inductance M between the rectilinear conductor and the loop conductor.
(b) Find the electromotive force Vi, induced in the loop conductor. Also find the magnitude and
direction of the current I, flowing in the loop conductor.
(2) Assume that I is constant and [ = I (I; > 0). When the loop conductor is moved at a constant
speed v, in the positive x-direction, answer the following questions.
(a) Find the magnitude and direction of the current I;, flowing in the loop conductor due to the
induced electromotive force.
(b) Find the Joule heat W, generated in the loop conductor per unit time.
(c) Find the magnitude and direction of the force F acting on the loop conductor.
(d) The loop conductor is moved by an external force at a constant speed v,. Find the work per

unit time W, done by the external force, and compare W, with W;.
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Question No. 2: Electrical circuits (1,/2)
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THRFHEDO AN TFR 1-1 & HABTFR 2.2, BER L AFNER R, Q12 EhENE
i+ s EEROBET =—V &V [V], ARER%w [rads], RERERZ R [QIL T 5. T
H1-1E220BET =—FE2EFNFRVL[V], Vo [V], HBF1 L 2B T2ER7=—Y%%
nENL Al L[AlE L, VIZHT 3,0k EH(w) = Vo /V,, 1-1'1 6 Zi-FX#8l %2 R-AND
AV E—F U A% Zn(0) [QET . BEBAEZ] L LT, UTOMICEZ L.
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(@) A, B, C, D%Z, Y RAWTHKHE.
(b) Hw)#%A, B, C, D, R, Ry® 5 bLULELREH % AVWTERE.
(©) Zin(w)%A, B, C, D, Rg, RLD 5> bULERERZ BV TEE.
(d) Z =jwly (Lo =10 [uH]), Y =jwCy (C; = 100 [nF]) &F 5. Fi=, BERONERER
BLUAMERIX, ¥R, =0, Ry =50[Q]& T 5.
() w=0 IZBITBH(w) & Zi(w)ERD L.
(i) w=1/{LoCo KB DH(w) & Zix(w)ZRD XK.
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Question No. 2: Electrical circuits (2,72)
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A voltage source and a load resistance Ry, [Q2] are connected to an input terminal pair 1-1° and an
output terminal pair 2-2’ of a two-terminal-pair network, respectively. Let the voltage phasor, the angular
frequency, and the internal resistance of the voltage source be V; [V], w [rad/s], and Rg [Q],
respectively. The voltage phasors at the terminal pairs 1-1° and 2-2’ are denoted by V; [V]and V; [V],
respectively, and the current phasors at the terminals 1 and 2 are denoted by I; [A] and I, [A],
respectively. The ratio of V, to V; and the input impedance viewed from 1-1° towards the two-
terminal-pair-network side are defined as H(w) = V,/V; and Zj,(w) [Q], respectively. Let j denote

the imaginary unit and answer the following questions.

(1) The cascade matrix (K matrix or F matrix) of the two-terminal-pair network shown in Fig. 2(a),
consisting of the elements with impedances of Z;, Z,, and Z3, is given by (‘2, g) Here, Z, =

Z;=2[Q], Z, =1/Y [Q].

(a) Express A, B, C,and D intermsof Z and Y.
(b) Express H(w) interms of 4, B, C, D, Rg, and Ry, as necessary.
(¢) Express Z;,(w) interms of A, B, C, D, Rg, and Ry, as necessary.
(d) Assume Z = jwLg (L = 10 [pH]) and Y = jwCy (Cy = 100 [nF]). The internal resistance of
the voltage source and the load resistance are R¢ =0 and Ry, = 50 [Q], respectively.
(i) Determine H(w) and Zj,(w) at w = 0.
(i) Determine H(w) and Z;,(w) at w = l/m.
(iii) Sketch the frequency response diagram of |H(w)|.

(2) For the circuit shown in Fig. 2(b), determine H(w) for Rg =0, R, =50 [Q], and w = 10°
[rad/s].
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Question No. 3: Computer hardware (1,/2)
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Fig. 3@)IZ£MER FA THY, AHIE XY, Cp, BAX S F0) & Coye HT L) TH
3. Fig. 30X 4 ASAID=AFFL 7 ¥ MUX2) THY, F—F AN I, I, L, HIEA
xS0, Sy, HAIX Z THB. EL, EANBLCHEATLIEY N THD. MUX: DHS
iX, $=0,85=0 DX Z=[,THY, S§5=1,5,=0 DL & Z=1L,ThHY, 5=0,5=1
DEE Z=LThHY, S4=18,=10DLE Z=I; Th3. UTORIZEX L.

So S
X— I L1
Y— FA c To—
S J, —
Cin— out I | MUX,—2
Fig. 3(a) I; —
Fig. 3(b)

(1) FA DRBERZERE L.

(2) FADHA S & Cour &, AN X,Y,Cipy ZESTRBRTTHE. 2721, S 1 XOR (@)
., Cous X AND (A) £ OR (V) DHEEITL.

(3) Fig. 3R ENT/-ERESBL, FA OIS S & Cour %, THFNR 1O MUX: %
BAWTERTIEABREZRE. 2751, FAOAND X,Y,Cp, bLLIBZENLOEERE
MUX: OF —Z AHBLOHIBADIZEIY Y TEZ L. MU DF—FAAIZ0 HLL
X1%2525L%i%, 0bL<IT1 2 EERRRICGERYE K.

(4) 4 BDOFT —H AJ3 Dy, Dy,D,,D3 & 4 EOFIEAS So,5,,8,,83 ITHLT, KD 4 &
T AR_THETERIEZERE L. MUX: % 2 B¢ AND, OR,XOR O&#HRE S — h &
1ETSHWTHERL, Z£0oRKBRZ —2oR.

%&M1:5,=0,53=0 DL &, Dy,Dy,D;,D;3 #F—F A& L, S5, ZHEASLLT
5 MUX; & L THhifE

%142:5,=1,5=0 oL &, HHiX D,®D,

%3:5,=0,S;=1 DLt &, HAix D,vD;

&fMh4:5,=1,5;=1 DL &, HHiX DyAD,



Question No. 3: Computer hardware (2,/2)
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Fig. 3(a) shows a Full Adder (FA) with inputs X,Y, and C;, and outputs S (sum) and
Cout (carry). Fig. 3(b) shows a fourinput Multiplexer (MUX2) with data inputs
Iy, 13, I5,and I3, control inputs S, and Sy, and output Z. Each input and output is one bit.
The output of MUX:is Z =1, when Sy =0and$; =0; Z=1; when Sy =1andS; =0;
Z=1, when Sy=0andS; =1; Z=1I; when Sy=1andS; =1. Answer the following

questions.

So 5
X— ||
— S
Y— FA c 50—
Cin— ou 1, | MUX;—2
Fig. 3(a) Is —
Fig. 3(b)

(1) Show the truth table of the FA.

(2) Express the FA's outputs S and C,,, as logic formulae, respectively, in terms of the
inputs X,Y,and C,,. Here, use only XOR (@) for S, and use only AND (A) and OR (v)

for Cpye-

(8) For each of the FA's outputs, S and C,y,, draw a circuit diagram to realize it, using a
single MUX: based on the configuration shown in Fig. 3(b). Here, assign the FA’s inputs
X,Y, and C;, or their negation to the data inputs and control inputs of each MUXa. If 0

or 1is provided as a data input to a MUXp, write O or 1 directly in the circuit diagram.

(4) We wish to design a circuit that has four data inputs Dy, D, D,,and D3 and four control
inputs Sy, S;,S,,and S;, satisfying all of the following four conditions. Design and draw
the circuit diagram using two MUX:2 components and one each of the logic gates: AND,
OR, and XOR.

Condition 1: When S, = 0 and S; = 0, the circuit operates as a MUX: with data inputs
Dy, Dy, Dy,and D3 and control inputs S, and S;.

Condition 2: When S, = 1and S; = 0, the circuit outputs Dy @ D;.

Condition 3: When S, = 0and S; = 1, the circuit outputs D, V D;.

Condition 4: When S, = 1and S; = 1, the circuit outputs Dy A Ds.



Question No. 4: Computer software (1/2)
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HEALOBBRRCAX AIZOWT, (a,b) ERTH3LE aRb 2EHL. BFRRIZOVTOD
HHE TREH) TR MR M8 2UTOXSICERT 3.

o FEDac AITNLTaRaTHBLE, RIIRSFNEVS

o FEDa,bc AL TaRbESIEDRaTHBL E, RIEMHFHLWNS

o EBDa,b,cc AN LTaRIDPDORcRZSIFZaRcTHELE, REHEBHLZ VS
e ERDac ATHLTaRbEWTOc ANFETZLE, REIEZBHNLZWVS

¥, BEnUTTCHITRTOEOBBOEER A, L RT. 2 X, A3={1,2,3} TH 3.
MTomic&Ez .

(1) UTD (a) 25 (c) DEHBEIKOWT, 2D&EELHE-T L 57% A3 OB R OAZ ENLEN
—DF 0¥ L.

(a) REIIDONHKNTH 2 BHEBRTRVR
(b) REHIDOHEBIKITH 3N TRV R
(c) NP OHEBITH 3 BRHFO TRV R

(2 n2EOBHYT3. A, LOBBRRIINLTRE®BZT XIIC2RTESI B2ERT S.
EBDi,j€ A, iTRL, iRjTHNIEBj] =1, £3TRIFNLB[j]=0

2 RTES B # FAVWTRRENB% R IT2WT, UTOMBRHETEITAITYVXLEE
hehiode k.

(a) Bk R BREINTHZ L
(b) BIR R DSHFRTH B Z b

¥/, ThAZPhO7ATY XARBVWT, HEOHEBCHREL RZESFOSREHE n 24
WTRL, FDF—H—% 0 iBEKIC &L hRYE.

(3) n 2 EQEHK L T2. A, LOBF RIPHBNIOLBHNTHNIE, cRo D€ AN
DIFETZ I RiAE .



Question No. 4: Computer software (2/2)
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For a relation R C A X A on a set A, we write a R b if (a,b) € R. The properties of relations
R, reflexive, symmetric, transitive, and total, are defined as follows:

R is said to be reflexive if aRa foralla € A

R is said to be symmetric if a R b implies bR a for all a,b € A

R is said to be transitive if a R b and bR c imply aR c for all a,b,c € A

R is said to be total if for all a € A, there exists b € A such that aR b

Let A, denote the set of all positive integers less than or equal to an integer n. For example,
A3z = {1,2,3}. Answer the following questions.

(1)

3)

For each of the following items (a)—(c), give an example of a relation R on Aj satisfying
that condition.

(a) R is reflexive and symmetric but not transitive
(b) R is reflexive and transitive but not symmetric

(¢) R is symmetric and transitive but not reflexive

Let n be a positive integer. Define a two-dimensional array B for a relation R on A, as
follows:

For any i,j € Ay, if i R j, then B[i|[j] = 1; otherwise, B[i|[j] = 0.

Given a relation R represented by a two-dimensional array B, for each of the following
properties, describe an algorithm to determine whether:

(a) the relation R is reflexive

(b) the relation R is symmetric

Also, for each of the algorithms, express the number of array accesses required to determine
the property in terms of n, and show its order in © notation.

Let n be a positive integer. Prove that if a relation R on A, is transitive and total, then
there always exists z € A, such that z R x.



Question No. 5: Physics (1,76)
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MBZ z, A% t £T5. —RERT ¥/ V(z,t) P, BE m ORFAR—2H 5.
t<0 IZBWT, RFU U ¥ /VidE L OERIEVHFRRT v L

0 (0<z<lI)
oo (<0, L<Lz)

V(z,t) = {
ThHd. t=0 IZBWTHFEMNED = FENZ L IZFHEEL, t>0 12BN\ T

o= {l 055,
Ligote.

HPOIERMSY (L<z<2L) CRTNRFETIHE P(t) ORMKEFERZREELLZ
%, Fig 5IRT X5, —A T ohc=Z-0BKRE2S0HEL TR L. UTORICEX

X.

(WELT®D | (a) | 26 | (k) | FTOEMEED K.
n, n', n"FARKLTE. RABEINRFOEBBEK U(z,t) 2, ROFHIZEKEF
TR VaLTFa o H—FRRIZe> &7 5.

LoU(x,t) [ R 82
lﬁ—-at——— (—%@'FV(.’L',?:) \P(x,t)

IITARBTATYIEETHD. t<0 IZBITD Viz,t) (T IHBILINIZERFR
BDSL, RFREEREBICIHS 45, REREBICHST2EABEHL, EBET

¢o(z) = (a)
LEIh, EBERIT 0<z< L THD. Fiz, HETH52xAF—Z
Ey = (b)

EREIND. RIT, >0 I2BITD V(z,t) T8-S EFREOBFEK %,
IRXNVF—DBEWVIEIC ¢,(z) (n=12,..)¢ L, ZOEHREE 0<z <2L, HETHTX
N¥—% E, ¢T5.



Question No. 5: Physics (2,/6)
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t>0 IZBWVT, ¥(z,t) ZEBEEK ¢, ZAVWTROL ) IZERHAETS.
Uz, ) = Y cabnlz) e
n=1
ZIZTC, Uz,t) 1T t=0 ZBWTHRICOWTHEETHZ0 5,

U(z,0) = do(z) = Y060 (2)
n=1

L
= [ @) do
0
Thd. P, o =[()] le?=[{)] THY, nt2 DLE,
. nm
leal? = [(@) Jsin® (%)
ERDOEND. ¢, 12 0<z<L IZBIFD ¢)(z) & ¢o(z) P ERLTVWBHDL,

mE OBEEA—BTS n= DEXHEKEEZLS.
RIZ

L (=] * 20 ,
Po= [ (Sat@e®) (3 cvtw@e ™) az
L n=1 n'=1

RHET 50, R,, ¥RATEETS.

]
o

(n#n' 7D nkn OBF—E)
Ro= [ @60 e =t w=m)
- £0 (ZhLUH)
n>4 DB n Tec,=0 THBZLIEBTBE, ey Ry #0 £725 (n,n') D
VEFSEER, n=n" =2, i n=n" BHFEK, X LB, IO L%
ZBL, P(t) RUTOX S ICBBRTES.

E,._,—E.
P(t) = E|C |2Rnn + 2¢, Zc2n 115 2n 1 cOS (%t)

n=1

N =

_uy nh Y

1
27w Z 2n— 3)2 Gn+12 [(2" Hen+ Vg



Question No. 5: Physics (3,/6)
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t=0IZBVT P(t)=0 %K(SA)L’J’U\L RX2HE5.

Z(2n 3)2 @n+1)2
t>0 IZBWT, RGAICEFINAERENTRTO n IZHLTHRFIC 1 LR LE
+a&HE, T=[() | £LT t=n"T TH3. ZOLE, KYEI t=0 OHAFLA
CiEZ &Y, Pt)=0 &723. —F, BREMBTRTO n IZH L TRFFZ -1 L2254
B+o&HE t= THY, ZDLx Pt)=1 &5, LEN-T, LTHED
HTHRFIBEHENS.

() B(1) PORGA)DHEHOELRZ EMAICHRA L ET, P(t) ORMEFESR=>DE
Re—HLTHBEEETHIZL, BRUHEDORLINZ P(t) =1 &> TLTHRRY
THFBRBRAISHh S Z L OHBHBRICOVWTERE L.
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Fig. 5



Question No. 5: Physics (4,76)
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Let the position be z and the time be ¢. In a one-dimensional potential V'(x,t), there is a particle

of mass m. For ¢ < 0, the potential is an infinitely deep square-well potential of width L,

_ [0 (0<z<L)
V(x,t)—{oo (x<0, L<z).

At t = 0, the well width is extended by L in the positive z-direction, and for ¢ > 0,

_J0 (0<z<2L)
V(x’t)_{oo (<0, 2L <)

is obtained.
When the time dependence of the probability P(t) that the particle is present in the extended part
of the well (L < z < 2L) is measured, it is found, as shown in Fig. 5, that P(t) exhibits a structure

with three maxima within one period T'. Answer the following questions.

(1) Fillin the blanks from | (a) | to | (k) | below.

Let n, n’, and n'’ be natural numbers. Assume that the normalized wave function ¥(z,t)

of the particle obeys the following time-dependent Schrodinger equation:

L, 0¥(z,t) h? 92
lhT = (—%ﬁ + V(x,t) ‘I/(x, t)

Here % is the Dirac constant. Among the normalized stationary states for V(z,t) at ¢ <0,
assume that the particle is in the ground state. The eigenfunction corresponding to the ground state
is a real function and is expressed as
$o(z) = ,
and the domain is 0 < z < L. The corresponding energy is expressed as
Ey=| (b) |

Next, let the normalized stationary-state eigenfunctions for V(z,t) at t >0 be ¢,(z)
(n=1,2,...) in order of increasing energy, and let the domain be 0 <z < 2L and the

corresponding energies be E,.



Question No. 5: Physics (5,76)
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For t > 0, ¥(z,t) expands as follows using real coefficients c,:

o t) = 3 coale) e F.
n=1

Here, since ¥(z,t) is continuous intimeat ¢ =0,

U(2,0) = bo(@) = 3 cata(@),
n=1

and

L
¢, = /0 #1.(2)do(2) dz.

For example, |¢;|? = and |c,|2 =] (d) | and for n #2,

leal? =@ Jsin® (57)

is obtained. Since ¢, represents of ¢%(z) and ¢y(z) in 0 <z <L, it takes its
() |

maximum value when the functional forms of the two coincide, namely when n =

Next, in order to calculate

2L 00 * o0 ,
P = [ (zc,,asn(x) %“) (Z e %) dz,
L n=1 n’=1

define R, ,- by the following equation:
=0 (n#n' and the parities of n and n’ coincide)

2L 1
Rn,n' = ¢:1 ($)¢nr (x) dz< = E (n = n')
‘ # 0 (otherwise).

Foreven n > 4, ¢, = 0, and the necessary and sufficient condition on the pair (n,n’) such that
CpCp Ry #0 is n=n"=2,0r n=n' isodd,or | (h) | Taking this into account, P(t) can

be arranged as follows:
S 2 N E2n—1 _ E‘Z
P(t) = Zlcnl R, +2¢ Z Con—185 2,1 COS ( = t)
n=1 n=1
2
L cos [(2n -3)(2n+1) _877:122 t] (5A)

1 @2
T2 w24 (2n—3)%(2n+1)?



Question No. 5: Physics (6,/6)

)
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By substituting P(t) =0 at t =0 into Eq. (5A), the following equation is obtained:

o0
P e eyl HON|
= (2n—3)?(2n +1)?

For t > 0, the necessary and sufficient condition that each cosine contained in Eq. (5A)
becomes 1 simultaneously forall n is t =n”’T with T = . In this case, the cosine terms
take the same values as in the case t = 0, and P(t) = 0. On the other hand, the necessary and
sufficient condition that each cosine becomes —1 simultaneously for all n is t =| (k) | and

in this case P(t)} = 1. Therefore, the particle is certainly detected in the extended part of the well.

Give a qualitative explanation of the physical meaning of Eq. (5A) appearing in question (1), then
consider the physical meaning of the fact that the time dependence of P(t) has a structure in
which three maxima form one set, and that at specific times P(t) =1 so that the particle is

certainly observed in the extended part of the well.

P(?)

A

A 4
o~

Fig. 5



Question No. 6: Basic mathematics (1,/4)
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1 4 5
(1) IEjiﬁillA={0 2 —4]’2%7‘{.6. UToRICEZ &,
00 4

(a) ADTTHIR|4| DELFETFI A" ERD X,
b)) ADTRTOBEEHEEZNOIZHGTI2EARERS PrERD L.

(2) %R =[ 0l HERBE M TR LS KBEERLD T LATES.

7= tim tim [“S"% g = fim lim l-(IR—eXP(IX)dx+ [ exete) dx).
- X

Roteor—+0dr  x Rateor—=+0 4\ 71 x

BREE ¢ F@) Lo 4 BEOBIEC,(7, R), C,(R), Cy(r, R), C,(r) EBAT 3.

C,(r,R): z=t (r<t<R)
CG,(R) z = Rexp(it) (0<t<x)
G, R): z=t (—R<t<-r)

C,(ry : z=rexp(i(m—0) 0<t<n)

=L, Ro>r>0&7T3. UTORMICEZ X.
(a) Bi—FABBTEX LN BBMPEC(r, A)=C,(r, A)+C,(R)+C,(r, R)+C,(r) DA L

oggRs =], PO rekn.

-
“

(b) C,(R) LOHBIRR—> 400 Db & THRHN I, = fim [ PE) g g 1

ARz

© C() EOBRr>40 b 2 THEMS [, = lim [ 22D 4 »immpmuo

iz

74 7R L AAFESERACTRD .

(d) %ﬁl:%&ﬁ%ﬁ;.



Question No. 6: Basic mathematics (2,/4)
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(3) B f()DT7—V BB F(@)FRDEDICEETS.
F(o)= ﬁ [ 1 (x) exp(-iam) dx.

UToMIc&EZ X,

1 (-1<x<1)
0 (x<-11<x)

(a) f(x)={ D7—Y) EBREPRD L.

6 7= =ERORELAREANT, HR [0 0L v s,



Question No. 6: Basic mathematics (3,/4)
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S N b

1 5
(1) Consider the square matrix A=|(0 —4 |. Answer the following questions.
0 4

(a) Find the determinant |4| and the inverse matrix 4™ of 4.

(b) Find all the eigenvalues of A and their corresponding eigenvectors.

sinx
(2) The real definite integral I = j —— dxcan be written in terms of exponential functions as:

1= lim_lim mdx— lim lim IURexp(tx)dx j-rexp(zx) de
—+o0 r—+0 x R=400 r—40 2§ x

Let’s adopt the following four integral paths C(r, R), C,(R), C;(r, R), C,(r) on the complex

plane (z-plane).

C,( R): z=t (r<t<R)
CG,(R) : z = Rexp(it) 0<t<x)
Cs(r, R): z=t (—R<t<-r)

C,(r) : z=rexp(i(z-1t)) (O<t<7m)

Here, R>r>0. Answer the following questions.

exp(iz)
z

(a) Calculate the complex integral /. =IC r.R) 2) dz along the contour of the integral

path C(r,R)=C/(r, R)+C,(R)+C,(r, R)+C,(r) given by a simple closed curve.
exp(iz)

-

dz underthe limit R —4<> onthe

(b) Calculate the complex integral [, = Rll’ngm I CyR)
integral path of C,(R).

(c) Calculate the complex integral I, = ll,To IC Mdz under the limit » »>+0 on the
r a

W)z

integral path of C,(r) using a Taylor expansion and termwise integration.

(d) Showthat 7 =%.



Question No. 6: Basic mathematics (4,74)
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(3) Forafunction f(x),the Fourier transformation F(w) is defined as
Flo)=—— [ r(x)exp(-iamyas
\/ﬁ —
Answer the following questions.

. . X 1 (-1£x<0)
(a) Find the Fourier transformation of f(x)= .
0 (x<-11<x)

+e Sinx T . . . . .
(b) Show that o o dx =E , by using the inversion formula of Fourier transformation.
x



