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A New Approach to Time Dependent AR Modeling
of Signals and Its Application to Analysis of the
Fourth Heart Sound
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Yoshiro Koiwa, Takehiko Takagi, Junichi Kikuchi, and Tamotsu Takishima

Abstract—In this paper, we present a new method to estimate
spectrum transition between short-length signals of the suc-
ceeding frames in low SNR cases. If the transition pattern is
complex and/or there are large differences in the transition pat-
terns among the individual sets of multiframe signals, it is
difficult to estimate the transition pattern stably by the previ-
ously proposed time-varying AR modeling because the results
are considerably dependent on the choice of the basic functions
to be used. We propose a new approach of modeling to estimate
the spectrum transition of the multiframe signals by using a
linear algorithm without any basic functions. Instead of basic
functions we use the spectrum transition constraint and the
SVD-based technique is applied on the proposed method to ob-
tain more accurate estimates. By applying this method to the
analysis of multiframe signals of the fourth heart sounds ob-
tained during the stress test, significant differences of the tran-
sition patterns are clearly detected in the spectra between pa-
tients with myocardial infarction and normal persons. The
significant characteristics of these transition patterns may be
applied to acoustic diagnosis of heart diseases.

I. INTRODUCTION

UCH work has been done on the parametric spec-

trum estimation of noisy signals using linear models
of autoregressive (AR) transfer function. A strong restric-
tion of these methods lies in the necessary assumption
that the signals may be considered to be stationary over
the observation interval. Time-varying parametric ap-
proaches of modeling have been proposed to overcome
this limitation and to take the effects of nonstationary sig-
nals into account explicitly. To estimate the parameters
using a linear algorithm, the unknown time-varying pa-
rameters are approximated by linearly weighted combi-
nations of a small number of known functions. The choice
of the basic functions is an important part of such mod-
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eling process. A convenient way is to replace the time-
dependent coefficients with their second-order expansion
[1], or an arbitrary order expansion [2], [6]. Legendre 3],
[7], Fourier [4], prolate spheroidal [5], and B-spline [11]
are usually chosen for the basic functions. Since the num-
ber of unknown parameters is large, efficient equivalent
representations for the modeling have been also proposed
such as lattice filters [2], [5], [8].

However, if the spectrum transition pattern is complex
and/or there are large differences in the transition patterns
among the individual sets of multiframe signals, it is dif-
ficult to estimate the transition pattern stably by choosing
a set of basic functions a priori.

In this paper we propose a new approach of modeling
to estimate the spectrum transition of the multiframe sig-
nals by using a linear algorithm without any basic func-
tion, as described in Section II. We also propose a sin-
gular-value-decomposition (SVD)-based method to obtain
more accurate multiframe AR coefficients according to the
above-mentioned linear optimization in low signal-to-
noise (SNR) cases. In Section III, simulation results show
that estimation error obtained with this new method is
about 10 dB less than that obtained with the ordinary SVD-
based method even in the cases where the SNR is low
(about 10 dB) and the signal length is very short (less than
30 points).

In order to diagnose left ventricular dysfunction based
on the acoustic characteristics of the ventricle of the heart
muscle, it is necessary to detect the spectrum transition
between the succeeding frames during the stress test. We
apply the method to analyzing the multiframe signals of
the fourth heart sounds and then diagnosing myocardial
infarction. The experimental results are described in Sec-
tion IV. Significant differences of the transition patterns
are obtained in the spectra between the normal persons
and the patients. These characteristics of the transition
patterns may be applied to the acoustic diagnosis of heart
diseases.

II. PRINCIPLE

Let {x(n;j),n=0,1, - -+ ,N — 1} denote ajth frame
(j=0,1, -+, F — 1) autoregressive signal of order
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M, represented by the backward recursion such that
M
x(ny j) = —;l a;(j) - x(n + i, j) +e(n; j) (1)

where F is the number of frames, e(n; j) is a stationary
white noise process of the jth frame with zero mean and
variance o2, and {a;(j), i = 0, 1, - - - , M} are linear
predictive coefficients of the jth frame signal (ag(j) =
1). We assume that the signal x(n; j) is stationary over
the jth frame. The AR coeflicients {a;(j)} are slowly time
varying between the succeeding frames. When the length
of each frame signal is short and the SNR is low, it is
difficult to obtain stably the spectrum estimate of each
frame by applying an ordinary spectrum estimate ap-
proach, such as the covariance method [14], to each frame
signal independently by minimizing the cost function J,
such as

N M

—1-
2 e(m; HI?
n=0

S
I

N-1-M, M 2
2| 2 () - xn + i )| )
n=0 =0

To achieve a meaningful spectrum transient pattern of
multiframe signals, we must design an alternative cost
function J; is such a way that the resulting solution is
sufficiently smooth under the assumption that the AR pa-
rameters over the succeeding frames do not very rapidly.
In addition to this assumption, we assume that the differ-

ence {Aa,-(j)d;f a;(j) — a;(j — 1)} between ith AR pa-
rameters of the succeeding frames are a random drawing
from a stationary normal distribution having zero mean
and variance o;. Thus, the framed AR parameters {a;()),
i=1,2,+++,Mj=0,1, -+, F — 1} are assumed
to be from a process with independent increments. This
model is, therefore, specified by a set of constant param-
eters {@;(0), i =1, - - - , M}, {Aa;(j),i=1, -+ M,
j=0,1,---,F—1},and {0}, i =1, -+ M}. To
determine the spectrum transient pattern without any basic
functions, as is done in existing time-varying spectrum
estimation algorithms, we specify the cost function J, by
the sum of the normalized total residual power J, and the
total transition power, which is defined as the sum of the
average power difference between the AR coefficients of
the succeeding frames, such as

Eyillet DA | < .
= Ayrt-vo s/ 1 L. A . 2
J] Enj[lx(n’ ])lZ] + i§l Yi E}[]Aal(}” ] (3)

x(1; j)
x(2; j)

x(2; j)
x(3; /)

where
Aa;(j) = a;(j) — a;(j — 1),
(Gj=12,---,F-1.

And where v; is a constant, which decides the weight of
the constraint on the spectrum transient, and E,[-] de-
notes the averaging operating over various values of x.
The resultant spectrum transition pattern obtained by min-
imizing the cost function J; depends on the value of v,
which is difficult to determine in the general case.

Thus, based on the concept of the constrained least
squares filter [12], we modify the specification of the cost
function J, of (3) as follows: The constrained least squares
problem could be formulated as minimizing the normal-
ized residual power subject to the condition that the tran-
sition power of the ith set of AR parameters equals the

constant ;. Using the method of Lagrange multipliers

E, [le(n; )7
E, ;[|x(n; )|°]

where \; is a Lagrange multiplier. Let E, ;[|e(n; j)|],
E, il|x(n; j )|*1, and E[| Ag;(j)|*] be defined as follows:

M
/= - ZM{Elaa()] - of

1 F—1 N-M-1
Tet: ] = — 0o S T
Elleei D) = g3y 2 &, el
1 F-1N-M-1
N1 .2
Ekm D =p—p 2 2 )
and
| o
‘ (D = —— Aa.(DI?.
Ellaa()f] = g—5 2 14a,())
The cost function J can then be described as follows:
1 F-IN-1-M , M 2
ypp—— Y D Y
POF(N—M)j=Zo W2 |G @) Xt )
M | Fo
— D PR (D2 — 42
i§1 N {F - 1j§1 |da () a,} “)

where
Py = E, j[|x(n; )|

Using a (N — M)-dimensional vector x; = [x(0; j),
x(1;j), -+, x(N — 1 — M; j)]", a M-dimensional vec-
tora; = [a,(j), * - -, ay ()], a M-dimensional vector
Ag; = [Aa(j), '+, AaM(j)]T, where the superscript T
denotes the matrix transpose, and (N — M)-by-M matrix
X;:
x(M; j)

cx(M + 1)) )

XN = M j) x(N =M+ 1;j) -+ x(N - 1; )
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the cost function J', which is obtained by multiplying (4)
by PoF(N — M), is given by

J' = PyF(N — M)J

F-1 M F—1
S s, + Xalt - %\ {2 | sa(HI? - }
j=0 i=1

(6)
where
PyF(N — M)
P W Ll S o
N =N 71
and
o = o}(F - 1).
Using the relation
Jj
aj:a0+k§Aak, (j=1,2,---,F—-1)

and taking the derivatives of J' with respect ay, Aa;, and
{A}, the following simultaneous equations are obtamed

(1 ar S r
2 aa = 0= B Xaxy + X0 X,00)
F-1 m
+ X X,ﬁX,,,(Z Aak> (7a)
m=1 k=1
1 &0, ,
> 9Aa = mzzj {mem + X! X,
Aida;(j)
" N Aa,(§)
* <a0 + Z Aak>} - 2 .2 J
k=1 .
Ay Aay(j)
G=12,--,F-1 (7b)
L F-1
- =0 = 2 _
2 a)\ir j§ {Aa (J)I ‘71
\ =12, M. (8
Let G be a F(N — M)-by-FM matrix
X Oy r.m Oy — 31,1
G = X1_ X ' Oy_prp *°
X : . Oy_ 1
Xp—1 Xpoy .
and let A be a FM-by-FM matrix
00,11 ' 0M,M
A= LyuN' Oy p e
) . oM‘M
021, 1 : IM,MX’
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where Oy, denote a Ni-by-N, zero matrix and a N,-by-
N, unit matrix, respectively, and N\’ is a M-dimensional

vector (A}, A, -+ -, Ayy)?. By using these matrices, (7a)
and (7b) are arranged as follows:

(GG -~ MNA = -G'x ©

AaF ) and X = (xo, xl,

where A = (aO, Aal, - -
BRI TS L (31 concluded that using the transition con-
straint of (4) the solutions of the AR coefficients of F
frames are simultaneously obtained from

A=—-G'G-MN"-G'Xx (10)

where * denotes the generalized inverse operation. Thus,
the spectrum transient pattern is determined from the es-
timates of the AR coefficients of each frame. After deter-
mining the value of the variance o} for each order of AR
parameters, the M Lagrange multipliers {A!} of (9) must
be adjusted so that the constraint of the second term of
(6) or (8) is satisfied. In this paper, we assume that the
variance of every coefficient of the polynomial A4; (z) =
LMo a;(j)z" " has the same value, that is, 0} = 042 =

12 def 12 ’
=0y =p'"/M, and then N =N =--: =
C
Mr = N'. Using these assumptions, (6) can be written

F-1 F—1
- 3 b+ xaff - x [ % gl - 7.
j=0 ji=1
(6"

The simultaneous equations obtained by taking the deriv-
atives of (6') with respect to ay, Aaj, and N\’ are arranged
as follows:

wl o) S )
=3 W= Z lAg)* — p? =0 (8"
(GG — NjppA = —G'X 9"
where Ify, is a FM-by-FM matrix:
041, * Oy m
, IM,M 0M.M T
Ity = .
‘ o Oym
041, 11 *Tym

The AR coefficients of F frames are simultaneously ob-
tained from

A= —(G'G - NIyt - G'X. (10"

This can be done in an iterative fashion such as the bisec-
tion method. We describe how to choose the value of 0*
in Section IV.

When the SNR is low, in order to improve the accuracy
of the estimates, we apply the SVD-based approach [13]
to the above modeling as follows: Let L be a number such
that M < L < N — M (typically L is several times larger
than M). Redefine the matrix X; by the (N — L)-by-L ma-
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trix and redefine the vectors x;, a;, Aa;, and N by x; =
x©: ), -, xN =1 = Ly pIT, & = lai(j),
a ()Y, Ay = [Aay(j), - -+, Aay(j)]', and N' =
N, N, oo, MY, respectively. Next, the SVD of the
resultant FL-by-FL matrix (G' G — A) of (9) is computed.
By truncating the nonsignificant singular values other than
the FM largest singular values of the matrix (GTG — A),
we obtain the FL-dimensional vector A from (10). The
AR coefficients {a;(j)} of each frame signal are obtained
from the vector A. Then, the roots of the polynomial

A@Q =" +a () -+ +a())

are calculated. Based on the SVD-based method, when
there is no measurement noise, this polynomial has ex-
actly M roots outside the unit circle on the z plane, which
are the reciprocals of the poles. The extra roots of the
polynomial 4;(z) generalized by noise are guaranteed to
be inside the unit circle. Based on this observation, the
poles of each frame signal are estimated by the reciprocals
of the roots of the polynomial 4; (z) outside the unit circle.

III. SIMULATION EXPERIMENTS

In order to illustrate the advantage of the proposed
method to estimate spectrum transient pattern of multi-
frame signals, we choose the example of the fourth order
all-pole model, of which poles are 0.96exp (40.18) and
0.96exp (+j0.357). The AR coefficients {a;(0)} of the
first frame are decided from the 4 poles. The AR coeffi-
cients {a;(j)} of the succeeding jth frame are decided as
the sum of {a;(j — 1)} of the previous frame and random
process {Ag;(j)} with zero mean and the variance o3.
The signal x(n; j) of each frame is generated based on (1)
by using the resultant AR coefficients {a;(j)} and white
noise process e(n; j). Each frame signal x(n; j) is contam-
inated by measured white noise which is uncorrelated with
driving white noise e(n; j). The estimation error 5 of the
estimated AR parameters {d;(j)} of {a;(j)} are evalu-
ated by the following normalized mean-square error as

ZJ & (j) — k - a; ()

- E
K S la ()P

amn

where k is the scaling constant chosen to minimize {(Z;;
|a:(j) = k = ai()IP)/ (s |a;())1)} by using the true
value of the AR parameters. The number F of the frames
is equal to 13 and the length N of each frame signal is
equal to 28. The SVD-based method is used and the order
L is equal to 14. The average estimation error 7 is cal-
culated with regard to the 5 independent trials.

Fig. 1(a) shows the estimation error » for the various
values of p? of (4), when the variance o3 of {a;(j)} is
equal to —30 dB. Even when the SNR is low (20 and 10
dB) and the signal length is very short, the proposed
method’s estimation error is about 10 dB less than that
obtained by applying the ordinary SVD-based method to
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Fig. 1. (a) The estimation error 7 of the AR parameters as a function of
the p? of (4) for various values of SNR (63 = —30 dB.) The leftmost part
(A = 0) of the horizontal axis shows the results obtained by applying the
ordinary SVD-based method to each frame signal independently without
any spectrum transition constraint. (b) The relation between the estimation
error 4 of the AR parameters and the term ¢ = E; ;> — p'? of the con-
straint in (8') as a function of the X = N’ X (F — 1)/{PoF(N — M)} of
(9'). (62 = =30 dB, SNR = 10 dB.) The A\, shows the value for which
the constraint function { equals zero. Around the N, the square of the
estimation error 5 takes minimum values.

each frame signal independently without any spectrum
transition constraint as shown in the leftmost part (A = 0)
of the horizontal axis.

Fig. 1(b) shows the relation between the estimation er-
ror 5 of the AR parameters and the squared value of {(8")
as a function of A = N X (F — 1)/{PoF(N — M)} of
(9'). In (10"), the Lagrange multiplier A must be adjusted
so that the constraint is satisfied. In Fig. 1(b), the La-
grange multiplier A\, is taken as the value for which (8")
equals zero. At Ay, the square of the estimation error 7
takes minimum values. Thus, by finding a zero of the
function { = Z/Z)' [la; | — p'* which changes sign based

- on the bisection method, the cost function J' of (4) is

optimized under a well-behaved estimation situation.
Figs. 2(a)-(c) show the singular values of the matrix
GTG, which is obtained when any spectrum transition
constraint such as the second term in (3) or (4) is not used.
By comparing Figs. 2(b) and (c), it is found that the high
order singular values are affected significantly by additive
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Fig. 2. The singular values of the matrix (GTG — N ) of (10") for var-
ious cases. (a) Impulse driven, SNR = o, X\ = 0. (b) White noise driven,
SNR = o, A = 0. (c) White noise driven, SNR = 10 dB, A = 0. (d) White
noise driven, SNR = 10 dB, p? = —30 dB.

noise. As shown in Fig. 2(d), however, these singular
values affected by additive noise are masked by introduc-
ing the spectrum transition constraint and then the resul-
tant estimates show the spectrum transition more accu-
rately as show in Fig. 1.

IV. EXPERIMENTAL RESULTS

We applied this method to the analysis of multiframe
signals of the fourth heart sound for the diagnosis of myo-
cardial infarction. As shown in Fig. 3, each frame signal
was cut off from one beat signal, which was detected at
one-minute intervals during a stress test which consists of
an exercise period of 5 minutes and a succeeding rest pe-
riod of 10 minutes. Each frame signal is about 140 ms in
length and is A/D converted at a sampling period of 5 ms.
In order to diagnose left ventricular dysfunction based on
the acoustic characteristics of the ventricle of the heart
muscle, it is necessary to clearly detect the spectrum tran-
sition between the succeeding frames during the stress
test.

Since SNR is low and the duration time of each fourth
heart sound is very short, there are large fluctuations and
many phantom peaks appear in spectra estimated by in-
dependently applying the fast Fourier transform (FFT) and
the maximum entropy method (MEM) (M = 6) to each
frame signals (N = 28, F = 13) detected from a normal
person and a patient with myocardial infarction as shown
in Fig. 4.

On the other hand, by applying the proposed method
(M = 6) to the same multiframe signals as analyzed in
Fig. 4, the resultant spectrum transition patterns are shown
in Fig. 5, respectively, for various values of p* of (4). In
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Fig. 3. Each frame signal of the fourth heart sound was sampled from one
beat signal, which is detected at 1-min intervals. (a) An electrocardiogram.
(b) A heart sound.
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Fig. 4. The spectra of multiframe signals of the fourth heart sound ob-
tained by using the FFT (1) and the MEM (2). (a) Normal, (b) myocardial
infarction.

these figures, as the value of p is decreased, the transition
restriction becomes strbnger and then the smoother spec-
trum transition pattern is obtained. When the value of 0*
is equal to —40 dB, however, the spectrum transition of
the spectra is not estimated any more and the spectrum
common to all frame signals is obtained instead.
Therefore, by using an appropriate value of o, which
seems to be about —20 dB, the transition of the spectrum
is clearly detected as shown in Figs. 5(a-2) and (b-2). In
these experiments we found that the optimum value of 0’
is chosen systematically as follows: For each frame, three
different signals were cut off from succeeding three beat
periods. We assume that all of the three signals have the
same set of the AR parameters. By applying the proposed
method independently to each of the three sets of the mul-
tiframe signals, the resultant estimates of the AR param-
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Fig. 5. The spectrum transition of multiframe signals of the fourth heart sound obtained by the proposed method for various
values of p® of (4). Each pole position is indicated by the mark “‘0.”” (a) Normal, (b) myocardial infarction. Each signal is the
same as that used in Fig. 4. As the value of p? is decreased, the transition restriction becomes stronger. (When a pole is on the

real axis on the z plane, the positions of the four poles are indicated in the spectrum.)

eters must agree with each other. However, even for small
values of p°, that is, under the strong transition restric-
tion, there are differences between them, as shown in Fig.
6. The variance a%; of the AR parameters, which is cal-
culated from the estimates of the three sets of the multi-
frame signals, indicates the power of the measurement er-
ror. If the variance of {Aa;(j)}, which is equal to p?, is
constrained as to be less than the error power 0%, the re-
sultant estimates are meaningless. Thus, we choose the
value of p’ as the noise power a%, which is obtained for
sufficiently large value of p*. In Fig. 6 the value is about
—18 dB.

By comparing the transition pattern in Fig. 5(b-2) with
that in Fig. 5(a-2), there are significant differences be-
tween the normal person and the patient with myocardial
infarction. For the exercise period of first 5 minutes, the
frequency of main vibration of the normal person shifts to
higher frequency, while for the patient with myocardial
infarction the frequency shifts to lower frequency. By ap-
plying the proposed method to a group of 20 people, 10
of whom suffered from myocardial infarction, these sig-
nificant characteristics of the transition patterns were ob-
served for nine normal persons and eight patients with
myocardial infarction.

During the exercise period of 5 minutes, the amount of
blood flow increases in the ventricle and the coronary ar-
tery and the acoustic characteristics of the ventricle wall
become hard. For this reason the frequency of the main
vibration of normal persons shift to higher frequency. In
the cases of patients with myocardial infarction, however,

) ' i ] Il 1
o 1 ' " ' 1
o i ] ’ . 1]
- ) ' ' ) '
= ; : : : L
Al | //o/b
4 : . . . .
s : . : :
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3 k4 + R
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S .
= :
g : .
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.
.
:
T T
0 2
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Fig. 6. The variance 0% of the AR parameters, estimated from three sets
of multiframe signals of a person, as a function of 0.

there are at least two components with different physical
and acoustic nature in the ventricle wall, one corresponds
to a normal myocardium and the other corresponds to the
diseased heart muscle. During the exercise period such
differences appeared remarkably and then the vibrations
with lower frequency were also obtained.

Similar phenomena were detected in the literature [15]
using an isolated canine left ventricle with regional is-
chemia. The instantaneous impedance frequency curve
[16] changed from a single-peak configuration to a dou-
ble-peak configuration after a coronary flow cessation and
returned to the single-peak configuration with the reper-
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fusion of coronary flow. The method proposed in this pa-
per provides a new approach to detect such myocardial
physical heterogeneity of a ventricle by analyzing the hu-
man heart sound obtained during the stress test.

V. CONCLUDING REMARKS

We present a new method to estimate spectrum transi-
tion between short-length multiframe signals in low SNR
cases by using a linear algorithm without any basic func-
tion. If the spectrum transition between the succeeding
frames during the stress test is detected accurately, the
left ventricular dysfunction can be diagnosed based on the
acoustic characteristics of the ventricle of heart muscle.
By applying the proposed method to the diagnosis of myo-
cardial infarction, we found that there are significant dif-
ferences of the transition patterns in the spectra between
the normal persons and the patients. The characteristics
of these transition patterns may be applied to acoustical
diagnosis of heart diseases.

Six issues remain for future research as follows:

1) The model for describing the framed AR process in-
troduced in the beginning of Section Il is by no means the
best one in general cases. Further work is needed to de-
velop an alternative model which describes the relation
between the AR parameters of the succeeding frames.

2) In Section II, the innovation process e(n; j) of the
AR transfer system is stationary normal with the zero
mean and the same variance values over the frames. How-
ever, this assumption is not always justified. If the fre-
quency characteristics of the innovation process is known
a priori, the parameters of the framed AR model are de-
termined by the so-called weighted (generalized) least
mean square technique for minimizing the cost function J
of (4) or J' of (6). However, it is also necessary to de-
velop an alternative method to estimate the framed AR
parameters when the characteristics of the innovation pro-
cess is not known.

3) In(6"), (9), and (10"), which were used in the sim-
ulation experiments in Section III and the experiments in
Section IV, we assumed that the variance o7 for different
value of the order i has the same value. However, this
assumption does not hold generally. Thus, it is necessary
to develop the appropriate method to determine the vari-
ances {o?} of the AR parameters from the observed data
based on the relation between the coefficients of the poly-
nomial 4;(z) and the positions of the poles.

4) In the experiment of Section IV, the length of the
fourth heart sound of each frame is very short and then
only almost one period signal is contained in the analyzed
period of each frame signal. Moreover, the signal-to-noise
ratio is very low. For these circumstances, it is very im-
portant to develop or select an appropriate technique for
deciding whether the derivation from the assumed station-
arity should be regarded as certainly caused or not.

5) It is also necessary to extend the proposed method
s0 as to incorporate the multichannel case.
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6) For computational reduction, it is necessary to ex-
ploit the special structure of the resulting linear system.

These important issues are currently under investiga-
tion.
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